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The Capacity of a Class of Broadcast Channels

ABBAS A. ELL. GAMAL, MEMBER, IEEE

Abstract—The capacity region is established for those discrete memory-
less broadcast channels p(y,z|x) for which I(X; Y) > I(X; Z) holds for all
input distributions. The capacity region for this class of channels resembles

the capacity region for degraded message sets considered by Korner and
Marton.

I. INTRODUCTION

HE discrete memoryless broadcast channel
(X,p(»,2|x), Y XZ) consists of three finite sets
%,%,Z and a probability transition matrix p(y,z|x). Let
Pi(y|x) and p,(z|x) be the two marginals of p(y,z|x), and
let P, and P, denote the discrete memoryless channels
with probability transition matrices p,(y|x) and p,(z|x),
respectively. Recall the following three relations between
P, and P,.
Definition 1: Channel P, is said to be a degraded form
of P, if there exists a probability transition matrix ps(z|y)
such that

)

Definition 2: Channel P, is said to be less noisy than P,
if

p(z]x)= g@pl(ylx)ps(ZIy)-

I(U;Z2)<I(U;Y) 2)
for every probability mass function of the form p(u,x,y,2)

=p(u)p(x|u)p(y,z|x).
Definition 3: Channel P, is said to be more capable
than P, if

I(X;Z)<I(X;Y)
for all probability distributions on .

®)
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The capacity region of the degraded broadcast channel
(Definition 1) was found by Bergmans [1], Gallager [2],
and Ahlswede and Koérner [7] to be the set of all rate
triples (Rg, Ry, R;) such that

Ry+ R, <I(U;2)

R, <I(X;Y|U) 4)
where the distribution on A XX X% X Z is of the form
p()p(x|u)p(y,z|x).

Korner and Marton [3] introduced the “less noisy” and
“more capable” concepts (Definitions 2 and 3) and
showed that the “less noisy” relation is strictly weaker
than the degraded relation [3, counterexample 1]. They
also proved that the capacity region of the “less noisy”
class of broadcast channels is given by (4).

Ahlswede gave the following example [3, counterexam-
ple 2] to show that the “more capable” relation is strictly
weaker than both Definitions 1 and 2.

Example: Let X be the set X ={1,2,3}, and let Y =%
={1,2}. Consider the transition probability matrices

y=1 y=2
x=1]1 0
pr(ylx ) x=2{0 1
s34
and
z=1 z=2
, x=1|1 0
P (x|x ) x=2|1 3
x=3]1 3

One easily checks that I(X; Y) > I(X; Z) for every proba-
bility distribution on %X. However, for

= = 0, 1fX=1 OrX=2
and p(x=1)=p(x=2)=4, p(x=3)=3,
=0and I(U; Z)>0.

we have I(U;Y)
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In this paper the capacity of the class of “more capa-
ble” broadcast channels [4, open problem XXIII} is de-
termined. First we show that -achievability follows from
Korner and Marton’s proof of the coding theorem for the
general broadcast channels with degraded message sets
[5]. We then prove in detail a weak converse to establish
that the achievable rate region is actually the capacity
region.

II. DEFINITIONS AND STATEMENT OF THE RESULT

Before stating our result we recall the following stan-
dard definitions. The nth extension of the broadcast
channel (X,P(y,z|x),¥ XZ) is the broadcast channel
(X", P(p, z|x), Y X Z"), where

)

An ((My, M|, M,),n) code for a broadcast channel con-
sists of three sets of integers

p(y.zlx)= I:Ilp(ypzilx,-)-

Mo={1,---, My},

My ={1,---, M}, (6)
and

(’JRQ={1,---,M2},

an encoding function

X: Oy XM, XM, —>X", )

and two decoding functions
g YWoMexNMy; gy (¥)=(Wo, W)
g T>MexMy;  g(Z)=(Wo ).  (8)

The set {x(wg,w;,wy): (Wo, Wy, wy) E My X M, XM, } is
called the set of codewords. The integer w, has the inter-
pretation of the common part of the message, while the
integers w,,w, are called the independent part of the
message. Assuming a uniform distribution on the set of

messages I, X M, X IM,,, define

n_ 1
@ MMM,
> P{ g, (Y)#(wo,w))|(we w1, w,) sent}
wo, W1, Wy € Mg X My X M,
n_ 1
Fe= MMM,

P { g2(Z) #* (WO’ W2)|(W0’ Wi w2) sent}
wo, Wi, Wy € My X M X I,
®

to be the average probabilities of error of the decoders g,
and g,, respectively.
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Fig. 1. Capacity region: C;=max I(X;Y); C,= max I(X;Z).
(x) P(x)

Also define the rate triple (R, R,R,) of an
(Mg, M|, M,),n) code by

1
1
R1=; log M,
R2=% log M,. (10)

The rate (Ry, R, R,) is said to be achievable by a broad-
cast channel if, for any €>0, there exists for all
sufficiently large n, (Mg, M,, M,),n) code with

My>2"% M >2% M,>2"R
such that

(11)

max { P;,P]} <e.

The capacity region C for the broadcast channel is the
set of all achievable rates (Ry, R}, R,). (see Fig. 1.)
The main result of the paper can now be stated.

Theorem 1 (Capacity Region): Let (X, P(y,z|x), ¥ X Z)
be the broadcast channel defined above, and let U be an
arbitrary random variable with cardinality || U|| < || X || +2.
If condition (3) holds then the capacity region C is given
by

C={(RyR,Ry): Ry+R,+R,<I(X;Y),
Ry+ R+ R,<I(X; Y|U)+I(U; Z),
Ry+R,<I(U;Z), PED} (12)

where % is the set of all probability mass functions of the
form

p(u,x.9,2)=p(u)p(x|u)p(y,z|x). (13)

It is easily seen that

1) the region is symmetric in R, and R,,

2) the plane region (R,, R,) coincides with the degraded
message sets region given in [5],

3) the plane region (R, R,) is defined by

Ry+R,<I(X;Z) (14)

and also coincides with the region in [5] when condi-
tion (3) is imposed, and

4) for any fixed R,=r the plane region (R,R,) is a
triangle.
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It is important to note that C is convex (see Appendix). Similarly
Thus thfa usgal convexification of the union of informa- n(Ry+ Ry + Ry) <I(W; Y|Wy)+ (W, W, Z)
tion regions is unnecessary. Fny,+Ay), (17)
Ry, TA2),

and

2 .
First notice that because of the symmetry of C in Ry, R, n(Ro+ Ry) & H(Wo, Wo) <I(Wo, Wy Z) + .. (18)

it suffices to show that any (R, R,,0) or (0,R;,R)EC is Next we bound the right sides of (16), (17), and (18).
achievable. It follows from 4) that, by time-sharing, any Lemma: Given any probability mass function on

III. THE ACHIEVABILITY OF C

other rate triple in C can be achieved. Wy, W\, W5, X,Y,Z of the form
Theorem 2: Any (Ry,R,,0)€ C is achievable. P(Wo, Wi, Wy, X, ,2) = p(wo)p(w)p(w)p (x| wg, wi, W)
n
hat Proof: It has been proved by Korner and Marton [5] M pzix), (19)
a 1l
(Ry,R,0)€C,  if and only if R,<I(U; Z), then

R<IXY|U), Ryt Ri<I(X:Y) 1) [(Wy;Z|Wo)+ I(Wo, Wy Y) < 2 K(X;Y) (0)
under the same conditions as in Theorem 1. Now clearly
2) KWy Y|\Wo)+1(Wo Wy Z)

< 21( s YU+ IU;Z) (21)

for any 0<f<R,, i.e., the common rate can be made
partly or entirely private. This proves that the region of

Korner and Marton can be written into the form 3) I(WoWy3Z)< 21 1(U; Z,) (22)
i=
R,<I(U;Z) where
Ry+ R <I(X,Y|U)+I(U;Z) Uy=(Wo, Wy, Y,_,Z'*"),
Ry+ R, <I(X,7Y). Y =(Y, -, Y_),
Hence Theorem 2 follows. . O and

Zt'=(Z,\+,2Z), foralll<i<n. (23)
IV. THE CONVERSE
Proof: First consider:

We now show the optimality of the achievable rate n
region C by proving a weak converse. I(WoWyZ)= 1( W, Wy; Z| Zi+1)
Theorem 3 (Weak Converse): If (Ry,R,,R,)€ C, then i=1

there exists € >0 such that z ;
xists € >0 such tha < S H(WoWyZ*Z)
max {P,P/,} >¢,  foralln. i=1

Proof: Fano’s inequality yields n
g R < 3 HU;2).
i=1
H(W,, Y)<n(R,+ R +h £\, (15a
(Wo, WiI¥) <n(Ro+ Ry)Pei+h(PZ) w (152) Next, using the independence of W, W, W,, note that
H(Wo, W,|Z)<n(Ry+ Ry) P}, + h(P, 2) nA,,. (15b) I(Ws Y| Wo) <I(W; YW, W),
First consider I(WyZ|Wo) <I(Wy Z|Wo, W1). (24)
Now consider 2):

N I(W, Y|\ W)+ (W Wy Z)
=H(Wo’WvW2)=H(W0)+H(W1)+H(W2) "

= H(Wo, W)+ H(Wo, Wy) — H(W,) < X [IWs YW W,Y,_ )+ I(Wo, Wy, Z|ZY) ]
=I(Wo, Wi; Y)+1I(Wo, Wy Z)— [(Wy; Z) ”
+ H(Wo, W\|Y)+ H(Wo, W,|Z) — H(W,|Z).
Substituting from (15) we obtain
n(Ro+ R+ Ry) <I(WL Z|Wo)+ I(Wo, W3 Y)
fnlthe). (16)  — LY ZIWy W2 )],

n(Ry+ R, +R,)

[1( Wy Y| Wy W, Y, Z)

||M=

i

+I(Z " Y| Wo, Wi, Y:’—1)+I(W0’ Wz, Yi—l;Zi)
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It can be shown [6, lemma 7] that a summation by parts
yields

n
2 I(ZH]? Y| Wo, W), Yi—l)

i=1
h
=X H(Y_;Z|Wo Wy, Z™"). (25)
i=1
Hence two terms cancel in (24), and
I(WsY|Wo)+ I(Wo, Wy Z)

n
< 2 I(Ws Y|U)+1(U;Z)
i=1
n
< 2 [I(X;Y|U)+1(U; Z)]
i=1
since W,U,—»X,—(Y,Z,) form a Markov chain in this
order for all 1<i<n. Similarly consider 1):

I(WyZ|Wo)+ I(Wo, W15 Y)

< é [I( Wy Z|Wo Wi, 27 )+ I(Wo, W3 Y| Y,_y)]

i=1
< il [I(Wy Z|Wo, W\, Z Y, )
i=
+I(Y,_; Z|Wo, W, Z')
+I(Wo, W,ZY,_; Y;)
—1(ZY Y| W WL, Y )) ] (26)
Replacing W, by W in (25) and substituting in (26) gives
I(Wy, Z\ W)+ (W, W,; Y)

< 2 [IWy Z|U)+ (U5 Y) ]
i=1
n
< 2 [I(X;Z| U+ KU Y) ]
i=1
where U/ & (Wy,W,,Y,_,Z'*") and W,U/—>X,—(Y,,Z)
form a Markov chain in this order for all 1 <i<n.
It can be shown that (3) implies

I(X;Z|U)<I(X;Y|U)
for all U-X—(Y,Z). Thus
I(Wy Z|Wo) + I(Wo, W Y)

n

< X [I(X; Y| UN+ (U5 Y ]
=1

1

27

B

= 2 I(X; Y),

i=1
and the proof of the lemma is completed. O
Combining the lemma and (16), (17), and (18), it is easy

to show that there exists an auxiliary random variable U
such that

p(u,x,y,2)=p(u)p(x|u)p(y,z|x), (28)
and the rate triple (Ry, R}, R,) satisfies the inequalities in
(12).

To complete the proof of the converse we have to show
that there exists a random variable U* with ||U*|| <] X||
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+2 that yields the same mutual information quantities as
U. This proof uses standard techniques (e.g., see [7]) and
will not be repeated here. O

A Final Remark: Janos Korner pointed out to the
author that Theorem 1 is intuitively clear since by the
alternative definition of the “more capable,” relation (3),
every e-code for channel P, is an e-code for P,. Therefore
the private information to Z can always be incorporated
as common information to both Y and Z.
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APPENDIX

C is Convex: Let (U,X,,Y,,Z,), i=1,2, be two collections of
random variables with probability mass functions in %, and let
T be a random variable taking on values 1,2 with probabilities
and &, respectively. For T=i define Uy=U,, X=X, Y=Y, and
Z=27, Then (T,Up)—>X-—>(Y,Z) form a Markov chain in this
order. Now consider

ad(X; Y ) +al(Xy; Yy)=al(Xy; YU +ad(Uy; Y7)
+al(Xy; Yo|Un) + a@l(Uy Yy)
=1(Ur; Y|T)+ I(X; Up, T)
<IUpT; )+ K(X; Y|Up,T)
=I(X;Y).
Next
al(Xy; Y1|{U) +al(Uy; Zy) + &(Xy; Yo Up) + ad(Uy; Z,)
=I(X; Y|Up, T)+ I(Up; Z|T)
<I(X;Y|Up,T)Y+I(Up,T;Z),
and
al(Uy; Z)) +&l(Uy; Zy) = I(Up; Z| T) < I(Up, T; Z).
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