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A B S T R A C T

Tubular photobioreactors (PBRs) are widely used for microalgae solar culture. In such geometry, light transfer is 
rendered complex by the effects of refractive index mismatches across curved air/glass/culture interfaces. This 
study aims to develop an open source code implementing the Monte Carlo ray-tracing (MCRT) method and to 
identify the design rules to optimize light transfer in tubular PBRs. The light transfer model accounted for the 
tube wall thickness, the angle of the collimated and diffuse incident solar radiation, the multiple reflections and 
refractions at interfaces, and anisotropic scattering and absorption by the microalgae cells. The importance of the 
dimensionless optical thickness of the suspension and of the tube thickness normalized by the outer tube radius 
in determining the radiation field was demonstrated. The concave tube wall was responsible for light concen
tration and a normalized tube thickness in the range 0.2–0.4 was found to be optimum to increase photon flux in 
the culture by up to 42 % and the biomass productivity by 60 % compared to very thin tube thickness. 
Furthermore, due to the effect of curved optical surfaces, the conditions for maximum growth rate were different 
from those for full light absorption without dark volume, by contrast with flat panel PBRs. Predictions for several 
PBR configurations confirmed the usefulness of our MCRT method as a generic tool to predict performances of 
solar tubular PBRs. For example, an increase of 60 % in maximum biomass concentration was obtained with 
vertical inclination of PBR tubes compared to horizontal inclination, but with an increase in light stressing 
conditions.

1. Introduction

Innovations at the nexus of food, energy, and water systems will be 
crucial to confront the difficulties posed by the climate crisis [1]. In 
particular, photosynthetic microalgae have garnered interest as a 
fast-growing crop for human and animal feed [2], as a source of biomass 
for carbon-neutral biofuels [3], and as a valuable ingredient in food 
supplements, nutraceuticals, and cosmetics [4]. Although microalgae 
grow naturally in a variety of environments such as lakes, ponds, and 
oceans, harnessing their potential as a sustainable resource requires 
industrial-scale cultivation which poses a number of technical chal
lenges [5]. Cultivation systems must efficiently deliver light and nutri
ents to the microalgae, while maintaining other parameters such as 
temperature, pH, and dissolved O2 at or near their optimum operating 
points.

Microalgae cultivation systems are frequently classified as either 
open or closed. Raceway ponds are the most commonly used form of 
open system. This approach features relatively low construction and 
operating costs and is thus the most widespread method for large-scale 
microalgae cultivation [6]. In contrast to open systems, closed micro
algae cultivation systems or photobioreactors (PBRs) feature lower risk 
of contamination and higher biomass productivity. Although closed 
systems are more expensive, they offer the possibility of total control 
over the physiological conditions [7]. This enables closed PBRs to attain 
higher values of biomass productivity or to be used to apply a certain set 
of growth conditions to favor the production a specific molecule [8].

Closed systems come in a wide range of geometries including 
tubular, and flat-panel PBRs. Tubular PBR has become prevalent in 
recent years in many industrial installations. This is mainly due to its 
ease of scaling and availability of long transparent tubes, enabling the 
construction of large-scale solar installations [9].
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The ability of PBR technology to control growing conditions means 
that light contribution to the cultivation system becomes a determining 
factor in PBR performance. Thus, when all growing conditions are 
controlled, the so-called “light-limited culture” is achieved, meaning 
that culture performance for a given strain depends solely on the amount 
of light captured and its photosynthetic utilization within the culture 
volume [10]. Radiative models that calculate light transfer within the 
substrate then become essential for the scaling and optimization of PBR 
technologies. This is particularly true when using sunlight. The light 
source then becomes variable, both in intensity and in its position 
relative to the culture system, resulting in variations in the angle of 
incidence that directly affect light penetration into the culture volume 
and the resulting growth [11,12].

For tubular PBRs, light transfer is more complex due to the effect of 
curved air/glass/culture interfaces, which induce refraction and 
reflection of incident light on each optical surface of the tubular ge
ometry. Consequently, the curvature and wall thickness of the tube in
fluence the light transferred to the culture. Furthermore, regardless of 
the culture system, it is well established that, due to light attenuation by 
the microalgae culture medium, a small culture depth is preferable 
(generally a few centimeters or less, [10,13]). As a result, the tube wall 
thickness could be of the same order of magnitude as the culture depth, 
which could increase its influence on light transferred to the culture 
volume.

Light transfer through a well-mixed suspension of microalgae is 
governed by the radiative transfer equation (RTE) for a homogeneous 
absorbing, scattering, and non-emitting medium. Frequently, for flat- 
panel photobioreactors (PBRs) or raceway ponds, the two-flux approx
imation is used to obtain an analytical solution to the one-dimensional 
RTE [14–16]. This approximation has been used extensively [14–18] 

and has been successfully validated against results from a 3D RTE 
solvers for ponds and flat-panel PBRs [15].

For tubular PBRs, Cornet et al. [18] applied the two-flux approxi
mation to obtain a one-dimensional solution of the radiative transfer 
equation for a non-emitting medium and absorbing and scattering cells. 
The incident radiation was assumed to be radially homogeneous and 
scattering by the cells was assumed to be isotropic. A reformulation of 
this approach was presented by Takache et al. [19] for the case of 
anisotropic scattering and low biomass concentration. However, these 
solutions were developed to model artificially illuminated PBRs. Under 
solar conditions, tubular PBRs are illuminated on a single side and the 
case of homogeneous radial illumination is not realistic. Thus, methods 
for solving the two- or three-dimensional RTE are necessary for accurate 
predictions of the radiative field within the culture.

Slegers et al. [20] predicted the yearly biomass productivity of ver
tical and horizontally oriented tubular PBRs using solar conditions for 
locations in The Netherlands, France, and Algeria. Their model 
accounted for diffuse and collimated incidence, tube reflectance, and 
tube mutual shading. The impact of ground reflectance, tube material 
and tube spacing were also considered. Here, the local fluence rate 
within the culture was predicted assuming that the light path was 
normal to the reactor walls. However, previous studies have demon
strated that the angle of incidence of light on a microalgae culture has a 
significant impact on the local rate fluence rate and the resulting pre
dicted growth rate [11].

Lee et al. [15] solved the three-dimensional RTE using a discrete 
Galerkin method [21] for a horizontal tubular PBR aligned with the 
North/South axis. The local fluence rate and corresponding microalgae 
growth rate were predicted for solar intensities in Los Angeles, CA on 
June 21st. The incident solar flux was composed of collimated and 

NOMENCLATURE

A Specific rate of photon absorbed [μmol.s− 1. kg 3]
Ac Specific rate of photon absorbed at compensation point 

[μmol.s− 1.kg− 1]
alight Specific illuminated area for the photobioreactor [m− 1]
b Back-scattered fraction for radiation [dimensionless]
CX Biomass concentration [kg.m− 3]
CX / alight Optical thickness [kg.m− 2]
Aabs Mass absorption coefficient [m2.kg− 1]
Ssca Mass scattering coefficient [m2.kg− 1]
Eray Amount of energy per ray [μmol.s− 1.m− 2]
g microalgae cell asymmetry factor [dimensionless]
G Local spherical irradiance [μmol.s− 1.m− 2]
I Intensity [μmol.s− 1.m− 2.sr− 1]
JO2 specific rate of oxygen production or consumption 

[molO2 kg− 1
X s− 1]

K Half saturation constant for photosynthesis [μmol.s− 1. 
m− 2]

L Depth of flat panel photobioreactor [m]
n refractive index [dimensionless]
Nrays Number of rays [dimensionless]
p Photon location in the MCRT approach
q Hemispherical photon flux density on a given surface 

(PFD) [μmol.s− 1.m− 2]
ri Inner radius of the tube [m]
ro Outer radius of the tube [m]
rs Biomass areal growth rate (productivity) [kg.m− 2.s− 1 or g. 

m− 2.day− 1]
rX Biomass volumetric growth rate (productivity) [kg.m− 3. 

s− 1 or kg.m− 3.day− 1]

Slight Illuminated surface of the photobioreactor [m2]
t Tube wall thickness [m]
t/ro Normalized wall thickness [dimensionless]
z Depth of culture or length [m]

Greek letters
α Linear scattering modulus [dimensionless]
β Inclination of the photobioreactor surface[◦]
γ Illuminated light fraction [dimensionless]
δ Extinction coefficient for the two-flux method [m− 1]
θ Incident angle (defined from the outward normal of the 

illuminated surface of the culture system)
ρM Maximum energy yield for photon conversion 

[dimensionless]
φ Mean mass quantum yield for the Z-scheme of 

photosynthesis [kg X.μmolhν
− 1]

Subscripts
// Related to direct radiation
⊥ Related to normal direct radiation
∩ Related to total diffuse radiation
cult Related to the culture volume
col Related to collimated light
dif Related to diffuse light
in Related to the the PBR surface

A. bbreviations
LRPA Local Rate of Photons Absorption
MCRT Monte Carole Ray Tracing
MRPA Mean Rate of Photons Absorption
PBR Photobioreactor
PFD Photon flux density
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diffuse light. The results demonstrated the same scaling relationship as 
observed theoretically in Hoeniges et al. [22]. Predicted areal produc
tivity was found to be directly related to the product of the culture 
biomass concentration C and the PBR radius ri, introducing the rele
vance of areal concentration or optical thickness (both being similar and 
expressed in kg m− 2) as a scaling parameter. Here, a single PBR orien
tation was considered and any reflection and/or refraction effects at the 
air/tube or tube/culture interfaces were neglected.

Marotta et al. [23] developed a Monte Carlo ray-tracing (MCRT) 
method to investigate the effect of refraction at the air/culture interface 
on the radiative field within a horizontal tubular PBR. The incident light 
was collimated and normally incident with respect to the longitudinal 
axis of the tube. The presence of the tube walls was neglected, and the 
reactor was modeled as a cylinder of water in air with refractive indices 
of 1.33 and 1.0, respectively. Reflection events at the water/air interface 
and scattering by the microalgae cells were neglected. Radiative transfer 
in the microalgae culture was modeled according to Beer-Lambert’s law. 
The simulated results of the radiative field predicted the presence of 
dark volumes in the tube due to refraction at the air/liquid interface. 
This phenomenon was more pronounced for lower biomass concentra
tions where the light was not fully attenuated. Indeed, at very low 
biomass concentration (CX = 0.02 kg m− 3) refraction at the air/liquid 
interface led to a light concentrating effect where the predicted local 
rate of photon absorption at the back of the tube was larger than that 
near the illuminated surface of the tube. Nonetheless, the total fraction 
of photons absorbed was only slightly changed when reflection and 
refraction at the air/liquid interface were accounted for. Finally, the 
photon distribution was observed to scale with the factor Cri.

Ryma et al. [24] presented a rigorous MCRT approach to simulate the 
radiation field in a solar tubular PBR. This approach took into account 
the position and angle of incidence of the sun, direct and diffuse light, as 
well as possible reflections and refractions on the wall. It also enabled 
the prediction of variations in light received by microalgae as a function 
of mixing conditions. To do so, the determination of the radiation field 
was coupled with a discrete Lagrangian random walk to track the cells. 
However, given the large diameter of the tube, the wall thickness was 
not taken into account.

Thus, while light transfer in tubular PBRs has been previously 
investigated, to the best of our knowledge, no study has considered the 
impact of tube wall thickness on the light distribution and predicted 
microalgae growth. Indeed, the thickness of the tube wall is in most 
cases relatively small for typical tubular PBRs with a radius on the order 
of few centimeters or decimeter. However, in the case of thin-tube PBRs 
(i.e. for tube diameter below few centimeters, where tube wall thickness 
could be in the same order of magnitude, or even greater, compared to 
the outer tube radius).

Therefore, the goal of the current numerical study was to propose a 
generic model to predict light transfer and microalgae growth rate 
within solar tubular PBRs, taking into account the influence of the tube 
wall thickness. This MCRT model (which was made available as an open 
source code via a public share on GitHUB [25]) was developed to 
consider all relevant optical phenomena involved in tubular PBRs. It 
accounted then for diffuse and collimated radiations, non-normal inci
dence, multiple reflection and refraction events at all optical interfaces, 
and absorption and anisotropic scattering by the microalgae cells in 
suspension. The MCRT model was then used to numerically investigate 
the impact of tube diameter as well as wall thickness, light incidence 
angle and scattering by the microalgae on the PBR illuminated fraction 
and resulting microalgae growth. Finally, the daily biomass productivity 
was predicted for several different PBR inclination angles and orienta
tions for solar conditions corresponding to typical winter and summer 
days in Saint-Nazaire, France. All simulations enabled to identify prac
tical guidelines for scaling-up and optimizing the design and operation 
of tubular outdoor PBRs.

2. Methods

2.1. Problem statement

Let us consider a tubular PBR of outer radius ro and inner radius ri 
containing a microalgae culture of biomass concentration Cx and 
exposed on a single side to a diffuse Idif and collimated intensity Icol with 
an incidence angle represented by θin taken with respect to the orthog
onal vector of the tube's longitudinal axis (Fig. 1). Hence, the incident 
hemispherical photon flux density (PFD), representing the averaged 
photon flux density received onto the PBR outer surface facing the sun, 
was taken as qʹ́

in = (2/π)Icolcos(θin) + πIdif (see Appendice). The tube 
wall thickness t was given by t = ro – ri. The PBR inclination angle β was 
measured with respect to the horizontal axis (i.e. ground).

The tube was considered to be non- absorbing with a refractive index 
representative of that of glass i.e., nt =1.5. The culture medium was also 
assumed to be non-absorbing, with a refractive index representative of 
that of water, i.e., nc = 1.33.

Chlorella vulgaris, whose radiative properties and growth modeling 
have already been characterized and validated under similar conditions, 
was chosen as the model species [11]. The culture was comprised of a 
suspension of C. vulgaris cells with PAR-averaged mass absorption Aabs 

and scattering Ssca cross-sections taken from Soulies et al. [11] as in 
Hoeniges et al. [22]. Here, the asymmetry factor g was taken as 0.974 
according to the measured value reported for C. vulgaris in [11,26]. Note 
that the MCRT method described below could be applied to any other 
species of microalgae, provided that the radiative properties (mass ab
sorption Aabs and scattering Ssca cross-sections, asymmetry factor g) are 
known.

3. Methods

3.1. Assumptions

Light transfer within the tubular PBR was modeled using the Monte- 
Carlo ray-tracing method [27–32]. To do so, the following assumptions 
were made [30]: 

(i) The tube wall thickness was much larger than the wavelength of 
radiation in the PAR region such that geometric optics prevailed.
(ii) Both the tube wall and the microalgae culture medium were 
considered to be non-absorbing over the PAR region.
(iii) Refractive indices of the air, tube wall, and culture medium were 
taken as constant over the PAR region. Furthermore, each of these 
components was considered to be non-emitting and non-scattering.
(iv) All interfaces were considered in the absence of deposits or 
biofilms. This assumption is important because biofilm formation is a 
known problem in PBR culture, particularly in tubular PBRs [33]. 
This could be addressed by introducing, for example, an additional 
interface exhibiting both deposit and biofilm properties. Given the 
diversity of possible scenarios, this option was not retained.
(v) All interfaces were taken as optically smooth. In other words, the 
surface roughness was much less than the wavelength of the light in 
the photosynthetically active radiation (PAR) region (λ = 400 - 700 
nm) such that reflection and transmission were specular. Then a 
photon incident at an angle θ1, measured with respect to the interface 
normal vector, upon an interface between two non-absorbing media 
of refractive indices n1 and n2, respectively, underwent refraction 
and was transmitted at angle θ2 given by Snell's law, i.e. [34]: 

θ2 = asin
(

sin(θ1)
n1

n2

)

(1) 

Then, the reflectivity, which represents the probability that said 
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photon is reflected instead of transmitted, can be given by Fresnel's 
equation, i.e., [35]: 

ρ =
1
2

[
tan2(θ1 − θ2)

tan2(θ1 + θ2)
+

sin2(θ1 − θ2)

sin2(θ1 + θ2)

]

(2) 

Predictions of the light transfer and microalgae growth within the 

PBR were based on the assumptions that: 

(vi) the PBR was operated in the light-limited regime wherein growth 
was only a function of the amount of light available to the microalgae 
cells [11,15,36]. Thus the PBR was not limited by any other 

Fig. 1. (a) Side view and (b) section view of a simplified representation of the tubular photobioreactor considered in the current study.

Fig. 2. A simplified flow chart of the algorithm structure used to track a ray as it propagates through the tubular photobioreactor where it may experience multiple 
reflection, refraction, and scattering events before being transmitted or absorbed in the microalgae culture (the numbering refers to the description of the flowchart in 
the text).
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operating parameters such as temperature, pH, nutrient availability, 
or dissolved oxygen concentration.
(vii) The microalgae culture was well-mixed with uniform biomass 
concentration CX throughout the PBR.
(viii) The tube was considered to be infinitely long such that edge 
effects at the top and bottom of the PBR were neglected and the light 
transfer within the tube was two-dimensional. In other words for a 
given case the local fluence rate was only a function of the x and y 
coordinates.

3.2. Monte Carlo ray-tracing method

In order to predict the local rate of photon absorption (LRPA) for a 
microalgae culture within a tubular PBR, a Monte Carlo ray-tracing 
(MCRT) method was used [28,30,31,37]. A large number Nrays of 
discrete photon bundles or “rays” were incident upon the tubular PBR. 
The incident photon bundles could undergo multiple refraction and 
reflection events at the air/tube, tube/culture, culture/tube, and 
tube/air interfaces, as well as scattering and absorption events in the 
microalgae culture. The rays were tracked until they were either (i) 
reflected away from the PBR, (ii) transmitted through the PBR, or (iii) 
absorbed in the microalgae culture. The step-by-step process is outlined 
in the flow diagram in Fig. 2 and was as follows: 

1. Randomly generate an emission location p0 = (x0; y0; z0) on the 
plane in front of the tube.
2. Determine ray direction vector si based on the incidence angle θin
3. Calculate the intersection location p0 between the ray and the 
outer air/tube interface and the reflectance ρ of the air/tube inter
face based on the incidence angle θin between the ray and the out
ward pointing normal vector of the tube surface using the 
generalized Fresnel's equations (see Eq. (2)).
4. Generate a random number R between 0 and 1 from the uniform 
distribution.
(a) If R < ρ ray is reflected, terminate ray
(b) Else if R > ρ ray is refracted, calculate the new ray direction st 
according to Snell's law (see Eq. (1)) and continue.
5. Calculate new intersection location p’ on either (i) the tube/air 
interface or (ii) the tube/culture interface. Calculate the corre
sponding reflectance ρ and generate random number R.
(a) If intersection is on the tube/air interface and ray is refracted, 
terminate ray.
(b) If intersection is on the tube/air interface and ray is reflected, 
calculate the new ray direction st according to specular reflection and 
return to Step 5.
(c) If intersection is on the tube/culture interface and ray is reflected, 
calculate new intersection location on tube/air interface p’, new 
direction sr according to specular reflection and new reflectance ρ, 
return to Step 5.a or 5.b according to random number outcome.
(d) If intersection is on the tube/culture interface and ray is refrac
ted, ray enters microalgae culture. Calculate new intersection loca
tion p0 and direction st according to Snell's law and continue.
6. For rays that enter the microalgae culture, calculate the distance 
lgeo between current p’ and next p’’ intersection location at the cul
ture/tube interface. Calculate the probable path length lβ traveled 
before attenuation in the culture using the culture extinction coef
ficient, βext = CX (Aabs + Ssca) according to 

lβ = − In(R)
/

βext (3) 

(a) If lβ > lgeo, ray intersects culture/tube interface before attenuation 
occurs. Set intersection location p’ = p’’.
i. If refraction occurs, calculate new direction st according to Snell's 
laws, new intersection location on tube/air interface p’, and new 

reflectance ρ. Return to Step 5.a or 5.b according to reflectance ρ and 
random number outcome.
ii. If reflection occurs, calculate new direction sr according to spec
ular reflection and update the distance until attenuation according to 
lβ = lβ - lgeo. Return to Step 6 without re-calculating the attenuation 
distance lβ.
(b) Else if lβ < lgeo, attenuation occurs at a location a distance of lβ 
along the current propagation direction from its last attenuation, 
reflection, or refraction event at p’. Use the culture single-scattering 
albedo ω = Ssca/(Aabs +Ssca) and a random number R between 0 and 
1 to determine if ray is scattered or absorbed.
i. If R < ω, ray is scattered. A new scattered direction ssca is defined by 
a randomly generated azimuthal ψ sca angle and a polar θsca angle 
generated by using a new random number R and the integrated 
accumulated distribution of the Henyey-Greenstein function, i.e., 
[32] 

cos(θsca) =
1
2g

{

1+ g2 −

(
1 + g2

1 + gs

)2
}

(4) 

where s = 2R - 1. Return to Step 6. 

ii. If R > ω, ray is absorbed and the absorption location pabs = (xabs, 
yabs) is recorded.

The above process was completed for a large number of rays, until 
each ray was either reflected or transmitted away from the PBR or 
absorbed at given location pabs = (xabs, yabs). Recall that the radiative 
field within the tube was assumed to be independent of the z-direction. 
The cross-section of the tube was discretized into a Nel × Nel rectangular 
mesh featuring square elements of width Δy = Δx = 2ri/Nel. A matrix 
[Nabs] was defined wherein each element (i; j) contained the number of 
rays absorbed Nabs,i,j at a location pabs = (xabs, yabs) such that xi-1 < xabs <

xi and yi-1 < yabs < yi where xi and yi represent the right-hand and upper 
element boundaries, respectively, of element (i, j).

Each ray can be said to carry an amount of energy Eray equal to 

Eray =
Slightqʹ́

in

Nrays
(5) 

where Slight is the illuminated surface area, given by Slight = πroH for 
illumination on a single side and H is the tube height considered. Then, 
the specific local rate of photon absorption A (x, y) in μmolhνkg− 1s− 1 

(LRPA) can be calculated from the ray absorption matrix [Nabs] ac
cording to 

A(xi, yi) =
Nabs,i,jEray

VejCx
(6) 

where Vel is the element volume given by Δx2H. Note that the tube height 
H is contained in both the Eray and Vel terms and will thus cancel yielding 
results that are independent of the tube height considered.

Once determined, the spatial distribution of the LRPA A (x, y) can be 
used to calculate the illuminated fraction γ, where γ is the ratio of the 
illuminated volume to the total volume of the culture [19,38]: 

γ =
S(A > Ac)

πr2
i

(7) 

where S(A > Ac) is the cross-sectional area of the tube where the local 
rate of photon absorption was greater than the compensation rate of 
photon absorption A c, and so representing the part of cross-sectional 
area of the tube where LRPA value is sufficient to have positive 
growth (i.e. local values of JO2 in Eq. 10 are positive).

The PAR- averaged local fluence rate G(x, y) in μmolhνm− 2s− 1 can 
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then be determined by simply dividing the LRPA by the PAR-averaged 
mass absorption cross-section Aabs(in m2kgX

− 1): 

G(x, y) =
A(x, y)

Aabs
(8) 

In the case of solar simulations, the incident hemispherical PFD qʹ́
in 

was composed of both collimated (i.e. direct) radiation and diffuse ra
diation. In this case, the MCRT algorithm was executed twice, once for 
collimated PFD and once for diffuse PFD yielding two separate matrices 
containing the local rate of photon absorption, denoted by [A col] and [A 
dif]. The two matrices were superimposed to calculate the total LRPA and 
the corresponding spatially averaged value MRPA (for Mean Rate of 
Photons Absorption) according to [15]: 

[A] = [A col] + [A dif ]withMRPA =
1
S

⋅
∫

A(x, y)dS (9) 

Here S is the cross-sectional area of the culture volume in the tubular 
PBR given by πri

2.
It is worth noting that our MCRT method could be readily extended 

to more complex cases. For example, Zheng et al. [39] used a MCRT 
method to determine the view factors between the external surface of 
cylindrical PBRs and sky/ground surfaces arranged in different array 
configurations. This method allowed to account for the effects of spacing 
between the PBRs and different layouts configurations. This work could 
lead to the extension of our MCRT model by allowing to determine the 
light received by the surface of PBRs for more complex tubular config
urations (then used as an input in our model). As another example, 
Pozzobon [40] used a MCRT method to determine the contribution of 
bubbles to the radiation field in an airlift PBR. Although the geometry is 
not tubular, this approach could prove complementary to our work, 
particularly for introducing the influence of bubbles in vertical tubular 
PBRs.

3.3. Microalgae growth kinetics

The microalgae growth kinetics model for Chlorella vulgaris already 
published elsewhere [11] was used to predict the growth rate as a 
function of the LRPA. First, the volume-averaged specific rate of oxygen 
production or consumption 〈JO2 (t)〉 (in molO2 kg− 1

X s− 1) as a function of 
the LRPA A(x, y) was calculated according to: 

〈JO2 (t)〉 =
∫

S

[

ρM
KA

KA + A(x, y)
ϕʹ

O2
A(x, y) −

JNADH2

νNADH2 − O2

Kr

Kr + A(x, y)

]

dS

(10) 

Here, ρM is the maximum energy yield for photon conversion, ϕʹ
O2

is the 
molar quantum yield of O2 for the Z-scheme of photosynthesis, KA is the 
half-saturation constant for photosynthesis, JNADH2 is the specific rate of 
cofactor regeneration on the respiratory chain related to the oxygen 
consumption by the stoichiometric coefficient of cofactor regeneration 
on the respiratory chain νNADH2 − O2 and Kr is a saturation constant 
describing the inhibition of respiration in light.

Then, the stoichiometric relationship between the production of 
oxygen and the production of biomass was used to predict the volume- 
averaged growth rate 〈rX(t)〉 (in kgX.m− 3s− 1) as a function of 〈JO2 (t)〉: 

〈rX(t)〉 = 〈JO2 (t)〉
MXCX(t)

νO2 − X
(11) 

The relevant parameters for the growth kinetics model can be found 
in Table 1. Please note that applying this method to another microalgae 
species would require recalibrating the parameters (more information 
can be found in [17]).

3.4. Comparison with a canonical approximate solution for radiative 
transfer in cylindrical PBRs

In the case of quasi-collimated, radially incident light, the radiative 
field within a tubular PBR can be approximated by applying the two-flux 
method to the one-dimensional radiative transfer equation in cylindrical 
coordinates. This approximation is more accurate for high biomass 
concentrations, even though it has been extended to lower optical 
thicknesses by Takache et al [19] who obtained the expression: 

G(r)
qʹ́

in
= 2

I0(δr)
I0(δri) + αI1(δri)

(12) 

where I0(r) and I1(r) represent the zero- and first-order modified Bessel 
functions of the first kind where the radial coordinate r is defined with 
respect to the tube center, and the extinction coefficient for the two-flux 
method δ is given by: 

δ = αCX(Aabs +2bSsca) with α =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

Aabs

Aabs + 2bSsca

√

(13) 

where b is the PAR-averaged back scattering ratio.
To compare the current MCRT method with this analytical approx

imate solution that is widely used in the study of cylindrical PBRs, the 
local fluence rate G(r) was predicted for an example case using PBR 
geometry and microalgae radiative properties from Takache et al. [19]. 
Figs. 3a, 3b, and 3c compare the results to the local fluence rate G(r) 
predicted using Eq. 12 for biomass concentrations CX equal to 0.1, 0.45 
and 1.0 kg m− 3. The tube inner radius ri was taken as 8 cm, the incident 
photon flux density qʹ́

in in was equal to 500 μmolhνm− 2 s− 1, the PAR 
averaged mass absorption Aabsand scattering Ssca cross-sections were 
taken as 160 m2 kg− 1 and 890 m2 kg− 1, respectively, and the 
PAR-averaged back scattering ratio b was 0.0077.

For the comparison case, Step 6.b of the ray-tracing algorithm was 
modified such that upon scattering in the culture, a random number was 
compared to the back scattering ratio b to determine if the ray was 
scattered into the forward or backward direction rather than using the 
integrated accumulation function of the Henyey-Greenstein function.

Fig. 3a illustrates poor agreement in the predicted local fluence rate 
G(r) between the two methods at biomass concentration CX = 0.1 kg 
m− 3. Indeed, the MCRT predicts an extremely large local fluence rate at r 
= 0 as the un-absorbed rays converge at the center point of the tube. This 
was not the case for the two-flux method which predicted a steady decay 
in G(r) as r decreased. At CX = 0.45 kg m− 3, Fig. 3b illustrates good 
agreement between the two methods for r > 1 cm. However, here too the 
unabsorbed rays converged at the tube center and the local fluence rate 
predicted by the MCRT was much larger than that predicted by the two- 
flux method. At larger biomass concentration, Fig. 3c illustrates a 
steeper decay in G(r) due to increased absorption by the microalgae 
cells. Indeed, G(r) decreased to zero for r > 4 cm indicating complete 
light absorption. Here, the strong optical attenuation eliminates the ef
fect of un-absorbed rays convergence at the center point of the tube, and 

Table 1 
Growth kinetics parameters for Chlorella vulgaris (Soulies et al., 2016).

Parameter Value Unit

υO2 − X 0.8
JNADH2 2.8 × 10− 3 molNADH2 kg− 1

X s− 1

υO2 − X 1.13
12311molO2µmolhν

ϕʹ
O2

1.1 × 10− 7 molO2 μmol− 1
hυ

MX 0.024 kgXmol− 1
C

υNADH2 − O2 2
KA 40,000 µmolhνkg− 1s− ¹
Kr 556.5 µmolhνkg− 1s− ¹
AC 2800 µmolhνkg− 1s− ¹
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a good agreement between the two methods was found for all values of 
tube radius. This suggests that the predictions of G(r) given by the two 
methods agree when total light absorption occurs (due to the high 
biomass concentration typically achieved in a PBR, this is the usual 
mode of operation, as described later), whereas at low biomass con
centrations, the MCRT predicts larger G(r) due to the rays converging at 
the tube center point.

Fig. 3d plots the illuminated fraction γ predicted by both methods as 
a function of biomass concentration. Here the compensation rate of 
photon absorption Ac was equal to 2800 μmolhνkg− 1s− 1 [11]. Despite the 
disagreement observed at low biomass concentrations (when the 
approximation is less accurate) in Figs. 3a,3b and 3d illustrates good 
agreement in the predicted illuminated fraction γ between the two 
methods over the range of biomass concentrations considered. This 
suggests that the MCRT can accurately predict the illuminated fraction γ 
and local fluence rate G(r) in the case of full light attenuation, i.e., γ < 1.

3.5. Convergence

Since the Monte-Carlo algorithm is statistical method requiring the 
sampling of a large number of rays, the confidence interval of the results 
(that is provided by the standard error of the rays statistics) will depend 
on the number of ray paths sampled. Moreover, our algorithm is biased 
by the use of a mesh to discretize the absorption field and calculate the 
illuminated fraction γ (note that to the date, this bias is unavoidable 
because no unbiased MCRT approach is available in the literature for 
evaluating γ). Therefore the results depend on both the number or rays 

Fig. 3. Comparison of the local fluence rate G(r) (in μmolhνm− 2s− 1) predicted using the two-flux method and the current MCRT algorithm for a PBR with an inner 
radius ri = 0.08 m and biomass concentration CX of (a) 0.1, (b) 0.45, and (c) 1.0 kg m− 3 and (d) the corresponding illuminated fraction γ predicted by both methods as 
a function of biomass concentration.

Fig. 4. Predicted illuminated fraction γ using 50, 100, and 200 mesh elements 
as a function of the number of rays simulated Nrays for biomass concentrations 
of CX equal to 0.5 and 1.0 kg m− 3.
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samples and the number of elements in the mesh. Fig. 4 plots the pre
dicted illuminated fraction γ as a function of the number of rays simu
lated Nrays for a number of elements Nel equal to 50, 100, and 200 and 
biomass concentrations equal to 0.5 and 1.0 kg m− 3. The microalgae 
radiative properties Aabs and Ssca were equal to 199 m2kg− 1 and 2873 
m2kg− 1 and were representative of those of Chlorella vulgaris for a 
pigment concentration of 4 wt.%. The photon flux density qʹ́

in was 
composed of collimated, normally incident radiation (i.e., θin = 0◦) and 
equal to 200 μmolhνm− 2s− 1. For a given mesh and number of rays Nrays, 
ten trials were performed to assess the standard deviation.

For all values of Nel and biomass concentration, the standard devi
ation in γ was less than 0.005 for Nrays greater than 0.5×105, corre
sponding to a 95 % confidence interface of ± 1 %. However, Fig. 4
indicates that despite this, the illuminated fractions γ predicted for 
different values of Nel were not in agreement for a number of rays Nrays as 
low as 0.5×105 for a given biomass concentration. Indeed, the pre
dictions given for all values of Nel converged for Nrays ≥ 0.5×106 and 
Nrays ≥ 0.5×107 for biomass concentrations of 0.5 and 1.0 kg m− 3, 
respectively. This indicates that the number of rays Nrays required to 
achieve numerical convergence depended on the conditions within the 
microalgae culture, i.e., biomass concentration. Thus, for all simulations 
in the current study, a number of rays Nrays was used such that the 
illuminated fractions γ predicted using Nel equal to 100 and 200 were 
within ± 2 % of the value predicted for Nel = 50.

4. Results and discussion

4.1. Optical thickness scaling

Fig. 5a plots the predicted illuminated fraction γ within the culture of 
Chlorella vulgaris as a function of biomass concentration CX for tube inner 
radius ri equal to 2, 5, 10, and 20 mm. The photon flux density qʹ́

in was 
composed of collimated, normally incident radiation (i.e., θin = 0◦) and 
was equal to 200 μmolhνm− 2s− 1. As already described elsewhere [17,
41], the illuminated fraction γ is an important parameter for describing 
light conditions in the PBR. A value of γ > 1 indicates that some light is 
transmitted, while γ < 1 indicates that dark volumes occur within the 
culture, thus productivity is maximized for the “luminostat" regime 
where γ = 1. Here, the interest of decreasing the tube diameter is 
illustrated by the large illuminated fraction γ at relatively large biomass 
concentrations and low photon flux densities. This was especially the 
case for a thin tube with an inner radius ri of 2 mm where ranged from 
0.67 to 0.12 for biomass concentrations of 5 and 30 kg m− 3, respectively.

Fig. 5b plots the same predicted illuminated fraction γ as a function 
of the quotient of the biomass concentration and the specific illuminated 
area of the system, i.e., CX /alight = CX ri representative of the culture 
optical thickness (also similar to a biomass concentration expressed per 
unit of illuminated surface, introducing the concept of areal biomass 
concentration). The results demonstrate a clear scaling relationship 
between γ and the optical thickness. A parallel can be drawn with other 
studies that have demonstrated a direct relationship between areal 
productivity (in g m− 2 day− 1) and optical thickness of a microalgae 
culture [22]. Our results demonstrate that the scaling behavior is a 
direct result of the same behavior observed for γ. Thus, despite the 
complexity of the underlying phenomena involved in light transfer, the 
results presented in the current study will be valid for any tubular PBR 
inner radius ri and culture biomass concentration CX such that the op
tical thickness CX ri and lighting conditions, i.e., incidence angle, inci
dent diffuse and collimated photon flux, are the same.

4.2. Impact of tube wall thickness

To assess the impact of the tube on the light transfer within the PBR, 
the flux transmitted through the tube/culture interface qʹ́

cult and thus 
available to the microalgae cells for different tube wall thicknesses t was 

considered. The photon flux available to the culture qʹ́
cult was calculated 

using the MCRT algorithm by terminating a given ray once it was 
transmitted through the tube/culture interface. Then qʹ́

cult was taken as 

qʹ́
cult =

ErayNcult

πrih
(14) 

where Ncult is the number of rays transmitted through the tube/culture 
interface and available to the culture for absorption. To generalize the 
results, the ratio qʹ́

cult/qʹ́
in was considered as a function of the normalized 

tube wall thickness, i.e., t/ro. Note that the ratio qʹ́
cult/qʹ́

in is only a 
function of the tube geometry and is independent of the radiative 

Fig. 5. Predicted illuminated fraction γ for tube inner radius ri equal to 2, 5, 10, 
and 20 mm as a function of (a) the biomass concentration CX and (b) the optical 
thickness represented by CX ri (in kg m− 2) for a photon flux density qʹ́

in =

200 μmolhνm− 2s− 1.
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properties of the microalgae cells, i.e. Aabs, Ssca, g, and the operational 
parameters of the PBR, i.e., CX, qʹ́

in. Thus, the normalized tube wall 
thickness t/ro can be considered a design parameter for tubular PBRs.

Fig. 6a plots the ratio qʹ́
cult/qʹ́

infor normalized tube wall thicknesses t/ 
ro ranging from 0.01 to 0.9 and for a collimated photon flux with inci
dence angle θin ranging from 0◦ (i.e., normal incidence) to 80◦ Similarly, 
Fig. 6b plots qʹ́

cult/qʹ́
in as a function of t/ro for the case of diffuse incidence. 

For collimated incidence, Fig. 6a indicates that the ratio qʹ́
cult /qʹ́

in 
increased with increasing tube wall thickness. In fact, for all incidence 
angles considered, qʹ́

cult/qʹ́
in exceeded unity for large values of normalized 

tube wall thickness. This indicates that the photon flux available to the 
culture was larger than photon flux incident on the PBR external surface, 
i.e., qʹ́

cult > qʹ́
in. Indeed, as tube wall thickness increased, the area of the 

tube increased and more light was intercepted by the PBR. This addi
tional light was then refracted at the air/tube interface towards the 
tube/culture interface creating a concentrating effect and resulting in 
qʹ́

cult/qʹ́
in > 1. This suggests that a large tube wall thickness t relative to 

the outer radius ri of the PBR may increase the microalgae growth rate 
by increasing the photon flux available to the microalgae cells. For 
diffuse incidence, Fig. 6b indicates that a concentrating effect was 
observed for t/ro > 0.2, however, it was significantly less pronounced 
than the direct incidence case since only a small fraction of rays were 
incident at a direction that would result in them being refracted towards 
the culture.

For lower incidence angles θinof 0◦, 20◦, and 40◦, qʹ́
cult/qʹ́

in increased 
with increased t/ro until it reached a plateau of 1.25, 1.29, and 1.42, 
respectively. Once this plateau was reached, increasing the tube wall 
thickness did not increase qʹ́

cult/qʹ́
in since the additional rays captured 

were not incident on the tube/culture interface. For incidence angles θin 

> 40◦, qʹ́
cult/qʹ́

in increased monotonically with increasing normalized 
tube wall thickness t/ro. For tube wall thickness t/ro ≥ 0.5, 
qʹ́

cult/qʹ́
inincreased with increasing incidence angle θin (with the exception 

of θin= 80◦). Figs. 6c and 6d show the path of rays refracted at the air/ 
tube boundary for t/ro = 0.6 and incidence angle θin equal to 0◦ and 60◦

These figures demonstrate the increased concentrating effect at larger 
incidence angles θin. As θin increased, the focal point of refracted rays 
shifted closer to the tube center, increasing the intensity of the light flux 
on the microalgae culture.

Fig. 7a plots the predicted illuminated fraction γ as a function of tube 
wall thickness t for tube inner radius of ri equal to 2, 4, and 6 mm and 
incidence angle θin equal to 0◦ and 45◦ for an incident photon flux 
density qʹ́

in = 200 μmolhνm− 2s− 1. To isolate the impact of the tube wall 
thickness, the biomass concentration was taken such that CX ri was equal 
to 0.01 kg m− 2 for each inner radius ri simulated. The results indicate 
that the illuminated fraction increased to a maximum value with 
increasing tube wall thickness t for both incidence angles θin and all 
inner radii ri considered. This can be explained by the concentrating 
effect observed in Fig. 6a for thicker tube walls which sent more light to 

Fig. 6. Flux ratio qʹ́
cult/qʹ́

in as a function of normalized tube wall thickness t/ro for (a) collimated radiation with incidence angle θin ranging from 0◦ to 80◦ and (b) 
diffuse radiation and (c,d) schematic representations of the paths of refracted rays for collimated radiation and normalized tube wall thickness t/ro = 0.6 for θin =

0◦and 60◦, respectively.
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the microalgae culture, increasing the light penetration depth and the 
illuminated fraction γ. Fig. 7a also indicates that γ was smaller for an 
incidence angle θin equal to 45◦ This was attributed to an increase in the 
reflectance at the air/tube interface and a decrease in the total energy 
incident upon the PBR in the case of non-normal incidence.

Figs. 7a and 7b demonstrate that t/ro is a useful parameter than can 
be adjusted to increase γ (and so to reduce dark volumes in culture 
volume). Nonetheless, for the cases plotted, adjusting t/ro was not suf
ficient to reach the ideal condition γ = 1 (i.e. full light absorption but no 
dark volume). Instead, other parameters such as optical thickness CX ri 
and/or incident photon flux qʹ́

inwould also have to be adjusted to 
approach γ = 1 (see later for a detailed investigation). However, as also 
mentioned by [23], in contrary to PBR presenting flat surfaces (flat panel 
PBR, open ponds), achieving optimal light attenuation conditions (as 
represented by γ = 1 condition and also maximal growth rate) will be not 
possible in tubular geometries because of the refraction at the air-liquid 
curved interface which lead to a light concentrating effect in the culture 
volume.

Fig. 7b plots the predicted illuminated fraction γ as a function of the 
normalized tube wall thickness t/ro. Interestingly, the results for all 
inner radii ri collapse unto the same curve for both incidence angles. 
Note this result was also observed for diffuse incidence (results not 
shown). For the current value of CX ri = 0.01 kg m− 2, the optimum 
normalized tube wall thickness was 0.25 and 0.4 for θin equal to 0◦ and 
45◦, respectively. Fig. 7b indicates that γ decreased steadily with 
increasing t/ro for both incidence angles. This was the case despite the 

fact that the ratio qʹ́
cult/qʹ́

in increased and then plateaued for values of t/ro 
beyond the optimum values identified here. This can be explained by the 
distribution of light absorption between t/ro equal to 0.5 compared to 
0.9. This is illustrated in Figs. 7c and 7d, respectively, which show the 
areas where the LRPA was greater than the compensation LRPA, i.e., A 
(x, y) > A c, in red and the areas where A (x, y) <A c in green for θin = 45◦

Notably, at t/ro = 0.5, Fig. 7c indicates that the culture was illuminated 
from the sides as well as the front due to the refractive index mismatch 
between the air and tube walls causing light to be refracted towards the 
inner cylinder (see Fig. 6c and 6d). However, for t/ro = 0.9, Fig. 7d in
dicates that only the front half of the culture was illuminated. Indeed, as 
t/ro increased, the radius ri decreased relative to the outer radius ro and 
the refraction effects of the tube wall were less important.

4.3. Impact of incidence angle

Tubular PBRs under solar conditions can experience the whole range 
of possible incidence angles, i.e., θin from 0 to 90◦ [42] (simulations with 
a time-varying angle of incidence will be presented in section 3.8, where 
growth simulations will be performed on typical days of the year). Thus, 
Fig. 8 plots the predicted illuminated fraction γ for the case of collimated 
incident radiation as a function of incidence angle θin for normalized 
tube wall thickness t/ro equal to 0.01, 0.30, and 0.50, for an optical 
thickness CX ri = 0.02 kg m− 2 an for the same photon flux density qʹ́

in =

200 μmolhνm− 2s− 1. Here, the illuminated fraction decreased mono
tonically with increasing incidence angle θin for all three values of t/ro. 

Fig. 7. Illuminated fraction γ as a function of (a) tube wall thickness for tube inner radii ri equal to 2, 4, and 6 mm and (b) normalized tube wall thickness t/ro for 
incidence angles θin of 0◦ and 45◦ (c,d) Map of culture locations where the local rate of photon absorption exceed the compensation rate of photon absorption A(x, y) 
> Ac for θin = 45◦and t/ro equal to 0.5 and 0.9, respectively.
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This was due to increased reflection at the air/tube interface as the 
incidence angle increased. For incidence angles θin < 40◦ the illuminated 
fraction was largest for t/ro = 0.30. This was thanks to the larger 
concentrating effect of the thicker tube walls compared to t/ro = 0.01 
and the refraction at the air/tube interface which illuminated the front 
and sides of the culture as observed in Fig. 7c. However, for incidence 
angles θin > 40◦, the illuminated fraction γ was largest for t/ro = 0.50. 
This was due to the concentrating effect observed in Fig. 6d which 
moved the focal point of the refracted rays towards the tube center of the 
tube as the incidence angle increased.

4.4. Impact of scattering

Fig. 9 plots the illuminated fraction γ as a function of the optical 
thickness CX ri for the case of an asymmetry factor g equal to unity, i.e., 
negligible scattering by the microalgae, and for the case of an asym
metry factor g equal to 0.974 as reported in the literature for Chlorella 
vulgaris [26]. The photon flux density qʹ́

in was composed of collimated, 
normally incident radiation (i.e., θin = 0◦) and was equal to 200 
μmolhνm− 2s− 1. For both cases, the illuminated fraction γ decreased 
exponentially with increasing biomass concentration (see Fig. 5). 
However, Fig. 9 indicates that γ was larger when scattering by the 
microalgae was neglected, i.e., g = 1.0, than when it was accounted for 
with an asymmetry factor of g = 0.974. Interestingly, this was the case 
despite the fact that an asymmetry factor g of 0.974, representing a 
strongly forward-scattering particle, is only slightly different than an 
asymmetry factor g = 1.0, representing a perfectly forward-scattering 
particle. This can be explained by the large mass scattering 
cross-section of microalgae relative to the absorption cross-section, 
which resulted in a large single-scattering albedo ω. Thus, photons 
could deviate significantly from the forward direction due to the many 
scattering events that took place before a photon was absorbed. Our 
results show that assuming negligible scattering by the microalgae could 
cause the illuminated fraction γ to be over estimated by 25 % at low 
biomass concentrations where γ was the largest. Then, scattering should 
not be neglected for light transfer modeling in tubular PBRs, as has been 
done previously [23].

Fig. 10a plots the local fluence rate normalized with respect to the 

incident photon flux G(x, y)/qʹ́
in for an microalgae asymmetry factor g 

equal to 1 and 0.974 and optical thickness CX ri of 0.05 kg m− 2. Fig. 10b
plots the area where the LRPA was greater than that of the compensation 
LRPA, i.e., A (x,y) > A c. For the case of g = 1.0, the incident light was 
scattered in the forward direction and therefore penetrated deeper into 
the microalgae culture. This phenomenon explains the larger values of 
illuminated fraction achieved for the culture with negligible scattering. 
On the other hand, for g = 0.974, larger normalized local fluence rate 
G(x, y)/qʹ́

in near the culture surface indicated that scattering by the algae 
caused light to be absorbed closer to the culture surface. Finally, Fig.11b
indicates that lines of larger G(x, y)/qʹ́

in were present in the lower half of 
the tube when scattering was neglected. However, these rays were not 
present for g = 0.974. This suggests that, unlike flat-panel PBRs [15,43], 
the local fluence rate G(x,y) is highly sensitive to the microalgae 
asymmetry factor g in tubular PBRs.

4.5. Influence on volumetric and areal growth rate

Fig. 11 plots evolutions of illuminated light fraction γ (Fig. 11-a), 
predicted average volumetric growth rate 〈rX〉 (in kg m− 3 day− 1) 
(Fig. 11-b)) and areal average volumetric growth rate 〈rS〉 (in g m− 2 

day− 1) (Fig. 11-c) as a function of normalized tube wall thickness t/ro, 
for different values of inner tube radius ri ranging from 0.005 m to 0.02 
m and for incidence angle θin equal to 0◦ and 45◦ As in previous cases, 
the incident PFD was 200 μmolhνm− 2s− 1 and the biomass concentration 
CX ri was equal to 0.01 kg m− 2 for each inner radius ri simulated. Sim
ulations were also conducted for diffuse incidence, with an incident PFD 
qʹ́

in = 200 μmolhνm− 2s− 1 (Fig. 11-b-d-f).
The volumetric growth rate 〈rX〉 is found to increase when decreasing 

the inner tube radius ri. This is a well-known result, volumetric kinetic 
performances of any light-limited PBR being fully dependent of culture 
depth [10]. In our case, decreasing the inner radius ri from 0.02 m to 
0.005 m increases the volumetric biomass productivity by a factor of 
around 5, emphasizing the interest of decreasing the depth of culture for 
volumetric performances intensification. The results indicate that the 
illuminated fraction increased to a maximum value with increasing 
normal tube wall thickness t/ro for both direct and diffuse light, both 
incidence angles θin and all inner radii ri considered. This can be 

Fig. 8. Predicted illuminated fraction γ for collimated incident radiation as a 
function of incidence angles θin for normalized tube wall thickness t/ro equal to 
0.01, 0.3 and 0.5 respectively.

Fig. 9. Illumined fraction γ as a function of biomass concentration for a 
microalgae cell asymmetry factor g equal to 0.974 and 1.0 representative of 
negligible scattering.
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explained by the concentrating effect observed in Fig. 6a. We can note 
that in all cases, the illumination fraction remains below 1, indicating 
that full light absorption occurs in the culture volume but with the 
presence of a dark volume where the LRPA was smaller than the 
compensation LRPA, i.e., A (x, y) < A c.

Interestingly, the concentrating effect also corresponds in an increase 
in growth rate 〈rX〉 up to an optimal value of the normalized tube wall 
thickness t/ro for each incidence angle, namely t/ro around 0.2 and 0.4 
for normal and 45◦ incidence respectively. A similar trend is observed 
for diffuse incidence but with a less marked effect as soon as the 
normalized tube wall thickness t/ro is larger than 0.2. Moreover, we note 
that the maximum value of γ and 〈rX〉 occurred at the same tube wall 
thickness t/ro for a given incidence angle (Fig. 11-a), emphasizing the 
direct relation between illuminated light fraction γ and resulting 
biomass productivity 〈rX〉, as already observed elsewhere [19,36,44]. 
These results suggest that the biomass growth rate can be improved by 
optimizing the tube wall thickness. Indeed, for θin = 45◦, increasing t/ro 
from 0.05 to 0.4 resulted in an increase in the predicted average growth 
rate of 0.9 kg m− 3day− 1 for ri=0.005 m which represents a 60 % increase 
in growth. Similar results were observed for diffuse incidence where 
increasing t/ro from 0.1 to 0.2 resulted in an increase of 0.4 kg m− 3day− 1 

or 15 % for the same inner radius value.
In an attempt to provide more general guidelines for tubular PBR 

design optimization, Fig. 11-e (collimated light) and 11-f (diffuse light) 
presents the average areal growth rate (〈rS〉 in g m− 2day− 1). The average 
areal growth rate was determined from the specific illuminated surface 
alight =

Slight
Vcul 

[10]: 

〈rS〉 = 〈rX〉
Vcul

Slight
=

〈rX〉

alight
(15) 

where Vcul is the culture volume and Slight is the illuminated surface. Note 
that in the configuration of a tubular PBR, the illuminated surface can be 
defined with respect to the inner and outer tube radius (this will be 
discussed in more details in next section). Here the inner radius will be 
used as a reference (i.e. surface of culture illuminated), with then: 

alight =
Slight

Vcul
=

πriH
πr2

i H
=

1
ri

(16) 

As observed for the illuminated fraction, when using areal growth 
rate, the results for all inner radii ri collapse unto the same curve for both 
incidence angles. The same is observed for diffuse light. The relevance of 
using area-based values for their genericity in the comparison of various 
culture system performances is well-known [44]. This is here confirmed, 
despite the very underlying complex phenomena involved in the light 
transfer in tubular PBRs. When combined to other parameters previously 

Fig. 10. (a) Normalized local fluence rate G(x, y)/qʹ́
in for the case of g = 1 (i.e., negligible scattering) and g = 0.974 and (b) corresponding culture locations where the 

LRPA was greater than the compensation LRPA, i.e., A(x, y) > Ac(red area) and less than the compensation LRPA, i.e., A(x, y) < Ac (yellow).
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discussed such as the illuminated light fraction (which also collapse for 
all ri values) and the relevance of optical thickness CX ri (in kg m− 2, 
which value could guide tube diameter selection) and normalized tube 
thickness t/ro as scaling parameters, areal biomass productivity 〈rS〉 can 
reveal useful to define generic approaches for tubular PBR design, 
optimization and performance prediction.

In addition to demonstrating the interest of areal biomass concen
tration, areal biomass productivity and normalized tube thickness as 
scaling parameters, our results allow defining general guidelines for 
tubular PBR optimization: 

– The inner diameter ri (and then alight =1/ri) was confirmed as the 
main engineering parameter for volumetric performances intensifi
cation (i.e. volumetric growth rate but also biomass concentration, 
both being directly related).

– For appropriate values, the outer radius ro was found relevant to 
induce a light concentrating effect, with a possible additional 
improvement in productivities (both volumetric and areal pro
ductivities). Optimal values were found dependent of the incident 
angle, but normalized tube wall thickness t/ro in optimal values were 
found in the range of 0.2 to 0.4 for all values of inner radius. For a 
tube wall thickness of between 0.003 and 0.005 m, as is generally 

Fig. 11. Predicted illuminated fraction γ (a-b), average volumetric growth rate <rX> (c-d) and average areal growth rate 〈rS〉 (e-f) as a function of normalized tube 
wall thickness t/ro for collimated incidence with incidence angles θin equal to 0◦ and 45◦ (a-c-e) and diffuse incidence (b-d-f).

J. Hoeniges et al.                                                                                                                                                                                                                                Chemical Engineering Journal Advances 26 (2026) 101081 

13 



observed in practice, this leads to a maximum tube inside diameter of 
about 0.016 m.

– In all cases, and as already observed for flat panel geometries [11,
36], increasing the incident angle was found to reduce pro
ductivities, with a direct relation to illuminated light fraction which 
was also found to decrease with increasing incident angle.

4.6. Comparison with flat panel PBRs

Fig. 12 illustrates the interest of using normalized tube wall thickness 
and average areal growth rate to compare different PBRs geometries. 
Here the comparison is made between a tubular PBR with inner radius 
ri=0.03 m, corresponding to a tubular PBR commercialized by LgeM 
company (Lgem, the Netherlands), and a flat panel PBR of depth L with a 
glass wall of the same thickness and optical properties as the tube wall. 
For a representative comparison, similar specific illuminated ratio were 
applied for both geometries, with then alight =1/ri=1/L. The optical 
thickness based on culture depth L was also the same for both flat panel 
and tubular reactors, i.e., CX /alight = CX L = 0.01 kg m− 2. Same incident 
photons flux density was applied in both cases for both direct and diffuse 
radiation (qʹ́

in =200 μmolhνm− 2s− 1). Note however that because of the 
difference in illuminated surface geometry, the photons flux density 
averaged on the PBR optical surface was different for the flat panel PBR 
(qʹ́

in = Icolcos(θin)+ πIdif = qʹ́
⊥cos(θin)+ qʹ́

∩) than for the tubular PBR 
(qʹ́

in = (2/π)Icolcos(θin)+ πIdif = (2/π)qʹ́
⊥cos(θin)+ qʹ́

∩) due to presence 
of curved tube walls (see Appendice).

Fig. 12-a presents prediction of areal growth rate〈rS〉and illuminated 
light fraction γ (Fig. 12-c) as a function of normalized tube wall thick
ness. For a flat panel reactor, the predicted areal growth rate was found 
independent of the wall thickness since the glass was considered to be 
non-absorbing and because of the absence of curvature. Furthermore, 
unlike tubular reactors, flat panel PBRs did not exhibit a concentrating 
effect (i.e. plane optical surfaces), thus the photon flux delivered to the 
culture was similar for all wall thicknesses. The areal growth rate〈rS〉

was found lower in tubular PBR than with flat panel PBR for normal 
incidence. Increasing the normalized tube wall thickness in the range 
0.2–0.3 results in an improvement of the growth rate for the tubular 
PBR, leading to similar values for both geometries. For 45◦ incident 
angle, optimizing the normalized tube wall thickness was found more 
relevant, with larger areal growth rate for the tubular PBR for normal
ized tube wall thickness in the range 0.25–0.6. For diffuse light, tubular 
PBR leads to larger values of areal growth rate and for a large range of 
tube wall thickness. Curved geometries allows to increase the amount of 
diffuse light collected onto the illuminated surface (by π/2 for a given 
photons flux density qʹ́

∩, see Appendice) and are less sensitive to diffuse 
incidence. As shown in Pruvost et al. [42], PBR presenting flat surfaces 
(flat panel PBR, raceways…) are indeed highly sensitive to the incident 
angle, which influences light received onto the surface (i.e. decreased by 
cosθin) but also reduces light penetration in the culture depth due to 
oblique incidence. Therefore, diffuse light (covering then the all range of 
incident angles) has a more negative influence in the case of flat panel 
PBR.

Fig. 12-c shows that illuminated fraction γ was always lower than 1 
for the tubular PBR, in contrary to the flat panel PBR where the ideal 
condition of γ=1 was obtained for normal incidence. This is in agree
ment with our previous statement on the difficulty to reach γ=1 con
dition in tubular PBRs because of light refraction into the tube wall (see 
discussion on Fig. 4). The influence on resulting growth rate will be 
explained in more details hereafter (Fig. 13).

From a practical point of view, increasing the tube wall thickness to 
induce a concentrating light effect also leads to an increase in the area 
covered by the tube and so the PBR footprint for a given culture volume. 
To illustrate this, the outer tube radius can be used as a reference in the 
definition of the specific illuminated surface: 

Fig. 12. Comparison between flat panel and tubular PBRs. Predicted average 
areal growth rate 〈rs〉 using alight as a reference (a), average areal growth rate 〈rS〉
using alight,outer as reference (b) and illuminated fraction γ (c), as a function of 
normalized tube wall thickness t/ro for in equal to 0◦ (black dashed line) and 45◦

(red dashed line) and diffuse incidence (black dotted line). Predictions for flat 
panel PBR are in solid lines.
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alight, outer =
Slight, outer

Vculture
=

πroH
πr2

i H
=

ro

r2
i

(17) 

Fig. 12-b presents evolution of the areal growth rate when using such 
definition in Eq.15. The negative effect of applying large values of tube 
wall thickness because of the resulting increase in PBR size for given 
culture volume is here clearly illustrated. For small values of tube wall 
thickness, the concentrating light effect tends to compensate the in
crease of tube size by increasing the area for light interception then 
refracted toward the culture volume (especially in the case of diffuse 
light, as explained before). But the efficiency decreases progressively 
because of the increase of photons deviated but not collected by the 
culture (Fig. 6). For very large values of tube wall thickness, very low 
areal growth rate are obtained (when considering the outer tube surface 
- and then PBR footprint - as a reference).

A comparison can be made with the tubular PBR marketed by the 
company Lgem and used as a case study. The outer radius is ro= 0.0325 
m corresponding to a wall thickness and normalized wall thickness of t =
0.0025 m and t/ro = 0.077 respectively. The light concentrating effect 
can then be considered moderate (increase in productivity of about 10 to 
20 % depending on the angle of incidence – Fig. 12-a) but sufficient to 
compensate for the increase in surface area due to the thickness of the 
tube (compared to a hypothetical zero tube thickness – Fig. 12-b).

4.7. Effect of optical thickness on light transfer conditions and resulting 
growth rate in tubular and flat panel PBRs

For a better understanding of the difference observed between 
tubular and flat panel PBR, the effect of biomass concentration (here 
expressed in terms of optical thickness CX ri) on both illuminated light 
fraction and average areal growth rate was investigated. The aim was 
here to emphasize the direct coupling between light attenuation con
ditions in the culture volume (as a result of optical thickness) and 
resulting growth rates. Results are given in Fig. 13 for normal incidence 
and collimated light with qʹ́

in = 200 μmolhνm− 2s− 1 (same conclusion for 
diffuse light and other incident angles). A normalized tube wall thick
ness of 0.3 was here applied to maximize the light concentrating effect.

As already demonstrated in several works [19,44,45], maximal areal 
growth rate was obtained for an optimal value of biomass concentration 
(i.e. optical thickness), also corresponding to the condition of illumi
nated light fraction γ = 1. For the flat panel PBR, this corresponds to a 
value of optical thickness of 0.013 kg.m− 2. For the tubular PBR, 

maximum areal growth rate was obtained for an optical thickness of 
around 0.01 kg.m− 2 (confirming then the choice of the value used in 
previous simulations). But interestingly, this corresponds to an illumi
nated light fraction γ of 0.8, with then 20 % of dark volume in the culture 
volume. The condition of γ = 1 was then obtained, but with lower areal 
growth rate. This result emphasizes that achieving optimal light atten
uation conditions, as represented by γ = 1 condition and also maximal 
growth rate, cannot be achieved in tubular PBRs because of the refrac
tion at the air-liquid curved interface which leads to more complex and 
heterogeneous radiation field. So, even if the condition of γ = 1 could be 
reached, this is also obtained at a lower optical thickness than the 
optimal one leading to maximal growth rate. Indeed, for all values of 
optical thickness larger than 0.005 kg.m− 2, a higher areal growth rate 
was obtained for flat panel PBR, while for lower values, areal growth 
rate were found similar. A direct relation is here again emphasized with 
the illuminated light fraction which allows explaining such behavior. 
Because of the more complex phenomena involved in the light transfer 
in tubular PBRs, dark volumes appeared in the culture volume even for 
low values of optical thickness, leading then to a lower efficiency in 
photosynthetic conversion onto the culture volume. As a result, when 
applying the optical thickness of 0.013 kg.m− 2, which was optimal for 
flat panel PBR (γ = 1), a dark volume of around 40 % was obtained in 
tubular PBRs (γ of 0.6). But for a lower optical thickness than 0.005 kg. 
m− 2, although γ = 1 condition was obtained in tubular PBR, a lower 
average growth rate was obtained. This is explained by incomplete light 
absorption in the culture volume (i.e. a part of light received onto the 
culture is transmitted), and also because of the light concentrating effect 
which resulted in larger values of LRPA, and then lower local values of 
photosynthetic conversion efficiency.

Note that because of the use of optical thickness, areal growth rate 
and normalized tube wall thickness, all results and conclusions pre
sented in this section are valid for any value of inner and outer radius of 
tubular PBR as well as depth of flat panel PBR. Note also that volumetric 
performances can be obtained easily from Eq.15.

4.8. Solar modeling

To illustrate the complex interaction between the inclination angle of 
the tubular PBR and its orientation relative to the sun, growth simula
tions were performed on typical days of the year. The same approach as 
described in Pruvost et al. [42] for flat panel geometries (inclined plane, 
vertical or horizontal photobioreactors) was used. The irradiation con
ditions (direct light, diffuse light, incidence angle) obtained hour by 
hour for a summer day (July) and a winter day (January) for the 
Saint-Nazaire, France (47.25◦ N, 2.26◦) region were thus used as a case 
study (Meteonorm software, Meteotest AG). Then, the current MCRT 
algorithm predicted the local rate of photon absorption A(x,y) according 
to Eqs. (6) - (9). The temporal evolution of the biomass concentration 
was then deduced by assuming the volumetric growth rate 〈rX〉 (11) to be 
constant over the time step Δt. The biomass concentration at time t + Δt 
was calculated according to 

CX(t+Δt) = CX(t) + 〈rX〉Δt (18) 

PBR inclination angles β equal to 90◦ (vertical tube), 45◦ (inclined 
tube), and 0◦ (horizontal tube) with the tube centerline aligned with the 
North/South or East/West axis were simulated. Recall that only a single 
tube is considered, thus mutual shading between tubes is neglected. The 
PBR tube inner radius was set to ri=0.03 m with a normalized tube 
thickness t/ro=0.03 in the range of the optimal value as predicted pre
viously (i.e. ro=0.043 m). Initial biomass concentration was set to CX 
=0.33 kg m− 3 (i.e. corresponding to an optimal thickness CX /alight =

0.01 kg m− 2).
The temporal evolution of the biomass concentration and average 

growth rate is plotted in Figs. 14a, 14c and Figs. 14b, 14d for summer 
and winter days respectively. In all cases, a temporal evolution of 
biomass concentration typical of growth under solar conditions is 

Fig. 13. Prediction of average areal growth rate 〈rS〉 (black lines) and illumi
nated light fraction γ (red lines) as a function of optical thickness CX ri (in kg 
m− 2) for tubular (dashed lines) and flat panel (solid lines) PBRs.
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observed, with an increase in biomass concentration except during the 
first and last hours of the day where the low solar intensity leads to dark 
volumes (see also Figure 15a&b) resulting in a negative growth rate due 
to the contribution of respiratory activity over photosynthesis. A higher 
biomass concentration is obviously obtained for summer periods, as 
explained by longer days and a higher solar PFD in summer. This aspect 
has been described in detail in Pruvost et al. [46] and will not be dis
cussed further.

More interestingly, vertical inclination leads to the best biomass 
growth rates and thus to the largest increase in biomass concentration. 
Compared to horizontal inclination, an increase of about 55 to 60 % in 
maximum biomass concentration is obtained with vertical inclination, 
with a 45◦ inclination leading to intermediate results between hori
zontal (+30 % approximately) and vertical inclination (-20 % approxi
mately). Except for the last hours of the day (i.e. 20 h and 16 h for the 
summer and winter periods respectively), the average growth rate was 
always found to be higher for vertical PBR.

These results contrast with those of Pruvost et al [46]., who observed 
greater productivity for horizontal inclination with flat geometries 
during summer, due to a more favorable angle of incidence relative to 
the sun's path across the sky (i.e., a higher azimuth angle). For tubular 
PBRs, vertical inclination was consistently found to be better. This is 
explained by the effect of the tube curvature, which resulted in a more 
favorable evolution of the angle of incidence and the resulting light 
distribution in the tube compared to flat geometries. This is particularly 

demonstrated for the summer day, for which a more homogeneous 
temporal evolution of the growth rate is observed for most of the day for 
vertical inclination. After only a few hours after sunrise, the average 
growth rate is almost maximum and constant, which is less the case in all 
other cases. Unlike flat geometries, there is then no marked effect of the 
sun's low azimuth angle just after sunrise.

Another interesting result is that North/South and East/West align
ments showed little influence on the growth rate obtained for a given 
inclination angle. For flat panel geometries, alignment is obviously 
crucial (the face not aligned with the sun's position will not receive 
direct radiation), with productivity being optimal when flat PBRs are 
oriented south. Due to the tube's curvature, PBR alignment modifies the 
light received and therefore productivity, but with a less pronounced 
effect. The main influence was observed for horizontal inclination, 
where East/West alignment proved more effective than North/South 
alignment.

To better illustrate the direct relationship with the light transfer 
conditions in the tubes, the temporal evolution of the illuminated light 
fraction (γ) and the mean photon absorption rate (MRPA) are shown in 
Figs. 15a, 15c and 15b, 15d for summer and winter days, respectively. 
Complex temporal evolutions of the illuminated light fraction and 
MRPA values were observed in all cases, because of both the intercep
tion of light with the tubes (i.e., intensity, angle of incidence) but also 
the variation of the biomass concentration during the day. The incli
nation of the tubes but also their alignment proved to be relevant here. 

Fig. 14. Temporal evolutions of the biomass concentration CX (a,b) and average volumetric growth rate 〈rX〉 (c,d) for vertical (blue line), 45◦ (red lines) and hor
izontal (black lines) inclinations and for North/South (dashed lines) and East/West (solid lines) alignments. Results are given for solar conditions representative of a 
summer (a,b) and a winter day (c,d) respectively.
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For example, the entire culture volume was found illuminated at sunrise 
for both vertical and 45◦ inclinations (γ close to 1), although the hori
zontal inclination presented dark volumes (γ < 1), with an illuminated 
light fraction already below 1 at sunrise (i.e., in the range 0.5–0.7 and 
0.2–0.3 for summer and winter days respectively). This is in direct 
relation to the growth rate and the evolution of the biomass concen
tration. For example, a clear decrease in the illuminated fraction γ of the 
vertical PBR (Fig. 15-a) was observed at midday for the summer day, 
which led to a notable decrease in the biomass growth rate (Fig. 14-b). 
As another example, the previous comparison between the North/South 
and East/West alignments for the horizontal inclination reveals that the 
North/South alignment is less efficient. This was due to the large inci
dence angles in the morning for the North/South alignment that 
decreased the illuminated fraction γ (Fig. 15-a) and so the growth rate 
(Fig. 14-b).

Several studies have demonstrated the direct link between MRPA 
and photosynthetic response. Thus, excessively high MRPA values lead 
to oversaturation of the photosynthetic apparatus, which can lead to 
growth rate reduction (also called photoinhibition, not considered in our 
growth model). For example Bonnanfant et al. [47] demonstrated the 
direct relationship between photosynthetic activity, light sensitivity, 
and pigment acclimation of microalgae with MRPA values. MRPA values 
above 60 µmolehν.kgx

− 1. s− 1 were found to lead to a significant decrease 
in photosynthetic activity in Chlorella vulgaris culture. Figs. 15c and 15d
highlight the rapid evolution of MRPA values during a day. Depending 

on the tube inclination, the peak MRPA value occurred at different times 
of the day (from morning to late afternoon in summer). High values were 
obtained in summer (> 80µmolehν.kgx

− 1. s− 1 for vertical and horizontal 
PBRs) but also in winter due to lower biomass concentration (up to 
about 60 µmolehν.kgx

− 1. s− 1 for vertical inclination). Tube alignment was 
found to be more sensitive to horizontal inclination. North/south 
alignment led to higher and then lower dark volumes than east/west 
alignment in the first and last hours of the day, respectively. But the 
illuminated light fraction was rather similar for most of the day in 
summer, but with a very different profile in winter, especially for the 
north/south alignment with the largest values of dark volume during the 
day. However, this also produces the lowest MRPA values (below 30 
µmolehν.kgx

− 1. s− 1), with the lowest light stress conditions among the 
different cases simulated here. For the vertical inclination case, although 
it corresponds to the maximum growth rate, it also resulted in the 
highest MRPA value reached here, with then potential light stress. As 
shown in Fig. 15c, the few hours after sunrise were already subjected to 
the greatest light stress here, with then very high MRPA values main
tained for several hours. Such conditions could lead to growth problems 
when cultivating photosensitive strains.

5. Conclusion

A Monte Carlo Ray Tracing (MCRT) method was developed to 
simulate light transfer in tubular PBRs taking into account diffuse and 

Fig. 15. Fig. 14: Temporal evolutions of the illuminated light fraction γ (a,b) and mean rate of photons absorption MRPA (c,d) for vertical (blue line), 45◦ (red lines) 
and horizontal (black lines) inclinations and for North/South (dashed lines) and East/West (solid lines) alignments. Results are given for solar conditions repre
sentative of a summer (a,b) and a winter day (c,d) respectively.

J. Hoeniges et al.                                                                                                                                                                                                                                Chemical Engineering Journal Advances 26 (2026) 101081 

17 



collimated incident solar radiation, multiple reflection and refraction at 
all optical interfaces, as well as anisotropic scattering and absorption by 
the microalgae cells in suspension. The MCRT algorithm was used to 
conduct a detailed numerical analysis of light transfer in tubular PBRs 
and to assess the impact of various parameters. First, the study estab
lishes that scattering by the microalgae in tubular PBRs must be 
accounted for, unlike in flat panel PBRs when it could be neglected. Our 
analysis also confirmed that the volume fraction γ of the tubular PBR 
sufficiently illuminated to support microalgae growth was an essential 
parameter to assess PBR performance. The study established that γ 
scaled with the tube wall thickness t normalized by the tube outer radius 
r0 and with the optical thickness CX ri of the microalgae suspension for a 
given incident photon flux density. These scaling relationships enabled 
us to connect the areal growth rate and the volume fraction γ to essential 
design and operating parameters t/r0and CX ri for scaling and optimizing 
solar tubular PBRs.

Furthermore, γ was found to increase with increasing t/ro due to 
refraction by the tube walls resulting in light concentration which 
increased the photon flux density entering the culture. This concentra
tion effect was more pronounced at larger incidence angles θin when the 
sun was high in the sky for a solar PBR using vertical tubes, or when the 
sun was low on the horizon for horizontal tubes with tube centerline 
aligned with East/West axis, for example.

The concave PBR wall resulted in less efficient light to biomass 
conversion in tubular PBRs than in flat panel PBRs under similar illu
mination conditions, resulting in a difference in areal growth rate of 
around 20–30 % for collimated light and similar incident angle. The 
different was less significant under diffuse incident radiation. It was also 
interesting to note that, unlike in flat PBRs, the optimal light conditions 
of γ = 1 – corresponding to optimal kinetic performance with full light 
absorption and no dark volume – did not coincide with maximal growth 
rate in tubular PBRs, because of the complex light attenuation field 
induced by tube wall curvatures. The latter resulted in larger dark vol
ume or excessive local rate of photon absorption near the wall, both 
leading to lower photosynthetic conversion.

The biomass growth rate for several tubular PBR inclinations and 
orientations was predicted for realistic solar conditions during Winter 
and Summer in Saint-Nazaire, France. Unlike flat panel PBRs, for which 
higher productivity was observed for horizontal inclination in the 
summer, vertical tubular PBRs achieved a maximum biomass concen
tration 55–60 % larger than in horizontal inclination. After only a few 
hours after sunrise, the average growth rate had reach its maximum and 
was constant. An analysis of the rate of photons absorption by the cul
ture showed that, regardless of conditions (inclination, orientation, 
period of the year), tubular PBRs could exhibit significant variations in 
mean rate of photon absorption (MRPA), larger than those observed in 
flat panel PBRs for similar conditions. This was particularly true for 
vertical inclination, which creates the most stressful lighting conditions, 

with MRPA above 80 µmolehν.kgx
− 1.

Finally, the open-source MCRT code can be modified to incorporate 
aspects not considered in the present study such as: (i) fouling or biofilm 
formation on the tube walls, (ii) multi-tubes configurations, or (iii) the 
presence of bubbles (e.g., in a vertical airlift PBR) or of air-liquid 
interface in wavy flows (e.g., PBR Lgem). Note that some of these as
pects have already been considered in literature [39,40]. To decrease 
the computational time, the open source MCRT code could also be 
optimized by integrating the latest advances in high performance 
computing for radiative transfer Monte Carlo with efficient algorithms 
designed based on integral formulation. It can also use scientific 
computation libraries developed by computer graphics research for 
accelerating ray tracing in complex systems at the industrial scale [27,
48–50].

Supplementary material

The MCRT source code is available as supplementary material 
(Matlab file). The last version is also available via a public share on 
GitHUB:

https://github.com/JeremyPruvost/MCRT-for-tubular-photob 
ioreactor
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Appendix

Calculation of the photons flux density qʹ́
in averaged on the tubular PBR surface facing the sun

Following Fig. 1, the local PFD received at a given position on the tube outer surface for a collimated light is: 

qʹ́
col = Icolcosθ (A1) 

where θ is the angle between the unit vectors defining the incoming collimated radiation e→in = 〈cosθin, 0, − sinθin〉(x,y,z) and the normal of the tube 
surface n→( y→) = 〈 − cosα, − sinα, 0〉(x,y,z) given by: 
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cosθ = e→in⋅ n→( y→) = − cosθincosα (A2) 

With then: 

qʹ́
col( y→) = Icol e→in .n→( y→) (A3) 

The average collimated flux onto the tube outer surface Slight receiving sunlight (half the tube) can then be given by: 

q
ʹ́
col =

1
Slight

∫

Slight

qʹ́
col( y→)dS( y→) =

1
πrH

∫H

0

dz
∫3π/2

π/2

qʹ́
col( y→)rdα 

=
1
π

∫3π/2

π/2

Icol

(

e→in .n→( y→)

)

dα = −
1
π

∫3π/2

π/2

Icolcosθincosαdα 

=
− Icol

π cosθin

∫3π/2

π/2

cosαdα =
− Icol

π cosθin[sinα]3π/2
π/2 

=
2
πIcolcosθin (A4) 

The average diffuse flux onto the tube outer surface can be given by: 

q
ʹ́
dif =

∫2π

0

∫π/2

0

Idif (θ,φ)cosθsinθdθdφ 

= Idif

∫2π

0

∫π/2

0

cosθsinθdθdφ 

= Idif

∫2π

0

dφ
∫π/2

0

cosθsinθdθ 

= 2πIdif

∫π/2

0

cosθsinθdθ 

= 2π
(

1
2

)

Idif 

= πIdif (A5) 

Data availability

The model will be made available to the community as an open 
source code via a public share on GitHUB (https://github. 
com/JeremyPruvost/MCRT-for-tubular-photobioreactor.git)

References

[1] Intergovernmental Panel on Climate Change, Climate Change 2022: Impacts, 
Adaptation and Vulnerability., Cambridge University Press, Cambridge University 
Press, Cambridge, UK and New York, NY, USA, 2023.

[2] J. Matos, C. Cardoso, N.M. Bandarra, C. Afonso, Microalgae as healthy ingredients 
for functional food: a review, Food Funct. 8 (2017) 2672–2685.

[3] Y. Chisti, Biodiesel from microalgae, Biotechnol. Adv. 25 (2007) 294–306.
[4] D. Jha, V. Jain, B. Sharma, A. Kant, V.K. Garlapati, Microalgae-based 

pharmaceuticals and nutraceuticals: an emerging field with immense market 
potential, ChemBioEng Rev. 4 (2017) 257–272.

[5] M. Tredici, Mass production of photobioreactors, in: A. Richmond (Ed.), Handbook 
of Microbial Culture, Biotechnology and Applied Phycology, Blackwell science, 
2004, pp. 178–214.

[6] J. Pruvost, J.F. Cornet, L. Pilon, Large scale production of algal biomass: 
photobioreactors, in: U. Springer (Ed.), Algae Biotechnology: Products and 
Processes, 2016, pp. 41–66.

[7] L. Pilon, H. Berberoglu, R. Kandilian, Radiation transfer in photobiological carbon 
dioxide fixation and fuel production by microalgae, J. Quant. Spectrosc. Radiat. 
Transf. 112 (2011) 2639–2660.

[8] R. Kandilian, A. Taleb, V. Heredia, G. Cogne, J. Pruvost, Effect of light absorption 
rate and nitrate concentration on TAG accumulation and productivity of 
Parachlorella kessleri cultures grown in chemostat mode, Algal Res. 39 (2019) 
101442.
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