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Abstract We considerthe taskof assemblinga largenumberof self controlledparts(or
robots)into copiesof a prescribedassembly(or formation). In particular, we
describea computationallytractableway to synthesize,from a specificationof
the desiredassembly, local controllersto be usedby eachpart, which when
taken together, have the global effect of assemblingthe parts. We thenprove
that the controlleddiscretedynamicsof the systemarecorrectwith respectto
a simplifiedmodelof thedynamics—meaningthata maximalnumberof parts
arecorrectlyassembledinto copiesof thedesiredassembly.

Keywords: Controllersynthesis,distributedcontrol,self-assembly.
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We considertheproblemof controllinghundredsor thousandsof robotsto

performa taskin concert.This problempresentsmany fundamentalissuesto
robotics,controltheoryandcomputerscience.With a greatnumberof robots,
decentralizationis critical dueto thecostof communicationandtheneedfor
fault tolerance.In decentralizedcontrol,eachrobotshouldactbasedonly on
informationlocal to it. It thenbecomesdifficult, however, to guaranteeor even
derive thebehavior of theentiresystemgiven thebehaviors of the individual
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components.In this paperwe addressthis difficulty in a novel way: We be-
gin with a specificationof anassemblyanddevelopmethodsthatallow us to
automaticallysynthesizeindividual behaviors so that they are guaranteedto
producethedesiredglobalbehavior.

Specifically, we considerthetaskof assemblingmany disk-shapedpartsin
theplaneinto copiesof a prescribedassembly(formation),which is specified
by a graphwith n vertices. We do not allow the partsto collide, makingthe
taskmoredifficult dueto thenon-trivial topologyof the resulting })~ dimen-
sionalconfigurationspace.As shown in Figure1.1we supposethateachpart
canmove itself andcanplay any role in an assembly, which makesthe task
particularlyrich. We first demonstratea meansof synthesizingfrom thespec-
ified assembly, asetof identicalcontrollersfor thepartsto runwhichhave the
neteffectof moving thepartsto form copiesof thespecifiedassemblywithout
colliding. Theideais thatpartsshouldjoin togetherinto subassemblieswhich
shouldin turn join togetherto make larger assembliesandso on. To achieve
this, sometheoryis developedalongwith algorithmsthatcompilea specified
assemblyinto a list of allowablesubassemblies.Next weshow how to produce
a lookup table from the list which canbe usedasa discreteevent controller
(Figure1.2) that guidespartsthrougha “soup” of otherpartsandsubassem-
blies.Thenweaddacontinuousmotioncontrollerbasedontheassemblyrules
representedby the lookuptableanda (provably correct)methodfor deadlock
avoidance.

Finally, we show formally that the discretedynamicsgiven by the lookup
tableandthedeadlockavoidancemechanism(andemployed in thecontrolof
eachpart) arecorrect. The proof assumesa certainlogical modelof the dy-
namicswhich accountsfor the discreteinteractionsbetweenparts(forming
neighborrelationships)but neglectsthecontinuousdynamics.A formal anal-
ysisof thecomplete,highly nonlinearhybriddynamicsis notyet forthcoming.

kmlPkml sw������q{��v s���������s�z��
We aremoststrongly inspiredby the work of Whitesidesandhis group(

Bowdenet al., 1999;Breenet al., 1999)in meso-scaleself-assembly. In this
work, small, regular plastic tiles with hydrophobicor hydrophylicedgesare
placedonthesurfaceof someliquid andgentlyshaken.Tileswith hydrophobic
edgesareattractedalongthoseedgeswhile hydrophylicedgesrepel.Striking
“crystals”emergeaslargerstructuresself assemble.By usingdifferentshapes
andedgetypes,differentgrossstructurescanbecreated.A similar ideais used
on a muchsmallerscalein (Mirkin, 2000)wherestrandsof DNA areattached
to tiny goldballsin solution.Complementarystrandsattractandagrossstruc-
ture is revealed.By choosingwhich strandsgo where,the“programmer”has
somecontrol over the resultingemergent structure. At leasttwo next steps
areapparent.First, theseandsimilar (Bonabeauet al., 2000)methodsgener-
ally producearraysor latticesof parts,meaningthat thereis no generalway
to terminatea regular patternat, say, a ����� arrayof parts(Therehasbeen



work on changingthe functionof partsasthey combine(Saitou,1999). Sec-
ond, thereis no known formal methodof startingwith a specificationof the
desiredemergentstructureanddevising the structureof the individual parts.
In this paperwe addressbothof theseissuesby supposingthateachpart can
runaprogram thattells it whento join with anotherpart,andwhento repelit,
basedon somestateinformation. Of course,this is a far way away from the
reality of smallplasticpartsor gold balls,but our ideascouldeasilybeimple-
mentedwith teamsof robotsandmay even,whendevelopedfurther, present
thechemistwith new tools.

The motivation for consideringdisk shapedpartsin the planeandfor the
potentialfield constructionin Section4 comesfrom the work of Koditschek
andothers(KoditschekandBozma,2000;Karagozet al., 2000)in assembly.
There,a global artificial potentialfunction over the configurationspaceof ~
disk shapedpartsis usedto guide the partsto their assembledstate,corre-
spondingto the uniqueminimum of the potentialfunction. The approachis
notdistributed,however, becauseit requiresthateachpartknows thefull state
of the systemto act. Other work hasappliedsimilar ideas,in a distributed
fashion(Reif andWang,1995;BalchandHybinette,2000),althoughwithout
ameansof synthesizingthedesiredbehavior. Still otherapproachesto thecon-
trol of a groupof robots(Desaiet al., 1999)assumea leader. In contrast,the
presentpapercommitsto thesynthesisideaandto a strongdegreeof decen-
tralization,usingdecentralizedpotentialfieldsmerelyasa primitive in amore
sophisticatedhybridcontrolscheme.

Theideasin thispaperalsogrow from ourown work in controllersynthesis
in manufacturingsystems(KlavinsandKoditschek,2000;Klavins,2000).Our
approachto manufacturinghasbeento synthesizea decentralizedautomated
factorydescriptionfrom a descriptionof a product. Thedescriptionincludes
the layout of the factory and the control programsthe robotsshouldrun to
producetheproduct.In thatsense,thepresentwork is anextensionof theidea,
althoughit assumesfewerconstraintson thetopologyof theworkspace.

��l q{�r����s�uw�������
We considera simpleform of assemblyprocessby assumingthatpartsare

programmableandableto sensethe positionandstateof othernearbyparts.
Westartwith � disk-shapedparts(of radius� ) confinedto movein � . Denote
thepositionof part � by thevector��� . Wedesirethateachpartmovesmoothly,
without colliding with otherparts,so that all partseventuallytake somerole
in an assemblyor formation. This is shown graphically in Figure 1.1. For
simplicity, weassumethatthedynamicsof eachdiskaregivenby �� ����� � . We
believe thatcontrolof partswith morecomplicateddynamicscanbebasedon
thecontrolalgorithmswe developfor this simplesituation.In this sectionwe
describethegoalof assuminga role in a formationformally.

Let ¡ �£¢¥¤�¦+§©¨ be a finite undirected,acyclic graph. Thus, ¤ is a finite
setof nodes(in this paper, ¤ª�¬«Z­Z¦+®�®�®�¦ ~m¯ ) and § is a collectionof edgesof



° 3GNP(+-P,±W)²³W)²
Thegoalof theassemblyproblem.Eachdisk shapedpartmustmove from its

initial position(a) to apositionin aacopy of thespecifiedassembly(b). Dashedlinesshow the
resultingadjacency relationshiṕ . Theremaybeleftover parts.

the form «Zµ7¦+¶ ¯ with µ
¦+¶�·�¤ and µw¸�¹¶ . In this paper, we will call sucha
graphanassemblyandonly considerthecasewhere ¡ is a tree(i.e., contains
nocycles).Therearetechnicaldetails,whicharesolvablebut notaddressedin
this paperexceptbriefly, thatprevent thedirectapplicationof themethodsin
thispaperto generalgraphs.

Given an assembly¡ �º¢¥¤D¦+§�¨ with » ¤ » � ~ , considerthe casewhere� � ~ . Theproblemis to produceacontrolalgorithmto beusedby eachpart
thatwill control the � partsto move, without colliding, from arbitraryinitial
conditionsto positionssuchthatthereexistsapermutation¼ of «Z­Z¦+®�®�®�¦ �t¯ such
that

1 If « ¼ ¢ � ¨¥¦ ¼ ¢¾½7¨ ¯ ·{§ then ¿?ÀÂÁ4Ã±ÄÆÅmÇÈ»�» � � Ä�� É7»�»�ÇÊ¿?ÀÂÁ4ÃKËÆÅ ;
2 If « ¼ ¢ � ¨¥¦ ¼ ¢¾½7¨ ¯ ¸·{§ then »�» � � Ä���É7»�»ÂÌÊ¿�À�Á4Ã .

Here ¿�À�Á4Ã�ÌÊÍ and Å�ÌÊÍ areparameters.Theimage ¼ ¢ � ¨ of � is calledtherole
of � in theassembly. We furthermorerequirethattheseassembliesbestableto
disturbancesin thesensethat thesetof points �0Î ¦+®�®�®�¦ � Ï satisfyingtheabove
conditionsis an attractorof the closedloop dynamicswe will construct. If� �ÑÐ ~ for some ÐÊ· then we still requirethe above except now with
respectto a disjoint union of Ð copiesof ¡ . And of course,if � is not a



multiple of ~ , thenwe requirethatasmany partsaspossibleform assemblies
in theobviousway.

We notethatnot all treescanbeembeddedin theplanein sucha way that
neighborsaredistance¿�À�Á4Ã apartandnon-neighborsaredistancegreaterthan¿?ÀÂÁ4Ã apart.For simplicity in whatfollows,we restricttheassemblieswe spec-
ify to thosethatcanbesoembedded.

��lPkml z�uwo�q{s�u�������s ��q{s�xyz�q{xys��
In generalwe will assumethat partshave limited sensingandcommuni-

cationcapabilitiesandwe allow themto storea discretestate, Ò � , alongwith
their controlprograms.In particular, we assumethatpart � cansenseits own
positionandthepositionsanddiscretestatesof otherpartswithin somerange¿ ÏmÓMÔ ÌÊÍ of � � .

Themethodswe developbelow will, givena descriptionof thedesiredas-
semblystructure,synthesizeahybridcontroller Õ � of theform shown in Figure
1.2. Thegoal is thatwheneachpart runsa copy of Õ � (from differentinitial
conditions),thepartswill self assemble.

° 3GNP(+-P,�W)² XZ²
The structureof the hybrid controller that is constructedby the compilation

schemein this paper. Arcs denotetransitionsandarelabeledby a predicate/actionpair. When
anarc’s predicatebecomestrue,theactionis takenandcontroltransfersfrom thesourceof the
arcto thetargetof thearc.

Thecontroller Õ � is describedby a continuouscontrol law Ö � , a predicate×
calledtheattractionpredicateandadiscreteupdaterule Ø . Ö � describesthe

forcethatthepartshouldapplyto itself.
× ¢ Ò �=¦ Ò)É ¨H·t«)Ù � �0Ú?¦+Û�µ7Ü Ò Ú ¯ determines

whetherparts � and ½ with statesÒ � and Ò)É shouldtry to becomeneighbors,
therebyforming a larger assembly. The updaterule Ø ¢ Ò �P¦ Ò)É ¦ Ò)Ý ¨ determines
thenew discretestateof part Ð basedon thejoining of parts� and ½ . Loosely,



theoperationof Õ � is asfollows. Part � startswith someinitial position� �Þ¢ Í ¨ ,
the initial state Ò)� ¢ Í ¨ß�à¢¥­Z¦+­Z¨ andno neighbors. It thenappliesthe control
force Ö �=¢<á'¦�âáH¦�ãZ¨ to itself until eithera new neighboris detectedor it receives
a stateupdatefrom a neighbor. Here á , âá and ã are � dimensionalvectors
describingthe completestateof the system. However, Ö � may only usethe
statesof the partswithin distance¿�ÏmÓMÔ of part � . The force Ö � is computed
basedon theposition,velocity anddiscretestateof part � andon thediscrete
statesof thesensedparts.

The taskof an automaticsynthesisprocedure,performedby what we are
calling a compiler, is to take a descriptionof a desiredassemblyandproduceÕ � — in thiscase,Ö � , × andØ . Theconstructionof

×
andØ aredescribednext

andtheconstructionof Ö � , which requires
×

, is discussedafterthat.

ä�l z�uw�å��np����q{n
uwo uwæç���������å�è�êé s�xy�����
æ�s�u�� ������z�npæßnpz���q{n
uwo��

In this paper, an assemblycanbe specifiedsimply by listing which roles
in theassemblyareadjacent— that is, by a graph. As mentionedabove, we
restrictourselvesto thesituationwheretheadjacency graphsaretrees,leaving
thedetail of arbitrarygraphsto futurework. In any case,we believe thatas-
semblinganarbitrarygraphwill startwith theassemblyof a spanningtreeof
thatgraph.

The goal of this sectionis to producethe attractionpredicate
×

and the
updaterule Ø from a specifiedassembly¡ìëÞí�î=ï �ð¢¥¤ ëÞí�îÞï ¦+§ ë=íBî=ï ¨ , which we
assumeis a tree.This requiresfirst generatinga setof subassembliesof ¡ìëÞí�îÞï
andthencompiling

×
andØ from theset.

ä�lPkml vynp��z�s���q{����qñ��q{�òu�æç� ����s�q
We intendthat the partscontrol themselves to first form subassembliesof¡ìë=íBî=ï , andfrom thosesubassembliesform largersubassembliesandsoonuntil¡ìë=íBî=ï is finally formed. Thediscretestateof a partmust,therefore,includea

referenceto thesubassemblyin which it currentlyplaysarole. To thisend,we
build a list (in Section3.2)of theparticular(connected)subassemblieswewill
allow: ó �ô« ¡ Îõ¦+®�®�®�¦ ¡ìí
¯ . We requirethateach¡ �'· ó is of theform ¢¥¤7�=¦+§��Þ¨
where ¤
���ª«Z­Z¦+®�®�®�¦ » ¤7� » ¯ and §m��öª¤7� � ¤
� . Although this representationof
subgraphsin ó is arbitrary, becausetheverticesin ¤
� couldhave beennamed
in otherways,somecommonschemeis requiredfor a gracefuldefinition of
thestatesof parts.

Now, thediscretestateof a partconsistsof a pair Ò �H��¢¾½�¦+Ð÷¨K· � where½
is theindex of asubassemblyin ó and Ð�·{¤
� is a role in thatsubassembly.

ä�l6��l ø���or��sw��q{n
orø ���������å���êé ����ùwxy��orz����
Defineanoperationon assemblies¡ Î and ¡ � asfollows



Definition 1 Thejoin of ¡ Î and ¡ � via vertices�t·�¤ Î and ú ·�¤ � , denoted¡�Î ® �ßû ¡ � ® ú , is definedas ¡�Î ® �üû ¡ � ® ú �Ê¢¥¤D¦+§�¨ where

¤ô�Ê«Z­Z¦+®�®�®�¦ » ¤�Î »)Ë�» ¤ � » ¯Êý)~m¿
§��Ê§>Î0þ�«Z«Zµ Ëÿ» ¤ Î » ¦+¶ Ër» ¤�Î » ¯�» «Zµ7¦+¶ ¯ ·{§ � ¯ þ�«)�D¦ úñËr» ¤ Î » ¯ ®

For example ¢¥«Z­Z¦ }Z¯ ¦+«Z«Z­Z¦ }Z¯Z¯ ¨¥® } û ¢¥«Z­Z¦ }Z¯ ¦+«Z«Z­Z¦ }Z¯Z¯ ¨¥®_­
�Ê¢¥«Z­Z¦ } ¦ � ¦�� ¯ ¦+«Z«Z­Z¦ }Z¯ ¦?« } ¦ � ¯ ¦+« � ¦�� ¯p¯ ¨�®

We will alsousethenotations� ® ½�ûwÐ÷®�Ü and ¢ � ¦Þ½7¨0û�¢¥Ð÷¦+ÜE¨ to meanthejoin of
theassemblieswith indices� and Ð in agiven ó via theverticeswith indices½
and Ü .

Thesetof subassembliesó musthave thefollowing property:

Property 1 For all ¡ · ó there exist ¡©Î ¦ ¡ � · ó , �ª· ¤ Î and ú ·£¤ �
such that ¡ Îõ® ��û ¡ � ® ú�� ¡ unless¡ � «Z«Z­ ¯ ¦�� ¯ and there doesnot exist a¡
	 · ó©Ä « ¡�¯ with ¡��Ê¡�	 .

Here “ � ” meansisomorphicin the usualsense: ¢¥¤�Îõ¦+§>Îõ¨ � ¢¥¤ � ¦+§ � ¨ if
thereexists a function ¼�
 ¤�Î�� ¤ � suchthat ¢¾�D¦ ú ¨�·ª§�Î if and only if¢ ¼ ¢¾�D¨¥¦ ¼ ¢ ú ¨¥¨ñ·ô§ � . Suchan ¼ is calleda witnessof the isomorphism.Wit-
nessesareusedin thispaperto “translate”therepresentationof thejoin of two
graphsto the representationof that graphin ó . Property1 assuresthat any
assemblycanbe constructedfrom exactly two otherassemblies,so thatonly
pairwiseinteractionsbetweenpartsneedto beconsideredby theultimatecon-
troller, andthatthereis only onerepresentationof eachsubassemblyin thelist.
(Wewill alsorequireanotherproperty, Property2 in Section5, later).

Thesimplestmeansof automaticallyconstructingó from ¡ìëÞí�îÞï is to simply
set ó tobeall possibleconnectedsubgraphsof ¡ upto isomorphism,producing
asetof size � ¢ } À ¨ . Thissetcanbecomputedusingasimpleexhaustivesearch.
Since

×
and Ø will beobtainedfrom a tableconstructedfrom ó , this maybe

an impracticablylarge set for large ¡ìëÞí�îÞï , althoughfor small assembliesthe
setof all subassembliesis quite reasonableandproducesgoodcontrollers.Aó thusconstructedtrivially satisfiesProperty1.

Anothermeansof constructingó is to build subtreesof ¡ ëÞí�î=ï onenodeat
a time, startingat somebasenodeandaddingnodesto theleavesof subtrees.
Thisalgorithm,whichwecall ��Î , requiresanassembly¡ ëÞí�îÞï andabasenode� . It producesa set ó������ � of sizeexactly ~ , therebeingonesubassemblyfor
eachsize ­ to ~ . Theset ó ����� � constructedusing ��Î satisfiesProperty1 eas-
ily sinceeachsubassembly(except the singletonassembly)canbe obtained
by joining the next smallestsubassemblywith «Z«Z­ ¯ ¦�� ¯ ®�­ . Richersubassem-
bly setscanbemadeby calling � Î again,startingwith a differentbasenode,
andcombiningit with thefirst set. In this mannera setof size � ¢�� ~ ¨ canbe
constructedfrom a setof � nodes� öÈ¤ ëÞí�î=ï . Call this set ó�������� . It satisfies



Property1 becauseeachof thesetsó������ � for � · � do. Theprocessof combin-
ing the setsrequiressomecomputation,however, becausewe mustmaintain
thesecondpartof Property1. To combinethelist ó������ � with list ó������ É wemust
compareeachelementof thefirst list with eachelementof thesecondlist to
make surethey arenot isomorphic.If they are,we keeponly oneof themfor
thecombinedlist. Althoughthereis no known polynomialtime algorithmfor
checkingthe isomorphismof two graphs,checkingthe isomorphismof two
treesof size ~ takes � ¢ ~��! " ¨ steps(Reyner, 1977). Thus,combiningtwo size~ lists takestime � ¢ ~ "! "�¨ . Thereadercancheckthat thecombinationof sets
satisfyingProperty1 alsosatisfiesProperty1.

ä�l6ä�l ø���or��sw��q{n
orø xy��v ��q{��s�xy�����
Fromanassemblyset ó satisfyingProperty1, we canstatethedefinitionof×
simply:

Definition 2 Given ó satisfyingProperty1, theattraction predicate
×

is de-
finedas

× ¢ Ò �Þ¦ Ò)É ¨H��Ù � �DÚ$#&% ¡ · ó�Ò �'� ¼)(+¼ µ (±Ò � û ÒMÉ*�Ê¡ ®
Wecanalsodefinetheupdaterule Ø .
Definition 3 Given ó satisfyingProperty1andstatesÒ � and Ò)É with

× ¢ Ò �Þ¦ ÒMÉ ¨H�Ù � �0Ú , theupdate rule Ø is definedasfollows. Suppose¡+��Ò)� û Ò É hasindexÐ in ó , suppose¼,
>Ò �Hû Ò)É � ¡ witnessesthis isomorphismand supposeÒ.- �r¢¥µ
¦+¶õ¨ . Then Ø ¢ Ò �P¦ ÒMÉ ¦ Ò.- ¨ ®�r¢¥Ð÷¦ ¼ ¢¥¶ 	 ¨¥¨
where ¶ 	 ·y¤ ¢ Ò)� û Ò É ¨ is thenameof vertex ¶ after takingdisjoint unionsin
Definition1 of thejoin operation. If

× ¢ Ò �Þ¦ Ò)É ¨K�+/¥µ7Ü Ò Ú thentheupdaterule is
notdefined:Ø ¢ Ò �P¦ Ò)É ¦ Ò0- ¨ ®�21 .

The procedurefor determiningthe valuesof
×

and Ø requiredetermining
treeisomorphisms— which is likely too time consumingto be doneonline.
Wecan,however, performall thenecessarycomputationsoffline by compilingó into a table.Theresultis that Õ � canmakeall discretetransitionsessentially
instantaneouslybecauseall thatis requiredis atablelook-up.Furthermore,the
sizeof thetableis � ¢ » ó0» �õ~�� ¨ . As wasshown, » ó0» canbetakento be � ~ , sothat
evencomplicatedassembliesrequireonly � ¢ ~�" ¨ storage.

Theconstructionproceedsin two steps.First,wedeterminearepresentation
of the updatefunction Ø resultingfrom a join of ¡ì� ® ½ with ¡ìÝ ®�Ü . Secondwe
build a tableof all possiblejoins betweenall possiblepairsof distinctgraphs
taken from óüÄÊ¡ ëÞí�î=ï . The result is a four dimensionaltable 3 whereeach
entry 3 � � É4� Ý � - is therepresentationof ¡ �Þ® ½ û ¡ìÝ ®�Ü .

Given ¡ì� ® ½ and ¡ìÝ ®�Ü , let ¡ �£¢¥¤D¦+§�¨ñ� ¡ � ® ½ñû ¡ìÝ ®�Ü . We mustfirst de-
terminewhetherthereexists a ¡
	 · ó suchthat ¡5� ¡
	 then,we requirea



Algorithm � � :
Input: 6 , a list of subgraphswith

Property1
Output: T, a tabular representation

of 7 and 8

For 9;:=< to > 6?>A@B<
For CD:E9 to > 6F>0@G<

For HI:J< to >LKNMO>
For P?:J< to >LKRQ0>

If SUT=V*6 with 9XW H�YZC[W PF\=T
Let ] bethewitness^ M`_ ab_ Q _ c :JdR9fehg�i4jkdlTnm`olpnqb]srto

Elsê Mu_ ab_ Q _ c :wv
° 3GNP(+-P,�W)²yx)²

The procedurefor constructinga tableof size z�dl> 6F>L{Oe?|�o from a list of sub-
assemblies6 of a specifiedtree T�}`~4��� . Thepredicate7 andtheupdaterule 8 canbereadoff
theresultingtablein constanttime.

witness ¼ of this isomorphismbecausewe musthave a meansof translating
thenew rolesof eachpart in thenew assemblyinto their representationsin ó .
Supposesuchan ¼ exists.Thenwerepresentthetableentry 3 � � É4� Ý � - asapair

¢ �<~m¿ Ú � ¢ ¡ 	 ¨¥¦�� ¼ ¢¥­Z¨¥¦+®�®�®�¦ ¼ ¢ » ¤7� »)Ë�» ¤ É2» ¨��'¨¥®
Otherwise,set3 � � É4� Ý � - �21 . Theprocedurefor constructing3 is shown in Fig-
ure1.3,it takestime � ¢ » ó0» �õ~��! " ¨ becauseof theaddedcomplexity of findinga
witnessfor eachjoin.

To summarize,given ¡ìëÞí�îÞï , constructing
×

and Ø , the discretepart of the
controller Õ � , proceedsin two steps.First, a list of subassembliesó is build
from ¡ìëÞí�îÞï usingoneof themethodsdiscussedin Section3.2. Second,using
algorithm � � , a table3 is built from the ó . × ¢ Ò �=¦ Ò)É ¨ canbecomputedsimply
by checkingwhether 3�ë M � ë a ¸�&1 and Ø ¢ Ò �Þ¦ Ò)É ¦+¢¥µ7¦+¶õ¨¥¨ can be determinedby
lookingup 3�ë M � ë a andreadingoff ¼ ¢¥¶)¨ .
��l np�å�������å��orq � qtnpu�o u�æå���������å�è�êé

s�xy�����
Completingthe controller Õ � shown in Figure1.2 requiresa definition ofÖ#� aswell assomemethodby which partscancommunicate.In this section

we definean Ö � andassumea simplecommunicationsschemethat works in
simulationandaboutwhichwe have apreliminaryanalyticalunderstanding.

Wesupposethatpartscanonly communicatewith theirneighbors.Thedif-
ficulty is thenthat two partsplaying rolesin thesamesubassemblymight try
to updatethestateof thatsubassemblysimultaneously. Thus,suchanupdate



requiresa meansof obtainingconsensusamongall partsin thesubassembly.
Consensuscanbedifficult or evenimpossibleif theprocessingisasynchronous
andthereareprocessfailuresor link failures(Lynch,1996),althoughapproxi-
matealgorithmsexist for thesesituations(FranceschettiandBruck, 2001). In
whatfollows,weassumeagoodconsensusalgorithmwith noprocessor com-
municationfailures. Considerationof the many complicationswe may add,
althoughimportant,would take us too far afield of the presenttopic andare
somewhatindependentof methodswe have sofar described.

��lPkml ��o �w�����å����� n
� ������� ��orqñ��q{n
uwo
For eachpart � , we candecide,using

×
, whetherpart � shouldmove toward½ or not. To thisenddefine

� ¢ � ¨ç� «)½ » »�» � � Ä�� É2»�»�Çy¿ Ï�ÓBÔ ¯
��(�(=� µ�� ( ¢ � ¨ç� ¢¥«)½ » × ¢ ÒM� ¦ Ò É ¨ ¯ þ�� ¶ �÷Ò ¢ � ¨¥¨�� � ¢ � ¨� Ú4�#Ú?ÜE¢ � ¨ç� ¢¥«)½ »s� × ¢ Ò �=¦ Ò)É ¨ ¯ìÄ � ¶ � Ò ¢ � ¨¥¨�� � ¢ � ¨¥®

� ¢ � ¨ is thesetof partsthat � cansense.Notethatthesesetsareeasilycomputed
from a tablecompiledfrom a given ¡ìëÞí�îÞï . Oneway of forming the control
law Ö � is to sum, for each½ · ��(X(Þ� µ�� ( ¢ � ¨ a vectorfield Ö Ó��u� which hasan
equilibrium setat distance¿?ÀÂÁ4Ã from ��É andfor each½{· � Ú4�#Ú?ÜE¢ � ¨ a vector
field Ö Ã îÞí which has��É asa repellor. We canconstructthesefields from the
potentialfunctionsdefinedby

¤
Ó.�u��¢ � �Þ¦ � É ¨ç� »�» � ��Ä�� É »�»õÄÆ¿?ÀÂÁ4Ã
»�» � � Ä���É7»�»)Ä��

�

¤ Ã î=í ¢ � �Þ¦ � É ¨ç� ­
»�» � ��Ä�� É »�»õÄ��

� ®
Recallthat � is theradiusof the(diskshaped)parts.Thenwe set

Ö Ó��u�B¢ � �P¦ � É ¨ç� Ä ­
»�» � � Ä���É
»�»

� ¤
Ó.�u�� � � ¢ � �Þ¦ � É ¨
Ö Ã îÞíN� ¢ � �P¦ � É ¨ç� Ä ­

»�» � � Ä���É
»�»
� ¤ Ã îÞí� � � ¢ � �P¦ � É ¨

Ö Ã îÞí { ¢ � �P¦ � É ¨ç� Í)� Û »�» � ��Ä�� É »�»�ÌÊ¿�À�Á4ÃKË��Ö Ã îÞíN� ¢ � �Þ¦ � É ¨�� (õ¼ Ú �s� �)Ò Ú
where �ÆÌåÍ is somesmall constant. We have scaledthe gradientsof the
potentialfunctionsby »�» � ��Äè� É »�» � Î so that the“influences”of partsnearest�
arefelt moststrongly. Wehavealsodefinedtwo versionsof therepellingfield.
We use Ö Ã î=í { becauseit is only active whenpartsviolate condition(2) from
Section2. Wewill seethereasonfor this shortly.



For thecompletecontrollaw weuse

Ö �=¢<á0¦9âáH¦�ãU¨å� ÉA��� �u� Ã Ó ï �l� �t� Ö Ó��u��¢ � �=¦ ��É ¨

Ë ÉA��  î=íBî - � �b� Ö Ã î=í { ¢ � �P¦ ��É ¨ Ä ¶n¡� �

where ¶ ÌåÍ is a dampingparameter. In practicewe assumea maximum
actuatorforce,setting� � �2¢ µ � «)� ÏmÓMÔ ¦ Ö#� ¢<á0¦9âáH¦�ãU¨ ¯ .

We have built a simulationenvironmentfor theabove system.We have in-
vestigatedavarietyof initial conditions,with varyingnumbersof agents(from
tensto hundreds),andvariousspecificationsof the desiredassembly¡ ë=í�îÞï .
Somesimulationscanbeviewedathttp://www.cs.caltech.edu/£ klavins/rda/.

Two deadlocksituationsarosein our initial simulations.First, Ö mayhave
spuriousstableequilibriumswhich prevent attractingpairs from moving to-
ward eachother. Second,it is possiblethat the setof currently formedsub-
assembliesadmitno joins in ó . That is, it maybe thatat sometime theredo
notexist parts� and½ suchthat

× ¢ Ò �=¦ Ò)É ¨ is true.
To avoid thesesituations,we employ a simpledeadlockavoidancemethod.

For eachsubassembly¡ìÝ · ó we definea stale time Ò4( µ
ÜEÚ�¢¥Ð÷¨ · . Any
subassemblythathasnotchangedstatewithin Ò�( µ
ÜEÚ?¢ � ¨ secondsof its formation
time should(1) breakapart,settingthe stateof eachpart in it to ¢¥­Z¦+­Z¨ and
(2) have eachpart “ignore” otherpartsfrom thatsameassemblyfor Ò�( µ7ÜEÚ?¢¥Ð÷¨
seconds.If Ð ë=íBî=ï is the index of ¡ìëÞí�îÞï in ó , we set Ò4( µ
ÜEÚ�¢¥Ð ëÞí�î=ï ¨ �¥¤ . The
result is a new controller Õ)¦ � � that checksfor stalenessand implements(1)
and(2) above, but is otherwisesimilar to Õ � in Figure1.2. We alsochange
thedefinitionsof ��(�(Þ� µ�� ( ¢ � ¨ and

� Ú�� Ú?ÜE¢ � ¨ . Supposethat §+ØU~�¨M� Ú?¢ � ¨ is theset
of all part indicesthatpart � is presentlyignoringdueto a stalenessbreak-up.
Then

��(�(Þ� µ�� (�¦ ¢ � ¨å� ��(X(Þ� µ�� ( ¢ � ¨ Ä�§;ØU~�¨M� Ú�¢ � ¨� Ú��#Ú�Ü ¦ ¢ � ¨å� � Ú�� Ú?ÜE¢ � ¨ Ä©§+ØU~�¨M� Ú?¢ � ¨¥®
Ö � is thenchangedaccordingly. Using this deadlockavoidancemeasure,we
have not yet seena setof initial conditionsfor any ¡ìëÞí�î=ï we tried for which
our simulationdid not converge uponthemaximumpossiblenumberof parts
playing rolesin a final assembly, exceptwhenpartial assemblieswereout of
sensorrangeof partsneededto completethem.

ª�l ����s q{n
���ºz�u�s�sw��z�q{or����� u�æ q{�r�
���������å���êé ��s�u�z������

In this section,we describea discretemodelof the assemblyprocessthat
allows to provepropertiesof therulesgeneratingby thecompiler, independent
of thephysicalsettingin which theassemblyprocessis implemented.This is



only half thestory, of course.A completeproof of correctnessof thehybrid
assemblysystemis not yetavailable.

For eachpart � ·{«Z­Z¦+®�®�®�¦ �t¯ we defineits stateatstep Ð by a triple

« �=¢¥Ð÷¨m�Ê¢ Ò �Þ¢¥Ð÷¨¥¦����Þ¢¥Ð÷¨¥¦4¬)�¥¢¥Ð÷¨¥¨¥®
Here Ò �Þ¢¥Ð÷¨ is the assemblyindex, role pair as in the descriptionof the com-
piler, �>�Þ¢¥Ð÷¨ê·�«Z­Z¦+®�®�®�¦ �t¯ is thesetof neighborsof � at step Ð and ¬M�Þ¢¥Ð÷¨ is the
“ignore”setof part � at step Ð . Initially,

« �Þ¢ Í ¨m�Ê¢ Ò �=¢ Í ¨¥¦����P¢ Í ¨¥¦4¬)�¥¢ Í ¨¥¨m�Ê¢¥¢¥­Z¦+­Z¨¥¦��Z¦��Z¨¥®
Let « ¢¥Ð÷¨'�r« « Î)¢¥Ð÷¨¥¦+®�®�®�¦ « Ï ¢¥Ð÷¨ ¯ .

Define ¡ ¢¥Ð÷¨±��¢¥«Z­Z¦+®�®�®�¦ �t¯ ¦+§©¢¥Ð÷¨¥¨ to bethegraphinducedby theneighbor
sets: «Zµ7¦+¶ ¯ ·{§©¢¥Ð÷¨ if andonly if µ ·­� Á ¢¥Ð÷¨ . Define

� �Þ¢¥Ð÷¨ to betheconnected
componentof ¡ìÝ containing� . Thus,

� �Þ¢¥Ð÷¨ is the subassemblyof agent� at
step Ð . Define

� ¢¥Ð÷¨ to bethebinaryrelationon «Z­Z¦+®�®�®�¦ ~m¯ definedby

� � ¢¥Ð÷¨�½ # × ¢ Ò �P¢¥Ð÷¨¥¦ ÒMÉ ¢¥Ð÷¨¥¨® � �=¢¥Ð÷¨>¸� � É ¢¥Ð÷¨® ¢ Ò �P¢¥Ð÷¨'� Ò)É ¢¥Ð÷¨'�Ê¢¥­Z¦+­Z¨I¯ � ¸·w¬ É ¢¥Ð÷¨¥¨¥®
To advancethesystemfrom state« ¢¥Ð÷¨ proceedasfollows. Therearethree

cases.

1 Thereexist � and½ suchthat � � ¢¥Ð÷¨�½ . In this case,set

Ò.- ¢¥Ð Ë ­Z¨'� Ø ¢ Ò �P¦ ÒMÉ ¦ Ò.- ¨ � /HÜ · � �=¢¥Ð÷¨9þ � É ¢¥Ð÷¨Ò0- ¢¥Ð÷¨n�ZÙ�°²±�³�´ � µ ±
andset

� - ¢¥Ð Ë ­Z¨'� � - ¢¥Ð÷¨ þ�«)½ ¯¶� /HÜ�� �
� - ¢¥Ð÷¨ þ�« �M¯¶� /HÜ���½
� - ¢¥Ð÷¨��ZÙ�°?±�³4´ � µ ±

for all Ü ·t«Z­Z¦+®�®�®�¦ ~m¯ . Theignoresetsdo not change.

2
� ¢¥Ð÷¨��·� andthereareat leasttwo componentsof ¡ ¢¥Ð÷¨ that arenot
isomorphicto a final subassembly. In this case,we advancethesystem
by breakingup a subassembly. First, choosȩ ¢¥Ð÷¨ to be a minimally
sizedassemblyof ¡ ¢¥Ð÷¨ . And set

Ò.- ¢¥Ð Ë ­Z¨'� ¢¥­Z¦+­Z¨ � /'Ü�· ¸ ¢¥Ð÷¨Ò0- ¢¥Ð÷¨��ZÙ�°²±�³�´ � µ ±
andput

� - ¢¥Ð Ë ­Z¨'� � � /HÜ�· ¸ ¢¥Ð÷¨
� - ¢¥Ð÷¨n�ZÙ�°²±�³4´ � µ ±



andfinally

¬ - ¢¥Ð Ë ­Z¨'� ¸ ¢¥Ð÷¨ � /¥Ü�· ¸ ¢¥Ð÷¨
�U�ZÙ�°?±�³4´ � µ ±

for all Ü�·�«Z­Z¦+®�®�®�¦ ~m¯ .
3
� ¢¥Ð÷¨m��� andtherearezeroor onecomponentsthatarenot isomorphic
to a final assembly.

Thesystemis assembled.Set Ò0- ¢¾½2¨ � Ò0- ¢¥Ð÷¨ and � - ¢¾½7¨ �¹� - ¢¥Ð÷¨ for all½ Ì Ð .
We prove two propertiesabout the systemdefinedabove. The first is a

safetyproperty, assertingthatonly subassembliesin ó form duringexecutions
of thesystem.Thesecondis a progressproperty, assertingessentiallythatthe
numberof componentsof ¡ ¢¥Ð÷¨ decreasesas Ð increases.Fromthis property
wecanconcludethateveryrunof thesystemendswith amaximumnumberof
final subassembliesbeingformed.

Theorem 1 For all Ðè· , every componentof ¡ ¢¥Ð÷¨ is isomorphicto some
graph ¡
	 · ó .
Proof: This is trueof ¡ ¢ Í ¨ sinceall componentsaresingletons.Supposeit is
trueof ¡ ¢¥Ð÷¨ . Either rule 1 or rule 2 above is used. In thefirst case,suppose
that � and ½ arechosenso that � � ¢¥Ð÷¨¾½ . Then ¡ ¢¥Ð Ë ­Z¨ is the sameas ¡ ¢¥Ð÷¨
exceptthat ¡ ¢¥Ð Ë ­Z¨ containstheadditionaledge¢ � ¦Þ½2¨ joining

� �Þ¢¥Ð÷¨ and
� É ¢¥Ð÷¨

together. Since� � ¢¥Ð÷¨¾½E¯ × ¢ ÒM� ¢¥Ð÷¨¥¦ Ò É ¢¥Ð÷¨¥¨�¯ � � ¢¥Ð÷¨¥® � û � É ¢¥Ð÷¨¥® ½�· ó , thenew
componentis isomorphicto a graphin ó . In the secondcase,supposethat
¸ is chosenasa minimal componentof ¡ ¢¥Ð÷¨ . Then ¡ ¢¥Ð Ë ­Z¨ hasthesame
componentsas ¡ ¢¥Ð÷¨ exceptthatit doesnot contaiņ andit doescontain » ¸y»
singletons.º

In thenext theoremwe supposethat ¡ ¢¥Ð
Î+¨ containsno copiesof thefinal
assembly. Thedoesnot reducethegeneralityof our argumentsbecausefinal
assembliesdonotplayany partin theexecutionof asystem.Thus,onceafinal
assemblyis built, wecanremove thenodesin it from consideration.

Beforewe statethe theorem,we have a definition. Let thepredicate» ¢¥Ð÷¨
bedefinedby

» ¢¥Ð÷¨¼# � ¢¥Ð÷¨'�2�® ¡ ¢¥Ð÷¨�½��R¾7Ù ýR� ¾ µ ý Ù*¿ ± ý0µ ÙmÙX´I�¶¾²�R¾²À²¾ ý ¿ ý0µ�µ ±Á¢�ÂÃ¿ � ± µ ®
Thus, » ¢¥Ð÷¨ is equivalentto theconditionfor rule two in thedefinitionof exe-
cution.Wealsodefineanew propertyon ó that is thatwe requireof assembly
sequencesin additionto Property1:

Property 2 «Z«Z­ ¯ ¦�� ¯ · ó and for all ¡ · ó there is a ��·�¤©¢ ¡ ¨ such that¡ ® ��û�«Z«Z­ ¯ ¦�� ¯ ®�­ is isomorphicto somegraph in ó , unless¡ is thefinal as-
sembly.



Lemma 1 SupposeProperty2 holdsfor ó . Let Ð
Î Ç Ð � besuch that

1 ¡ ¢¥Ð Î ¨ containsnofinal assemblies;

2 » ¢¥Ð7Îõ¨ is true;

3 » ¢¥Ð � ¨ is true;

4 There is no ½ such that Ð7Î Ç ½ Ç Ð � and » ¢¾½7¨ is true.

Thenthenumberof componentsof ¡ ¢¥Ð � ¨ is lessthanthennumberof compo-
nentsof ¡ ¢¥Ð7Î+¨ .
Proof: Supposethat ¡ ¢¥Ð
Îõ¨ has� components.To obtainthe next state,rule
2 is chosen,by condition } in the assumptionsof the theorem.Supposethat
a minimal assemblyof size Ä is chosento bebroken up. Then ¡ ¢¥Ð Ë ­Z¨ has�ßÄ ­ ËÅÄ components.

In stepsÐ
Î Ë ­Z¦+®�®�®�¦+Ð � Ä ­ , rule 1 is usedexclusively by assumption� in
the theorem.Also, sincethesingletonsaddedat step Ð cannotjoin with each
other, by definitionof their ignoresetsin rule 2, they musteachcombinewith
assembliesdescendantfrom oneof the��Ä ­ nonsingletonsin ¡ ¢¥Ð
Î Ë ­Z¨ . There
is alwaysoneavailablesinceall non-finalassembliescanjoin with singletons.
Thus,at step Ð � thereare� Ä ­ or fewercomponentsin ¡ ¢¥Ð � ¨ . º
Corollary 1 Everysequenceof statesendswith a maximumnumberof final
assemblesbeingformed.

Proof: Let �õ¢¥Ð÷¨ bethenumberof componentsin ¡ ¢¥Ð÷¨ . By Lemma1 andthe
fact that rule 1 alwaysdecreasesthe numberof componentsin the neighbor
graph,we canfind asequenceof statesÐ
Îõ¦+®�®�®�¦+Ð Ã suchthat �õ¢¥Ð
Îõ¨¥¦+®�®�®�¦��õ¢¥Ð Ã ¨ is a
decreasingsequence.At somepoint, �õ¢¥Ð � ¨UÆ ��Ç)~ andthussomecomponent
of ¡ ¢¥Ð?�P¨ has ~ elements. Sincethe only assemblywith ~ elementsthat is
allowedis thefinal assembly, ¡ ¢¥Ð÷¨ hasa final assemblyin it. We canremove
it andstarttheprocessagainwith � Ä ~ partsandnonon-finalassemblies.º .

È�l z�uwo�z���xy��n
uwo
The ideasin this paperrepresentonly the first stepstoward understanding

andrealizingspecifiable,programmableself assembly. Many relatively unex-
ploredandapparentlyfruitful issuesremain. First, althoughsimulationsand
the proof in Section5 suggestthat the implementation(particularchoiceofÖ#� ) combinedwith thedeadlockavoidanceprocedureproducescontrollersthat
assemblea maximumnumberof partssafely (without collisions), this must
beverifiedanalyticallyusingthe tools in Section5 andtools from non-linear
dynamicalsystems.

Arbitrary graphs(asopposedto trees)requirecertainembeddingsof their
subassembliesin order to assemblethemselves. For example, supposewe



assemblea graphby first assemblinga spanningtreeof the graphand then
“closing” it. If we requirethe closingprocedureto respectthe ¿�À�Á4Ã distance
requirementswe have used,thenthe treecannot crossover itself while clos-
ing. This meansthetreemustassembleto anappropriateembeddingclass—
aconstraintwe donot yet dealwith, but planto addresssoon.

Many variationson thethemepresentedhereshouldalsobeexplored:hier-
archicalassemblywith intermediategoalassemblies,threedimensionalassem-
bly (whichhasfewer“closing” problemsthanin two dimensions),assemblyof
non-homogeneousparts,assemblyof partswith complex dynamics(e.g.non-
holonomic),andso on. Finally, we areexploring hardware implementations
of thesealgorithmsso that the issuesof asynchronousprocessing,inaccurate
sensorsandfaulty communicationsmayberealisticallyaddressed.
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