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Abstract We considerthe task of assemblinga large numberof self controlledparts(or
robots)into copiesof a prescribedassembly(or formation). In particular we
describea computationallytractableway to synthesizefrom a specificationof
the desiredassemblylocal controllersto be usedby eachpart, which when
taken together have the global effect of assemblinghe parts. We then prove
that the controlleddiscretedynamicsof the systemare correctwith respecto
asimplified modelof the dynamics—meaningthata maximalnumberof parts
arecorrectlyassembledhto copiesof thedesiredassembly
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1. INTRODUCTION

We considerthe problemof controlling hundredor thousand®f robotsto
performataskin concert. This problempresentsnary fundamentalssuesto
robotics,controltheoryandcomputerscience With a greatnumberof robots,
decentralizatiorns critical dueto the costof communicatiorandthe needfor
fault tolerance.In decentralizeaontrol, eachrobot shouldactbasedonly on
informationlocaltoit. It thenbecomedlifficult, howvever, to guarante®r even
derive the behaior of the entire systemgiven the behaiors of the individual
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components.n this paperwe addresghis difficulty in a novel way: We be-
gin with a specificationof an assemblyanddevelop methodghatallow usto
automaticallysynthesizéndividual behaiors so that they are guaranteedo
producethe desiredglobalbehaior.

Specifically we considerthe taskof assemblingnary disk-shapegartsin
the planeinto copiesof a prescribecassemblyformation),which is specified
by a graphwith n vertices. We do not allow the partsto collide, makingthe
taskmoredifficult dueto the non-triial topologyof the resulting2n dimen-
sionalconfigurationspace.As shavn in Figure 1.1 we supposedhateachpart
canmove itself and canplay ary role in an assemblywhich makesthe task
particularlyrich. We first demonstratea meansof synthesizingrom the spec-
ified assemblya setof identicalcontrollersfor the partsto runwhich have the
neteffect of moving the partsto form copiesof the specifiedassemblyvithout
colliding. Theideais thatpartsshouldjoin togetherinto subassemblieshich
shouldin turn join togetherto make larger assembliesndsoon. To achiere
this, sometheoryis developedalongwith algorithmsthat compilea specified
assemblynto alist of allowablesubassemblieNext we shav how to produce
a lookup table from the list which canbe usedasa discreteevent controller
(Figure 1.2) that guidespartsthrougha “soup” of otherpartsand subassem-
blies. Thenwe adda continuousnotioncontrollerbasedntheassemblyules
representetty the lookuptableanda (provably correctymethodfor deadlock
avoidance.

Finally, we shav formally that the discretedynamicsgiven by the lookup
tableandthe deadlockavoidancemechanisn{andemplo/edin the control of
eachpart) are correct. The proof assumes certainlogical model of the dy-
namicswhich accountsfor the discreteinteractionsbetweenparts (forming
neighborrelationshipshut neglectsthe continuousdynamics.A formal anal-
ysisof thecomplete highly nonlinearhybrid dynamicss notyetforthcoming.

1.1. RELATED RESEARCH

We are moststronglyinspiredby the work of Whitesidesand his group(
Bowdenetal., 1999;Breenet al., 1999)in meso-scalaelf-assemblyIn this
work, small, regular plastictiles with hydrophobicor hydrophylicedgesare
placedonthesurfaceof somdiquid andgentlyshalen. Tileswith hydrophobic
edgesareattractedalongthoseedgeswhile hydrophylicedgesepel. Striking
“crystals” emegeaslarger structureself assembleBy usingdifferentshapes
andedgetypes, differentgrossstructuresanbecreated A similarideais used
onamuchsmallerscalein (Mirkin, 2000)wherestrandsof DNA areattached
to tiny gold ballsin solution. Complementargtrandsattractanda grossstruc-
tureis revealed.By choosingwhich strandsgo where,the “programmer’has
somecontrol over the resultingemegent structure. At leasttwo next steps
areapparent.First, theseandsimilar (Bonabeatet al., 2000) methodsgener
ally producearraysor latticesof parts,meaningthatthereis no generalway
to terminatea regular patternat, say a5 x 5 arrayof parts(Therehasbeen



work on changingthe function of partsasthey combine(Saitou,1999). Sec-
ond, thereis no known formal methodof startingwith a specificationof the
desiredemepent structureand devising the structureof the individual parts.
In this paperwe addresdoth of theseissueshy supposinghat eachpartcan
runaprogramthattellsit whento join with anothempart,andwhento repelit,
basedon somestateinformation. Of course this is a far way away from the
reality of smallplasticpartsor gold balls, but our ideascould easilybe imple-
mentedwith teamsof robotsand may even, whendevelopedfurther, present
the chemistwith new tools.

The motivation for consideringdisk shapedoartsin the planeandfor the
potentialfield constructionin Section4 comesfrom the work of Koditschek
andothers(KoditschekandBozma,2000; Karagozet al., 2000)in assembly
There,a global artificial potentialfunction over the configurationspaceof n
disk shapedpartsis usedto guide the partsto their assembledtate,corre-
spondingto the uniqgueminimum of the potentialfunction. The approachs
notdistributed,however, becausét requiresthateachpartknows thefull state
of the systemto act. Otherwork hasappliedsimilar ideas,in a distributed
fashion(Reif andWang,1995; Balch andHybinette,2000),althoughwithout
ameanof synthesizinghedesiredbehaior. Still otherapproacheto thecon-
trol of agroupof robots(Desaiet al., 1999)assumea leader In contrastthe
presenipapercommitsto the synthesisdeaandto a strongdegreeof decen-
tralization,usingdecentralizegbotentialfields merelyasa primitive in amore
sophisticatedhybrid controlscheme.

Theideasin this paperalsogrow from our own work in controllersynthesis
in manufcturingsystemgKlavins andKoditschek2000;Klavins, 2000).Our
approachto manufcturinghasbeento synthesizea decentralizecgutomated
factorydescriptionfrom a descriptionof a product. The descriptionincludes
the layout of the factory and the control programsthe robotsshouldrun to
producetheproduct.In thatsensethe presentvork is anextensionof theidea,
althoughit assumesgewer constraintson thetopologyof theworkspace.

2. THE PROBLEM

We considera simpleform of assemblyprocessy assuminghat partsare
programmableandableto sensethe positionand stateof othernearbyparts.
We startwith m disk-shapegarts(of radiusr) confinedto movein R%. Denote
thepositionof parti by thevectorz;. We desirethateachpartmove smoothly
without colliding with otherparts,sothatall partseventuallytake somerole
in an assemblyor formation This is shavn graphicallyin Figure1.1. For
simplicity, we assumehatthedynamicsof eachdisk aregivenby %; = u;. We
believe thatcontrolof partswith morecomplicateddynamicscanbe basedn
the controlalgorithmswe develop for this simplesituation.In this sectionwe
describehegoalof assumingarolein aformationformally.

Let G = (V, E) beafinite undirectedagyclic graph. Thus,V is afinite
setof nodes(in this paper V' = {1, ...,n}) and E is a collectionof edgesof



o @)
@)
o © O
O
o o °
O O O
O O
a) Initial positions
Q, O by
8 Q O""Q"" ....O
oo 9 ©
O
O

b) Final positions

Figure 1.1.  Thegoal of the assemblyproblem. Eachdisk shapedhart mustmove from its
initial position(a) to apositionin aacopy of thespecifiedassemblyb). Dashedinesshawv the
resultingadjacenyg relationshipE. Theremay beleftover parts.

the form {a, b} with a,b € V anda # b. In this paper we will call sucha
graphanassemblyandonly considerthe casewhereG is atree(i.e., contains
no cycles). Therearetechnicaldetails,which aresolvablebut notaddresseth

this paperexceptbriefly, thatprevent the directapplicationof the methodsn

this paperto generalgraphs.

Given an assemblyG = (V, E) with |[V| = n, considerthe casewhere
m = n. Theproblemis to producea controlalgorithmto be usedby eachpart
thatwill controlthe m partsto move, without colliding, from arbitraryinitial
conditiongto positionssuchthatthereexistsapermutatiorh of {1, ..., m} such
that

1 1f {h(i),h(j5)} € E thend,p, — € < ||z; — zj|| < dppr + €

2 1f {h(i), h(5)} & E then||z; — ;|| > dupr-

Hered,;. > 0 ande > 0 areparametersTheimageh(i) of i is calledtherole
of 7 in theassemblyWe furthermorerequirethattheseassembliebe stableto
disturbanceén the sensehatthe setof pointszy, ..., x,, satisfyingthe above
conditionsis an attractorof the closedloop dynamicswe will construct. If
m = kn for somek € Z thenwe still requirethe abore exceptnow with
respectto a disjoint union of k£ copiesof G. And of course,if m is not a



multiple of n, thenwe requirethatasmary partsaspossibleform assemblies
in theobviousway.

We notethatnot all treescanbe embeddedn the planein sucha way that
neighborsaredistanced,,;,, apartandnon-neighboraredistancegreaterthan
dnp- apart.For simplicity in whatfollows, we restrictthe assembliesve spec-
ify to thosethatcanbesoembedded.

2.1. CONTROLLER STRUCTURE

In generalwe will assumehat partshave limited sensingand communi-
cationcapabilitiesandwe allow themto storea discretestate,s;, alongwith
their control programs.In particular we assumehatpart: cansensdts own
positionandthe positionsanddiscretestatesof otherpartswithin somerange
gz > 0 Of z;.

The methodswe develop below will, givena descriptionof the desiredas-
semblystructure synthesizahybrid controller H; of theform shavn in Figure
1.2. Thegoalis thatwheneachpartrunsa copy of H; (from differentinitial
conditions) the partswill selfassemble.

FAGHA X —x; lle B, (k)
Ls, < g(s:,5,,5,)
2. Nbrs(i) < Nbrs(i) U {j}

3. Transmit update to neighbors

True

Ls,=(L1)
2. Nbrs(i) =<

X, =F(x,X,8)

Receivedstateupdate (s,,s,)
s, < g(5,,5,,5,)

Figure 1.2. The structureof the hybrid controllerthatis constructedby the compilation
scheman this paper Arcs denotetransitionsandarelabeledby a predicate/actiopair. When
anarc’s predicatebecomegrue, theactionis taken andcontrol transferdrom the sourceof the
arcto thetargetof thearc.

The controller H; is describedby a continuouscontrollaw F;, a predicate
A calledtheattraction predicateanda discreteupdaterule g. F; describeghe
forcethatthepartshouldapplytoitself. A(s;, s;) € {true, false} determines
whetherparts: andj with statess; ands; shouldtry to becomeneighbors,
therebyforming a larger assembly The updaterule g(s;, s;, s;) determines
the new discretestateof partk basedon thejoining of partsi andj. Loosely



the operationof H; is asfollows. Parti startswith someinitial positionz;(0),
the initial states;(0) = (1,1) andno neighbors. It thenappliesthe control
force F;(x, %, s) to itself until eithera nev neighboris detectedr it receves
a stateupdatefrom a neighbor Herex, x ands arem dimensionalvectors
describingthe completestateof the system. However, F; may only usethe
statesof the partswithin distanced,,,, of parti. Theforce F; is computed
basedon the position,velocity anddiscretestateof part: andon the discrete
statesf the sensedgarts.

The task of an automaticsynthesisprocedure performedby whatwe are
calling a compiler, is to take a descriptionof a desiredassemblyandproduce
H, —inthiscase F;, A andg. Theconstructiorof A andg aredescribedext
andthe constructiorof £}, whichrequiresA, is discussedfterthat.

3. COMPILATION OF ASSEMBLY RULES
FROM SPECIFICATIONS

In this paper an assemblycan be specifiedsimply by listing which roles
in the assemblyareadjacent— thatis, by a graph. As mentionedabove, we
restrictourselesto the situationwherethe adjaceng graphsaretreesJeaving
the detail of arbitrarygraphsto future work. In ary casewe believe thatas-
semblinganarbitrarygraphwill startwith the assemblyof a spanningreeof
thatgraph.

The goal of this sectionis to producethe attractionpredicateA and the
updaterule g from a specifiedassemblyG,cc = (Vspec, Espec), Which we
assumas atree. This requiresfirst generatinga setof subassembliesf G .
andthencompiling.A andg from the set.

3.1. DISCRETE STATE OF A PART

We intendthat the partscontrol themselesto first form subassembliesf
G spec, andfrom thosesubassembliglorm largersubassembliemndsoon until
Gspec is finally formed. The discretestateof a partmust,therefore includea
referenceo thesubassemblin whichit currentlyplaysarole. To thisend,we
build alist (in Section3.2) of theparticular(connectedsubassembliese will
allow: § = {G1,...,G,}. WerequirethateachG; € G is of theform (V;, E;)
whereV; = {1,...,|V;|} and E; C V; x V;. Although this representatiormf
subgraphsn § is arbitrary becausdhe verticesin V; could have beennamed
in otherways, somecommonschemas requiredfor a gracefuldefinition of
the statesof parts.

Now, the discretestateof a partconsistsof a pair s; = (j, k) € Z2 wherej
is theindex of asubassemblin § andk € V; isarolein thatsubassembly

3.2. GENERATING ASSEMBLY SEQUENCES
Defineanoperationon assembliegs; andG» asfollows



Definition 1 Thejoin of G; and G4, via verticesu € V; andv € Vs, denoted
G1.u® Go.v, isdefinedasGy.u & Ga.v = (V, E) whee

V={1,..,|[Vi| + |Va} and
E=FEU{{a+ Vi,b+ Wi} | {a,b} € Ex} U {u, v + [Vi[}.

For example

({12}, {{1,2}})-2 & ({1.2}, {{1,2}}) 1
= ({17 2,3, 4}’ {{L 2}7 {27 3}a {37 4}})

We will alsousethenotationsi.j & k.l and (7, j) @ (k,!) to meanthejoin of
theassembliesvith indices: andk in agiven§ via theverticeswith indices;
and!.

Thesetof subassemblie§ musthave thefollowing property:

Property 1 For all G € §G there exist G1,G2 € G, u € Vi andv € 1,
sut that G1.u ® Go.v ~ G unlessG = {{1},0} andthere doesnot exist a
G e€§—{G}withG ~ G

Here “~" meansisomorphicin the usualsense:(Vy, £1) ~ (Va, E») if
thereexists a functionh : V; — V5, suchthat (u,v) € FEj if andonly if
(h(u), h(v)) € Eo. Suchanh is calleda witnessof the isomorphism.Wit-
nessesireusedin this paperto “translate”therepresentationf thejoin of two
graphsto the representatiomf that graphin G. Propertyl assureghat ary
assemblycanbe constructedrom exactly two otherassembliesso that only
pairwiseinteractiondetweerpartsneedto be consideredy the ultimatecon-
troller, andthatthereis only onerepresentationf eachsubassemblin thelist.
(Wewill alsorequireanothemproperty Property2 in Sectionb, later).

Thesimplestmeansf automaticallyconstructing3 from G, is to simply
set§ to beall possibleconnectedubgraphef G uptoisomorphismproducing
asetof sizeO(2"). Thissetcanbecomputedisingasimpleexhaustve search.
SinceA andg will be obtainedfrom atableconstructedrom G, this maybe
animpracticablylarge setfor large G, althoughfor small assemblieshe
setof all subassemblieis quite reasonabl@ndproduceggoodcontrollers. A
G thusconstructedrivially satisfiesPropertyl.

Anothermeansof constructingS is to build subtreeof G,.. onenodeat
atime, startingat somebasenodeandaddingnodesto theleavesof subtrees.
Thisalgorithm,whichwe call A;, requiresanassemblyG ;.. andabasenode
i. It producesasetGy,, ; of sizeexactly n, therebeingone subassemblyor
eachsizel ton. ThesetG,, ; constructedusing A; satisfiesPropertyl eas-
ily sinceeachsubassemblyexceptthe singletonassembly)an be obtained
by joining the next smallestsubassemblyith {{1},(}.1. Richersubassem-
bly setscanbe madeby calling A; again,startingwith a differentbasenode,
andcombiningit with thefirst set. In this mannera setof sizeO(cn) canbe
constructedrom a setof ¢ nodesU C V... CallthissetG,, y. It satisfies



Propertyl becauseachof thesetsG 4, ; fori € U do. Theprocessf combin-
ing the setsrequiressomecomputation howvever, becauseve mustmaintain
thesecondpartof Propertyl. To combinethelist G 4, ; with list G4, ; wemust
compareeachelementof thefirst list with eachelementof the secondist to
make surethey arenotisomorphic.If they are,we keeponly oneof themfor
the combinedist. Althoughthereis no known polynomialtime algorithmfor
checkingthe isomorphismof two graphs,checkingthe isomorphismof two
treesof sizen takesO(n3®) steps(Reyner, 1977). Thus,combiningtwo size
n lists takestime O(n5®). The readercancheckthatthe combinationof sets
satisfyingPropertyl alsosatisfiesPropertyl.

3.3. GENERATING UPDATE RULES

FromanassemblysetS satisfyingPropertyl, we canstatethe definition of
A simply:

Definition 2 Given§ satisfyingProperty1, theattraction predicateA is de-
finedas

A(s;, s5) = true <& 3 G € G such that s; & s; ~ G.
We canalsodefinetheupdaterule g.

Definition 3 Giveng satisfyingPropertyl andstatess; ands; with A(s;, sj) =
true, theupdate rule g is definedasfollows. Suppose&r ~ s; & s; hasindex
kin G, suppose: : s; & s; — G witnesseshis isomorphismand suppose

s; = (a,b). Then
9(si, 85, 81) = (k, h(V'))

whee t' € V(s; & s;) is the nameof vertex b after taking disjoint unionsin
Definition 1 of thejoin opeation. If A(s;, s;) = false thentheupdaterule is
notdefined:g(s;, s;,s;) = L.

The procedurefor determiningthe valuesof A and g requiredetermining
treeisomorphisms— which is likely too time consumingto be doneonline.
We can,however, performall the necessargomputation®ffline by compiling
S into atable. Theresultis that H; canmake all discreteransitionsessentially
instantaneouslipecausall thatis requiredis atablelook-up. Furthermorethe
sizeof thetableis O(|G|?n?). As wasshawn, |G| canbetakento becn, sothat
evencomplicatecassembliesequireonly O(n®) storage.

Theconstructiorproceedsn two steps.First,we determinearepresentation
of the updatefunction g resultingfrom a join of G;.j with Gy.l. Secondwe
build a tableof all possiblejoins betweenall possiblepairsof distinctgraphs
takenfrom § — G,... Theresultis a four dimensionatableT” whereeach
entryT; ; ., is therepresentationf G;.j @ Gy.L.

GivenG;.j andGy.l, let G = (V,E) = G;.j ® Gi.l. We mustfirst de-
terminewhetherthereexistsa G’ € § suchthatG ~ G’ then,we requirea



Algorithm As:

Input: G, alist of subgraphsvith
Propertyl

Output: T, atabularrepresentation
of A andg

Fori=1to|G| -1
Fork=ito|S| —1
Forj = 1to |V
Forl =1to |Vi|
f3GeGwithij@kl~G
Let h bethewitness
Ti,ngJ = (index(G’), <h>)
E|SETi7]‘7k7l =1

Figure 1.3.  The procedurefor constructinga table of size O(|3|?n®) from alist of sub-
assemblie§ of aspecifiedtree G.p... The predicateAd andthe updaterule g canbe readoff
theresultingtablein constantime.

witnessh of this isomorphismbecausave musthave a meansof translating
the new rolesof eachpartin the new assemblynto their representationis G.
Supposesuchanh exists. Thenwe representhetableentryT; ; ;. ; asapair

(index(G'), (h(1), ... R(|Vi| +[Vi]) ).

OtherwisesetT; ; ., = L. Theprocedurdor constructingl” is shavn in Fig-
urel.3,it takestime O(|G]3n%5) becaus®f theaddedcompleity of findinga
witnessfor eachjoin.

To summarizegiven G, constructingA and g, the discretepart of the
controller H;, proceedsn two steps.First, alist of subassemblie§ is build
from G, usingoneof the methodsdiscussedn Section3.2. Secondusing
algorithm A,, atableT is built from the§. A(s;, s;) canbecomputedsimply
by checkingwhetherTy, ;. # | andg(s;, sj, (a,b)) canbe determinedby
lookingup 7, s, andreadingoff 2(b).

4. IMPLEMENTATION OF ASSEMBLY
RULES

Completingthe controller H; shavn in Figure 1.2 requiresa definition of
F; aswell assomemethodby which partscancommunicate.ln this section
we definean F; andassumea simple communicationschemethat worksin
simulationandaboutwhich we have a preliminaryanalyticalunderstanding.

We supposéghatpartscanonly communicatevith their neighbors.The dif-
ficulty is thenthattwo partsplaying rolesin the samesubassemblynight try
to updatethe stateof that subassemblgimultaneously Thus,suchanupdate



requiresa meansof obtainingconsensuamongall partsin the subassembly
Consensusanbedifficult or evenimpossibldf theprocessings asynchronous
andthereareprocesdailuresor link failures(Lynch,1996),althoughapproxi-
matealgorithmsexist for thesesituations(FranceschettandBruck, 2001). In
whatfollows, we assume goodconsensualgorithmwith no processor com-
municationfailures. Consideratiorof the mary complicationswe may add,
althoughimportant,would take ustoo far afield of the presenttopic andare
someavhatindependenodf methodswve have sofar described.

4.1. AN EXAMPLE IMPLEMENTATION

For eachparti, we candecide usingA, whetherpart: shouldmove toward
j or not. To thisenddefine

S@) = {7z =zl < dmax}
Attract(t) = ({j | A(si,sj)} UNbrs(i)) NS(i)
Repel(i) = ({j | —A(si,s;5)} — Nbrs(i)) N S(i).

S(7) is thesetof partsthati cansenseNotethatthesesetsareeasilycomputed
from a table compiledfrom a given G,... Oneway of forming the control
law F; is to sum,for eachj € Attract(i) avectorfield F,;; which hasan
equilibrium setat distanced,,;, from z; andfor eachj € Repel(i) a vector
field .., which hasz; asarepellor We canconstructthesefields from the
potentialfunctionsdefinedby

||z — x| _dnbr>2

|z — 2|l —r

‘/;l,tt(xiaxj) = (

1 2
Veep(iszj) = |\ 7o =] -
o) = ()

Recallthatr is theradiusof the (disk shapedparts. Thenwe set

1 OVt

) J 1
1 OVre
Frep, (x5, 25) T =] 8;@(&,%’)
? J ?
N Oif|‘fl‘ifl‘j”>dnbr+5
Frep,(zi, xj) = { Frep, (zi, xj) otherwise

whered > 0 is somesmall constant. We have scaledthe gradientsof the
potentialfunctionsby ||x; — x;||~! sothatthe“influences”of partsnearest
arefelt moststrongly We have alsodefinedtwo versionsof therepellingfield.
We useF,.,, becausaet is only active when partsviolate condition (2) from
Section2. We will seethereasorfor this shortly



For the completecontrollaw we use

E(X,}.(,S) = Z Fatt(xhxj)
jEAttract(i)

+ Z Frepz (wia Ij) —bx;
jE€Repel(i)

whereb > 0 is a dampingparameter In practicewe assumea maximum
actuatorforce, settingu; = maz{umaz, Fi(x, X, s)}.

We have built a simulationervironmentfor the abose system.We have in-
vestigatedavarietyof initial conditions with varyingnumbersof agentgfrom
tensto hundreds)and variousspecificationsof the desiredassemblyG ...
Somesimulationscanbeviewedat http://www.cs.caltech.edw/klavins/rda/

Two deadlocksituationsarosein our initial simulations.First, F' may have
spuriousstableequilibriumswhich prevent attractingpairs from moving to-
ward eachother Second,t is possiblethat the setof currently formed sub-
assembliemdmitno joinsin §. Thatis, it may be thatat sometime theredo
notexist partsi and; suchthatA(s;, s;) istrue.

To avoid thesesituationswe emplgy a simpledeadlockavoidancemethod.
For eachsubassemblys;, € G we definea staletime stale(k) € R. Any
subassemblthathasnotchangedtatewithin stale(i) second®f its formation
time should (1) breakapart, settingthe stateof eachpartin it to (1,1) and
(2) have eachpart“ignore” otherpartsfrom that sameassemblyfor stale(k)
seconds.If kg is theindex of G, in G, we setstale(kspe.) = oo. The
resultis a new controller H,;,; that checksfor stalenessandimplements(1)
and(2) above, but is otherwisesimilar to H; in Figure1.2. We alsochange
the definitionsof Attract(i) and Repel(i). Supposehat gnore(i) is the set
of all partindicesthatpart: is presentlyignoringdueto a stalenesdreak-up.
Then

Attracty(i) = Attract(i) — Ignore(i)
Repely(i) = Repel(i) — Ignore(i).

F; is thenchangedaccordingly Using this deadlockavoidancemeasurewe
have not yet seena setof initial conditionsfor ary G,.. we tried for which
our simulationdid not corverge uponthe maximumpossiblenumberof parts
playingrolesin afinal assemblyexceptwhenpartialassembliesvereout of
sensorangeof partsneededo completethem.

5. PARTIAL CORRECTNESS OF THE
ASSEMBLY PROCESS

In this section,we describea discrete modelof the assemblyprocesshat
allowsto prove propertieof therulesgeneratingpy thecompiler independent
of the physicalsettingin which the assemblyprocesds implemented.Thisis



only half the story, of course.A completeproof of correctnessf the hybrid
assemblysystemis notyet available.
Foreachpart: € {1, ..., m} we defineits stateat stepk by atriple

qi(k) = (si(k), Ni(k),3i(k)).

Heres;(k) is the assemblyindex, role pair asin the descriptionof the com-
piler, N;(k) € {1, ...,m} is thesetof neighborsof i at stepk andJ;(k) is the
“ignore”setof parti atstepk. Initially,

4:(0) = (5i(0), Ni(0),7:(0)) = ((1,1),0,0).

Letg(k) = {q1(k), ... gm (k) }.

DefineG(k) = ({1, ...,m}, E(k)) to bethegraphinducedby the neighbor
sets:{a,b} € E(k)if andonlyif a € N,(k). DefineS,(k) to betheconnected
componenbf G}, containing:. Thus,S;(k) is the subassemblpf agent: at
stepk. Define R(k) to bethebinaryrelationon {1, ...,n} definedby

iR(k)j < Alsi(k),s;(k))
N Si(k) # Sj(k)
A (si(k) = si(k) = (1,1) = i ¢ J;(k)).

To advancethe systemfrom stateq(k) proceedasfollows. Therearethree
cases.

1 Thereexisti andj suchthat: R(k) j. In this caseset

9(si, sj,51) if L € Si(k) U Sj(k)

s1(k) otherwise

si(k+1) :{

andset
Ny(k) U {j}if =
Ni(k+1)=1< N(k)yu{i}ifi=j
N;(k) otherwise

foralll € {1,...,n}. Theignoresetsdo notchange.

2 R(k) = () andthereareat leasttwo componentf G(k) thatarenot
isomorphicto afinal subassemblyin this case we advancethe system
by breakingup a subassemblyFirst, chooseX (k) to be a minimally
sizedassemblyf G(k). And set

(1,1)if I € X (k)
s1(k) otherwise

sl(k+1):{

andput
_J 0ifl e X(k)
Mk +1) = { N (k) otherwise



andfinally
X (k) ifl € X (k)
() otherwise

J(k+1) = {
foralll € {1,....,n}.

3 R(k) = () andtherearezeroor onecomponentshatarenotisomorphic
to afinal assembly

The systemis assembledSets;(j) = s;(k) andN;(j) = N;(k) for all
j>k.

We prove two propertiesaboutthe systemdefinedabore. The first is a
safetyproperty assertinghatonly subassemblieis G form duringexecutions
of the system.The seconds a progressproperty assertingessentialljthatthe
numberof component®f G(k) decreaseask increasesFromthis property
we canconcludethatevery run of the systemendswith a maximumnumberof
final subassemblidseingformed.

Theorem1 For all £ € N, every componenbf G(k) is isomorphicto some
graphG’ € S.

Proof: Thisis trueof G(0) sinceall componentsiresingletons.Supposet is
true of G(k). Eitherrule 1 or rule 2 above is used. In thefirst case suppose
that: andj arechosensothatiR(k)j. ThenG(k + 1) is the sameasG (k)
exceptthatG(k+1) containgheadditionaledge(i, j) joining S; (k) andS; (k)
togetherSinceiR(k)j = A(si(k),sj(k)) = Si(k).i ® S;(k).j € G, thenew
componentis isomorphicto a graphin §. In the secondcase,supposehat
X is chosemasa minimal componenof G(k). ThenG(k + 1) hasthe same
componentasG(k) exceptthatit doesnot containX andit doescontain| X |
singletonsd

In the next theoremwe supposehat G(k;) containsno copiesof thefinal
assembly The doesnot reducethe generalityof our amgumentsbecausdinal
assembliedonotplay arny partin theexecutionof asystem.Thus,onceafinal
assemblys built, we canremove thenodesn it from consideration.

Beforewe statethe theoremwe have a definition. Let the predicateP (k)
bedefinedby

P(k) < R(k)=10
A G(k) contains at least two nonfinal assemblies.
Thus, P(k) is equivalentto the conditionfor rule two in the definition of exe-

cution. We alsodefinea new propertyon G thatis thatwe requireof assembly
sequences additionto Propertyl:

Property 2 {{1},0} € Gandforall G € Gtherisau € V(G) suc that
G.u @ {{1},0}.1 isisomorphicto somegraphin G, unlessG is thefinal as-
sembly



Lemmal Supposéroperty2 holdsfor G. Letk; < ko besud that
1 G(k;) containsnofinal assemblies;
2 P(ky)istrue;
3 P(ky) istrue;
4 Therisnojsudthatk; < j < ko and P(j) is true.

Thenthe numberof componentsf G(k,) is lessthanthennumberof compo-
nentsof G (k1 ).

Proof: Supposedhat G(k;) hasz components.To obtainthe next state,rule
2 is choseny condition?2 in the assumption®f the theorem. Supposehat
aminimal assemblyof sizey is chosernto be brokenup. ThenG(k + 1) has
x — 1+ y components.

In stepsk; + 1,..., ks — 1, rule 1 is usedexclusvely by assumptiont in
thetheorem.Also, sincethe singletonsaddedat stepk cannotjoin with each
other by definition of theirignoresetsin rule 2, they musteachcombinewith
assembliedescendarftom oneof thez —1 nonsingletonsn G(k;+1). There
is alwaysoneavailablesinceall non-finalassembliesanjoin with singletons.
Thus,at stepk, therearex — 1 or fewer componentsn G(ks). O

Corollary 1 Everysequencef statesendswith a maximumnumberof final
assemblebeingformed.

Proof: Let ¢(k) bethe numberof componentsn G(k). By Lemmal andthe
factthatrule 1 always decreasethe numberof componentsn the neighbor
graph,we canfind asequencef statesky, ..., k. suchthate(ky), ..., c(k,) isa
decreasingequenceAt somepoint, ¢(k;) < m/n andthussomecomponent
of G(k;) hasn elements. Sincethe only assemblywith n elementsthat is
allowedis thefinal assemblyG (k) hasafinal assemblyin it. We canremove
it andstartthe processagainwith m — n partsandno non-finalassembliesd.

6. CONCLUSION

Theideasin this paperrepresenbpnly the first stepstoward understanding
andrealizingspecifiable programmableself assembly Many relatvely unex-
plored andapparentlyfruitful issuesremain. First, althoughsimulationsand
the proof in Section5 suggestthat the implementation(particular choice of
F;) combinedwith thedeadlockavoidanceprocedurgoroducesontrollersthat
assemblea maximumnumberof partssafely (without collisions), this must
be verified analyticallyusingthe toolsin Section5 andtoolsfrom non-linear
dynamicalsystems.

Arbitrary graphs(asopposedo trees)requirecertainembedding®f their
subassemblies1 orderto assembleéhemseles. For example, supposewe



assemblea graphby first assemblinga spanningtree of the graphandthen
“closing” it. If we requirethe closingprocedureo respecthe d,,;, distance
requirementsve have used,thenthe tree cannot crossover itself while clos-

ing. This meanghetreemustassembldo anappropriateembeddingclass—

aconstraintwe do notyet dealwith, but planto addressoon.

Many variationson thethemepresentedhereshouldalsobe explored: hier
archicalassemblwith intermediateyoalassemblieghreedimensionahssem-
bly (whichhasfewer“closing” problemghanin two dimensions)assemblyof
non-homogeneoysarts,assemblyof partswith complex dynamics(e.g.non-
holonomic),andsoon. Finally, we are exploring hardware implementations
of thesealgorithmsso that the issuesof asynchronougprocessingijnaccurate
sensor@andfaulty communicationsnayberealisticallyaddressed.
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