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Abstract— A universal code is a code that may be used across optimal decoding thresholds for the target channels. ThHizyab
a number of different channel types or conditions with little g design codes via a surrogate channel for use on other
degradation relative to a good single-channel code. The explicit channels provides a practical path to universal code design

design of universal codes, which simultaneously seeks to solve The decodina thresholds are found numerically via densit
a multitude of optimization problems, is a daunting task. This Ing S u u ically vi Sity

letter shows that a single channel may be used as a surrogate€volution. Except for special cases (e.g., the BEC), dgnsit
for an entire set of channels to produce good universal LDPC evolution for the sum-product algorithm (SPA) decoder in-

codes. This result suggests that sometimes a channel for whichyolves keeping track of an array of quantized samples of
LDPC code design is simple may be used as a surrogate for athe propability density function, which is ai-dimensional

channel for which LDPC code design is complex. bl d be hiahl I dii g, S
We explore here the universality of LDPC codes over the BEC, P'OP/€M, andcan be highly compiex and ime-consuming. Sev-

AWGN, and flat Rayleigh fading channels in terms of decoding €ral approximation techniques have been devised to transfo
threshold performance. Using excess mutual information as a the N-dimensional problem into a one- or two-dimensional

performance metric, we present design results which support the problem, most notably the Gaussian approximation (GA) [7].

contention that an LDPC code designed for a single channel can * gy approach might be called the surrogate-channel ap-

be universally good across the three channels. proximation. In this letter we examine the decoding thrégho
Index Terms— low-density parity-check (LDPC) codes, univer-  pehavior of u-LDPC and elRA LDPC codes over the BEC,

sal codes, elRA codes, density evolution, code design. the binary-input AWGN channel, and the binary-input flat
Rayleigh fading channel under different design critetiat is,
|. INTRODUCTION for different surrogate channels. Our main results are:afl)

OW-density parity-check (LDPC) codes have been sho PC code can be designed_to be univer_sally gopd across all
to be capacity-approaching on many different channe ree channels, (2) the Rayleigh channel is a particulartydg

including the binary erasure channel (BEC) [1], the AWGﬁlJrrogate.in the design of LDPC codes for the three channels,
[2] channel, and Rayleigh fading channels [3]. Due to t %nd (3) with the_Raerlgh chanr_lel as the _target, the BEC may
versatility and robustness of LDPC codes over differenneha e used as a faithiul surrogate in the desugp of eIRA codes of
nels, many consider a given LDPC code as potentially beifQie greater than or equal to _1/2’ and there is a throughpst I.O
universal [4]-[14]. A universal code is a code that may bedus@ less than 6% if the BEC is used as a surrogate to design
across a number of different channel types or conditionk in'LDPC codes.
little degradation relative to a good single-channel codfe. Il. CODE DESIGNS UNDERVARIOUS CRITERIA
explore universal LDPC codes in this letter and show that a ) ] )
single channel may be used as a surrogate in the design an thIS section, we take a look at the sum-product algorithm
good universal LDPC codes for a set of channels. This resigceding threshold performance [8] of LDPC codes of rate
also suggests that it may be possible to use as a surrogafd‘a 1/2, and 3/4 designed under different criteria. Diszeel
channel for which LDPC code design is simple to design 4ENsity evolution [2] is used for the AWGN and Rayleigh
code for a channel for which design is complex. For exampl@@nnels. In all cases, the maximum number of decod6er iter-
we show that the binary erasure channel (BEC) may in sorffions; v = 1000, and the stopping threshold # = 107",
cases be used as a surrogate in the design of LDPC codes/f§y Study the 10 LDPC code design criteria listed in Table |
the Rayleigh fading channel. whose resqltmg degree distributions may be fqund in [;5].
An initial look at the surrogate-channel approach was pre-We consider both a large and a small maximum variable-

sented in our previous work [6]. We showed that extend&pd® degreed, =50 andd, = 8), the former to approach the-
irregular repeat-accumulate (elRA) codes [5], [6], arei-“unoret'cal limits and the latter to accommodate low-comgiexi

versally” good on the burst-erasure channel (BUEC), thetburenCOding and decoding. For each design criterion and fdr eac

erasure channel with Gaussian noise (BUEC-G), and the fidig€t channel, we compare the threshold-to-capacity fsaps
Rayleigh fading channel. In this paper, we present a mofdch degree distribution pair obtained. For the AWGN and
thorough investigation of the design of codes via surragatg2yl€igh channels these gaps are called “excess SNR” and
for code rates 1/4, 1/2, and 3/4. We compare decoding threffj- e BEC these gaps are called “excesswhere a is the

olds of unconstrained LDPC (u-LDPC) and elRA-constraingd=C €rasure probability. With AWGN and Rayleigh as the
degree distributions resulting from surrogate code dasign target qhann_els,_ Fig. 1 presents the excess SNR_ resulﬂs_efort
10 design criteria for all three code rates. This figure wal b

This work was supported by a gift from Intel. discussed shortly.



Table |. Design Criteria. P

Entry | Type Surrogate channel | d,
1 [DPC | BEC 50 18} ' 1
2 LDPC | AWGN-GA 50 < Rayleigh LoPC.d =8 B
3 LDPC | AWGN 50 16f @4 IRA.d,=8
4 LDPC | Rayleigh 50
5 LDPC | BEC 8 14F SRR T
6 LDPC | AWGN-GA 8 o LDPC, d =50
7 [DPC | AWGN 8 S 1.2F ‘ ]
8 LDPC | Rayleigh 8 %
9 elRA_| BEC 8 o 1 |
10 elRA | Rayleigh 8 8 J
X 0.8 1
¥
0.6 .
. . I .

We can repeat this for the case where the BEC is th 0419 I Iﬂ Iﬂ @@i I E‘I*
target channel and excessis the performance metric, but .| II |
we will find that such a plot would be redundant in view of a I @i%
unifying performance metric we now consider. Specificatly, 0 2 3 2 s s 7 8 9 10
is convenient (in fact, proper) to present all of our resiiits Table | Design Entry
.a Smgle. p|0t using as the pgrformance metric excess mutg%ll 1. Excess SNRH;/No) for codes designed under the criteria of Table
information (M) ([4], [9]), defined as I. The markers aligned with the entry numbers correspond ® ¥4, those

to the left correspond to rate 1/4, and those to the rightespond to rate
excess M= I(p*) — R. 3/4.

0.1 T T T

In this expressiorR is the design code rate addp*) is the Target Channel
mutual information for channel parameter at the threshold.  o.o9r 5 gec g
p is erasure probability for the BEC and signal-to-noiseorati oosh | o Q‘Q;‘li’fgh LDPC, d, =8 IRA, d, = 8
(E»/Ny) for the AWGN and Rayleigh channels. Note tha g
when the BEC is the target channel, excess MI is equal

excessy, obviating the need for an exceasplot. We remark
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capacity, but we maintain the terminology “excess MI” foi € o.
consistency with the literature [4], [9].

Fig. 2 presents the results of Fig. 1, recast in the context
excess M, together with the BEC target channel results. V é 0.031

note in Fig. 2 that the excess Ml is minimized for all 30 case“(mz% % % EE llg ﬁ% i% i@ i@

LDPC, dv =50

o
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o
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when the target channel matches the design criterion (a
similarly for Fig. 1). We divide the discussions of univditsa o.01r
and surrogate-channel design in Figs. 1 and 2 as follows: (4L . ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
d, = 50 u-LDPC codes, (b}, = 8 u-LDPC codes, (c}, = 8 S . TP A
elRA codes, and (d) design via surrogate channels.
d"_ = 50_ u-LDPC codes. Starting with the eXCeSS'SNRFig. 2. Excess MI for codes on all three target channels desiginder the
metric in Fig. 1 ¢, = 50), we observe that, for each code ratesriteria of Table I. The markers aligned with the entry numbessrespond
the Rayleigh design criterion (entry 4) leads to codes that do rate 1/2, those to the left correspond to rate 1/4, andettiosthe right
universally good on both the AWGN and Rayleigh channel€"espond to rate 3/4.
Specifically, the worst-case excess SNR is only 0.21 dB for
rate 1/2 codes on the AWGN channel. At the other extreme,
for a code rate of 3/4, the BEC design criterion (entry 13/2, and 3/4 are 0.023, 0.04, and 0.04, respectively. These
leads to a worst-case excess SNR of 0.9 dB on the Rayleffrespond to worst-case throughput losse$.0£3/0.25 =
channel. While using the Rayleigh channel as a surrogats le@2%, 0.04/0.5 = 8%, and 0.04/0.75 = 5.3%, respectively.
to the best universal codes, it is at the expense of muchegredthese are similar to the worst-case throughput losset/of
algorithm complexity. Using the AWGN channel as a surrogate4%, and 2% for the much more complex Rayleigh design
(entry 3) might be preferred since it yields results that aggiterion (entry 4).
nearly as good. In fact, using the AWGN-GA design criterion d,, = 8 u-LDPC codes. For d, = 8, in both Figs. 1
(entry 2) also appears to lead to universal codes that ate gaind 2, the BEC criterion (entry 5) leads to clearly inferior
good. codes in terms of universality. For example, the worst-case
Similar comments can be madéd,(= 50) when using excess SNR is 1.43 dB, which occurs for a rate-3/4 code on
excess Ml as the performance metric as in Fig. 2. We can adlik Rayleigh channel. The corresponding excess Ml value is
however, that the BEC design criterion does not look qui2057, which corresponds to a throughput loss.6%. On the
as bad in this context. Consider that for the BEC surrogat¢her hand, the AWGN and Rayleigh criteria both lead to very
channel (entry 1) the worst-case excess MI for rates 1#Qod universal codes of nearly equal quality. The AWGN-GA




criterion (entry 6) also results in codes that are good on abhere R is the code rate. Here\(z) = Y, \;z'~!, where
three channels. the coefficient\; equals the fraction of edges connecting to

d, =8 elRA codes. The parity-check matrix for elRA variable nodes of degreieand p(z) = >, p;z’~!, where the
codes [5], [6] possess a “dual-diagondli — k) x (n — k) coefficientp; equals the fraction of edges connecting to check
submatrix which permits efficient encoding via the paritypodes of degreeé. For elRA codes, since the structure of the
check matrix. Even though the structure of elRA codes forcesde requires. — k — 1 degree-2 nodes and a single degree-1
additional constraints on the degree distributions of aetsd node, we have\; - e =2(n — k — 1) and\; - e = 1, wheree
Tanner graph [6], as shown in the appendix, the infinitelengis the number of edges. Combining these two equations with
assumption is still valid in the density evolution process. (1), we have

The empirical results in [6] indicate that the BEC design R Zd” A
criterion, may be used to design elRA codes for the Rayleigh 21-R)—2 = £i=3 i
. . o e . )\2(17R) _ Pi
fading channel with negligible performance differencerd{e 0-R-Z — 245 5
we reconsider this issue from the perspective adopted # thi Zfllln N=1
paper. As seen in the figures, there is negligible difference ZZd? pi=1
=2t

between the elRA codes designed using the BEC criterion o _ .
(entry 9) and those designed using the Rayleigh criterintrfe For n > 200, this is approximately equivalent to

10). Thus the BEC design technique should be used in the Zc_tu =1

case of elRA codes for all three target channels. We note that it l _1 @)
for rates 1/2 and 3/4, there are small excess Ml losses (and p;i:f]q_ do A

occasionally gains) in going from, = 8 u-LDPC codes (entry ij - R Dits G

8) to d, = 8 elRA codes (entry 9). However, the excess Mihus for eIRA codes of practical length, the infinite length
loss is substantial for rate 1/4. This is because elRA codes @ssumption of density evolution can still be applied.
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Zizz pi=1 (1)

de  p; dv A
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