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Abstract

Dislocation dynamics (DD), a discrete dynamic simulation method in which dislocations are the fundamental entities, is
a powerful tool for investigation of plasticity, deformation and fracture of materials at the micron length scale. However,
severe computational difficulties arising from complex, long-range interactions between these curvilinear line defects limit
the application of DD in the study of large-scale plastic deformation. We present here the development of a parallel algo-
rithm for accelerated computer simulations of DD. By representing dislocations as a 3D set of dislocation particles, we
show here that the problem of an interacting ensemble of dislocations can be converted to a problem of a particle ensem-
ble, interacting with a long-range force field. A grid using binary space partitioning is constructed to keep track of node
connectivity across domains. We demonstrate the computational efficiency of the parallel micro-plasticity code and discuss
how O(N) methods map naturally onto the parallel data structure. Finally, we present results from applications of the par-
allel code to deformation in single crystal fcc metals.
� 2006 Elsevier Inc. All rights reserved.
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1. Introduction

Dislocations are curvilinear defects in materials and are considered as the primary carrier of the plastic
deformation. Dislocation microstructure evolution and dislocation pattern formation in deformed materials
are crucial in determining the mechanical properties of these materials. Full understanding of the physical ori-
gin of plasticity requires fundamental knowledge of these phenomena, such as the occurrence of slip bands and
cell structures.

Dislocation theory has been extensively studied and used to explain plasticity since 1930’s. In the past dec-
ades, with the development of fast computers, a new methodology, called dislocation dynamics (DD), has
been developed and successfully applied to study many of the fundamental aspects of plasticity of materials
at the microscale [1–3]. In DD simulations, the equations of motion for dislocations are numerically solved
to determine the evolution and interaction of dislocations. Microstructure details are a direct observation
in the simulation and can be used to validate experimental results.
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Many DD models exist and most of them use straight segments to connect discrete dislocation nodes on a dis-
location loop [1,4,5]. This leads to singularities when the self-force is calculated at intersection of two segments,
because the self-force is a function of the curvature of the dislocation line. Fine meshing of the dislocation line
with many segments is required specially for strong interactions, which demands additional expensive computa-
tions. To eliminate these limits, the parametric dislocation dynamics (PDD) model has been developed [6,7].

In the PDD, dislocations are represented as spatial curves connected through dislocation nodes. Fig. 1
shows a curved dislocation loop divided into segments, and a specific segment of the curve between two nodes.
A third order shape function for the segment helps maintain C2 continuity of dislocation lines at dislocation
nodes and remove the singularity that exists in dislocation models with linear segments. Given a parameter w

from 0 to 1 between two nodes, let the position vectors at two nodes (w = 0 and w = 1) be P(0), P(1), and the
tangent vectors at two nodes be T(0), T(1), then the position and tangent vectors for any point on the dislo-
cation segment can be written as:
Fig. 1.
curved
PðwÞ ¼
X4

i¼1

CðwÞiqi; TðwÞ ¼
X4

i¼1

C0ðwÞiqi; ð1Þ
where Ci are the shape functions for the cubic spline, and qi are generalized coordinates as follows:
q1 ¼ Pð0Þ; q2 ¼ Tð0Þ; q3 ¼ Pð1Þ; q4 ¼ Tð1Þ: ð2Þ

We have shown that with this parametric description, the displacement and stress fields from an infinites-

imal dislocation segment can be written in compact vector forms as [6]:
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¼ jbjjTjV

8pð1� mÞR
ð1� mÞV 1=V
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þ ð1� 2mÞg1 þ g1
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where
g1 ¼
PðwÞ
jPðwÞj ; g2 ¼

TðwÞ
jTðwÞj ; g3 ¼

b

jbj ; ð4Þ
and
gi � gi ¼ di
j; ð5Þ
b is the Burgers vector for a dislocation loop, di
j is the Kronecker delta, V = (g1 · g2) Æ g3, V1 = (s · g1) Æ g2 and

s is an arbitrary unit vector.
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Parametric representation of dislocation lines. (a) A dislocation loop is divided into segments connected at dislocation nodes; (b) a
dislocation segment between two nodes.
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Details of the derivations of the equation of motion (EOM) for a generalized loop can be found in [7]. Here,
we give a brief review of the process to familiarize readers. The EOM is based on a variational principle for
Gibbs free energy, derived from irreversible thermodynamics as:
I

C
ðf t

k � BakV aÞdrkjdsj ¼ 0; ð6Þ
where f t
k ¼ f pk

k þ f s
k þ f o

k is the component k of the total force acting on a dislocation from the summation of
f pk

k , the Peach–Koehler force, f s
k , the self-force, and f o

k , the Osmotic force [7]. Bak is the resistive matrix, and
Va is the velocity of the dislocation and rk is the position of a point on the dislocation.

By dividing dislocation loops into Ns segments, Eq. (6) can be written as:
XNs

j¼1

Z
j

driðf t
i � BikV kÞjdsj ¼ 0: ð7Þ
From Eq. (1), we have:
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XNDF
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with q as the local coordinates of nodes on each segment. Plugging equation (8) back to Eq. (7), we have
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To reduce the complexity of this equation, we define two terms, an effective force fm and an effective resis-
tivity cmn, for each segment as:
fm ¼
Z 1

0

f t
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 !1=2
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As a result, Eq. (9) is reduced to
XNs

j¼1

XNDF

m¼1

dqm fm �
XNDF

n¼1

cmnqn;t

 !" #
¼ 0: ð11Þ
If we write
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j¼1

XNDF

m¼1

XNDF

n¼1

dqmcmnqn;t

� �
¼
XN tot

k¼1

XN tot

l¼1

dQkCklQl;t;

XNs

j¼1

XNDF

m¼1

dqmfm½ � ¼
XN tot

k¼1

dQkFk;

ð12Þ
where Qk are global coordinates of degrees of freedom of segments, which may be the position or tangent at a
specific node. [Ckl] is the global resistivity matrix, Fk is the global force vector, and Ntot is the total number of
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degrees of freedom. Realizing that the virtual displacements are totally arbitrary, we have the final equation of
motion in form as
Fk ¼
XN tot

l¼1

CklQl;t: ð13Þ
After solving Eq. (13), numerical integration methods are applied to update the generalized coordinates and
hence the dislocation shape. Thus, microstructure evolutions can be simulated.

In our PDD simulations, to accommodate plastic deformation, the dislocation density increases through
the multiplication of Frank–Read sources. These are dislocations pinned at the two ends. Details of the
PDD model and applications can be found in Refs. [2,7,6].

PDD and other DD simulations provide a promising way to link the microstructure and the macroscopic
properties of materials. One of the interesting applications is to use DD to explain the strain hardening of
materials. Although progress has been made by PDD and general DD methods to explain the nature of plastic
deformation [1,8–10], there are several challenges that limit their extensive utilization. First, in order to get a
representative macroscale plastic behavior, the collective behavior of a large dislocation system must be con-
sidered. The typical size scales are microns which may contain tens of thousands of dislocations. This presents
a huge demand for computational power that cannot be fulfilled by a single processor. Parallel simulation is
naturally selected as an alternative approach, in which a large problem is divided into small pieces and solved
by different individual processors.

Dislocations have long-range elastic interactions such that all the dislocation neighbors have to be taken into
account for interaction calculation. This makes the computational burden scale as O(N2), which becomes pro-
hibitive for large N. Employing a ‘‘cut-off distance’’ in the simulation with long-range force fields is known to
produce spurious results [11,12]. Much effort has been put into developing algorithms that reduce that burden.
Many of the more important methods, developed independently by a number of groups, are based on the con-
cept of a hierarchical tree. While different methods of constructing tree structures and handling of interaction
potentials have been used, all of them share two important common characteristics. First, they utilize a hier-
archical-tree data structure, and second, they directly compute the force on an individual particle from nearby
particles while the force from remote particles is calculated by an approximate method. Among these methods
are the Barnes–Hut (BH) method [13] and fastmultipole method (FMM) [14]. The BH technique builds its data
structure via a hierarchical subdivision of space into cubic cells (for 3-D problems) and an oct tree (quad tree for
2-D) is built. The subdivision of volume is repeated until the cells at the lowest level of the tree contain at most
one or no particles. Each node of the tree in BH method represents a physical volume of space and the total
mass and the center-of-mass within the volume is stored at the node. The BH method has a computational bur-
den of O(N lnN). Far-field interactions are usually calculated with a low-order multipole expansion, though
often just the zeroth-order ‘‘charge–charge’’ term is employed. The FMM method is based on the same oct-tree
structure as the BH method, though with no restriction on having just one (or no) particles in the leaf nodes. By
a clever management of the interactions, however, the FMM reduces the computational effort to O(N). In addi-
tion to its computational efficiency, the error in the FMM can be reduced to machine accuracy by keeping
enough terms in the multipole expansions. A multipole acceptance criteria (MAC) is employed to determine
what kind of interaction (direct or approximate) should be included for each particle. Parallel formulations
for both the BH and FMM methods have been developed [15–19].

It is possible to apply similar hierarchical strategy to DD simulations. However, another important chal-
lenge for DD simulations is that dislocations are curvilinear defects that run through a lattice. This makes
DD simulation more complicated than particle problems. While we can divide space into subdivisions, the
connectivity between dislocation segments have to be maintained if the dislocation is across the boundaries
of these subdivisions. In the meantime, dislocation systems are heterogeneous, i.e., there are regions of dense
dislocation density and regions that are essentially empty of dislocations. This makes it difficult to divide the
system into sub-systems with similar problem sizes for parallel simulations to maintain the load balancing for
each working processor.

Because of these challenges, very few parallel DD simulations have been implemented. One implementation
in Lawrence Livermore National Lab has been reported [20]. In their implementation, dislocations are con-
sidered as nodes connected through straight line segments. Besides the difference between the algorithm used
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in their implementation and the reported algorithm here, one main difference is that in their implementation,
one node may have more than two arms due to the annihilation of two or more segments. This may create very
complex microstructures that could be artificial according to their topological rules. In our model, each dis-
location retain its identity even in strong interactions and its topological configuration is fully controlled by
the force acting on the dislocation without defined rules, which is more physically based.

In this paper, we wish to present a parallel PDD implementation in order to expand the capabilities of PDD
simulations for a wide range of physical problems. First, the PDD model is extended to a particle formalism,
which transfers the line problem of dislocations to a particle like problem. Thus, similar hierarchical strategies
for particles can be applied to PDD simulations without much modification. This reduces the complexity in treat-
ing line defects across computational domain borders. Then, details of the algorithm implementation, especially
sub-tree structures defined to form a hierarchical tree in the parallel PDD, are explained. The process to construct
the hierarchical tree is a dynamical one that can accommodate the heterogeneous dislocation distribution, and it
is explained in detail. We also develop procedures to reduce the storage and communication burdens. It will also
be shown that long range dislocation interactions can be incorporated by natural combinations of the tree data
structure with the dislocation multipole expansion method (MEM) [21], which is similar to the well known Green-
gard–Rokhlin method [14] and leading to achieve O(N) computation. Finally, the performance of the implemen-
tation is illustrated by considering a large scale application of strain hardening of single crystal copper.

2. Dislocation particles

In this section, a mathematical model is developed such that dislocation calculations can be made similar to
particle simulations by representing dislocations as a set of dislocation particles, which are then treated as
particles.

We have known that in Eq. (13), the global resistivity matrix Ckl and global force matrix Fk are assembled
from local effective resistivity cmn and effective force fm of each segment. The procedure is just like the assem-
bling of the global stiffness matrix in standard finite element method (FEM). With careful study, it is found
that the global resistivity matrix Ckl is banded and sparse. The only none-zero elements are the elements with
unequal indices of k and l. Here the EOM can be written in a different matrix form as:
� � � 0 0 0 0

0 � � � 0 0 0

0 0 Si�1 Si Siþ1 0 0

0 0 0 � � � 0

0 0 0 0 � � �

2
6666664

3
7777775

�
Qi�1;t

Qi;t

Qiþ1;t

�

2
6666664

3
7777775
¼

�
F i�1

F i

F iþ1

�

2
6666664

3
7777775
; ð14Þ
where Si and Fi are resistivity and force elements arranged from the global resistivity matrix and global force
vector for a dislocation node i, respectively. They can be calculated for each node with only the information of
the direct neighbor segments of that node. The generalized coordinates of each node (the dislocation particle)
are given by Qi. Eq. (14) is solved at each time step. However, instead of constructing and solving the global
vector Fk and global matrix Ckl for one dislocation loop, we can calculate individual Si and Fi for each
dislocation node based on its connecting dislocation segments and solve for each individual node using the
Gauss–Jacobi or Gauss–Seidel iteration method [22]. We give these individual node the name of dislocation
particle. The solution for a dislocation particle i at time t + dt, where t is the current time and dt the time step,
can be obtained through a p step iteration:
SiQ
p
i;tþdt ¼ F i � ðSi�1Qp�1

i�1;t þ Siþ1Qp�1
iþ1;tÞ; ð15Þ
where p is the iteration step, and Q0
i;t ¼ QðtÞi;t with QðtÞi;t the solution at time t. This equation can be solved inde-

pendently for each dislocation particle (i) at time t + dt with the assumption that the solution for its connected
dislocation particles (i � 1 and i + 1) at time t has been obtained.

To illustrate how S and F are calculated, we give a simple example. Suppose we have a dislocation Frank–
Read source with four nodes on it, which forms three segments, we write the local resistivity for segment j as
cj

mn, and the effective force for segment j as f j
m, the EOM for this system is written as:



Table 1
Illustration for the calculation of resistivity and force elements for dislocation particles

Si�1 Si Si+1 Fi

Q1 0 c1
11 c1

12 f 1
1

Q2 c1
21 c1

22 þ c2
11 c2

12 f 1
2 þ f 2

1

Q3 c2
21 c2

22 þ c3
11 c3

12 f 2
2 þ f 3

1

Q4 c3
21 c3

22 0 f 2
3
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12 0
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3
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f 1
1

f 1
2 þ f 2

1

f 2
2 þ f 3

1

f 2
3

2
6664

3
7775: ð16Þ
Comparing with Eq. (14), we have Si�1, Si, and Si+1 for Q1, Q2, Q3, and Q4 as shown in Table 1.
Eq. (15) is now of the same form as that for the EOM of a system of interacting particles, where each dis-

location node i can be considered as a virtual particle, with the attributes identifying the information of its
position, tangent, connection points on the dislocation loop, the glide plane and Burgers vector of the loop.
The dislocation problem becomes a particle problem with the special consideration of connection between dis-
location particles. Thus, the implementation of the parallelization will be essentially the same as for systems of
point particles.

3. DD code parallelization

The primary objective of DD parallelization is to divide the computational domain, which is the physical
volume containing the dislocation systems, into different sub-domains, and to solve the EOM (Eq. (15)) of
dislocation particles (henceforth called DPs) in each sub-domain independently on a single processor. In this
way, the amount of work for each processor is reduced and the speed of calculation is improved. The sub-
domains are not required the have the physical same size or shape. The only two requirements are that the
DPs in each sub-domain should be as close as possible and each sub-domain has a similar number of DPs.
The first criterion ensures that the closest neighbors of most dislocation DPs reside on the same processor such
that they are not transferred from a different processor when they are needed. In this way, communication is
kept at the lowest level. The latter criterion ensures that all processors have a similar amount of work such that
load balancing is realized for best performance.

In the parallel implementation, we handle all communications between processors with the standard mes-
sage passing interface (MPI) [23]. We also assume a master–slave computing structure, in which one computer
processor is defined as master, to handle I/O, data management, etc., while the others (slaves) perform the
main calculations.

Since we can now take advantage of previously-developed parallel algorithms for heterogeneous systems for
our model of dislocation DPs, we have chosen to do this using a binary space partitioning scheme. To facilitate
the distribution, we map the computational domain and DPs on to a tree structure that has three parts on each
processor: a global part, a local part and a ghost part. The partition process of the computational domain is done
along with the building up of the tree structure. We now describe the tree structure and its creation in detail.

The global tree is built by the master processor and is distributed to each slave processor, i.e., each proces-
sor has an identical global tree. The local tree is built on one processor based on the local group of DPs that
are assigned to the processor. The average number of DPs on the processor is Nave = Ntotal/Np, where Ntotal,
Np are the total number of DPs and the number of processors, respectively. The real number of DPs on each
processor is made close to Nave for load balancing. The ghost tree on one processor is transferred from other
processors, which has close neighbor information. This architecture helps to increase the speed of the master
processor by requiring that it builds only the global tree. It also reduces the use of memory on each processor
without building a tree for the entire set of DPs.
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3.1. The global tree

The process to build a global tree is the main procedure to partition the domain and to preserve locality.
This procedure is done as follows and is shown schematically in Fig. 2. Randomly selected DPs are assigned to
a single level tree, which represents the entire domain. Since we allow at most Nave DPs per leaf of the global
tree, we need to split the domain into two when the Nave + 1 DPs have been assigned to the domain. We do
this by splitting the domain along the distance of largest separation between two possible particle groups,
which ensures that most of the close DPs are together and not separated into different groups. The two newly
created sub-domains are then made children of the tree level that contained the original DPs. We then pick
more DPs and assign them to a sub-domain. If the number of DPs in that sub-domain is larger than Nave,
that sub-domain is then split into two along the direction of maximum separation and two leaves are assigned
to the tree level where the split took place. We continue this process until the domain has been partitioned into
a binary tree with a number of Np leaves. The top level of the tree represents the entire domain, and every level
of the tree is made up exactly of all the sub-domains under it. In the mean time, each node of the tree contains
information on the center of the domain/sub-domain, and the size of this domain/sub-domain. In addition,
each of the lowest level leaves contain the attributes, specified in Section 2, for Nave DPs. Thus, all the infor-
mation of the whole domain and its partitions has been fully recorded by the global tree data structure.
Finally, each leaf of the global tree and the group of DPs attached to this leaf are assigned to one of the
Np processors.

3.2. The local and ghost trees

The local tree is the second part of the hierarchical tree. After a group of DPs have been assigned to it, each
processor performs a similar process to build a binary tree for these local DPs, assuming that each leaf of the
local tree has only one DP. Next, the completed local tree is attached to a leaf of the global tree, knowing that
the global tree leaf is assigned to this processor. Each processor is responsible for calculating forces and
motion of the DPs resident in the local tree. At this step, all DPs in the leaves of the global tree have been
passed down to the leaves of the local tree.

Although most of the closest neighbors of local DPs have been preserved on the same processor due to the
nature of this partitioning algorithm in building the global tree, a small fraction of the neighbors reside on
other processors and they are required to be transferred to the local processor. Thus, and in general, parts
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Fig. 2. The dynamic recursive domain partitioning process along with the corresponding procedure to build the global tree. Each node of
the tree represents a specific domain or sub-domain. Filled circles represent dislocation particles that are randomly picked and included in
the domain.
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of the local trees on other processors are transferred. These are called as ghost trees. These ghost trees are
attached to the global leaves corresponding to the processors where they come from. To satisfy the criterion
for transfer as ghost to another processor, a local tree node has to be physically close to the sub-domain that is
assigned to that processor. The critical value used to measure the distance between the two is 2–3 times the cut-
off distance, LC, for direct interaction. With this specification, the size of ghost information does not change
much with the overall system size because it is restricted to a certain distance. Thus, the amount of commu-
nications does not increase dramatically with the system size.

In summary, the local tree contains the information for the ‘‘on-processor’’ DPs, i.e., dislocation particles
for which information is available without any parallel communication. The ghost tree is the ‘‘off-processor’’
data or information needed to calculate forces for the on-processor DPs that reside on other processors, and
has to be gathered. Once the above three parts of the tree are constructed and combined together, each pro-
cessor has an essential tree, as shown in Fig. 3, which has all necessary information.

3.3. Dislocation neighbor search and interactions

Close dislocation interactions are calculated according to the stress fields in Eq. (3). Long range dislocation
interactions can be calculated by using the multipole expansion method (MEM) [21]. In the MEM, the stress
field resulting from a dislocation ensemble within a volume X, which is a distance away from the interacting
dislocation, can be written as:
Fig. 3.
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; ð17Þ
where Ro is a vector connecting the field point where the stress is evaluated and the center of the volume, Æfijk. . .æ
represent the dislocation moments defined in Ref. [21]. These moments depend only on the distribution of the
dislocation microstructure within the volume. They can be evaluated for each volume independently. After the
moments are determined, the stress field and interaction forces on other dislocations that are sufficiently well
separated from the volume X are easily obtained.

The MEM can be easily matched to the tree structure, because each node of the tree structure represents a
volume containing some distribution of dislocations, and the moments for the dislocation distribution of the
volume can be easily calculated after the local tree has been built. Thus, in the following calculations, long
range interactions between dislocations can be computed from these moments.
P1 P2
Essential Trees

on different processors

Local Local

GlobalGlobal

Ghost Ghost

P1 P2 P1 P2

The essential tree structure on each processor. Each essential tree is a combination of three sub-tree structures. The global tree
processor-level domain decomposition information, the ghost tree keeps information transferred from other processors, and the
ree keeps information of local dislocation particles.
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After the tree structure has been built on each processor, dislocation neighbors are searched by the tree tra-
versal process based on the close neighbor criterion (CNC), which is described as follows. If any two disloca-
tion segments represented by dislocation particles are within a critical distance (LC), these two segments are
direct neighbors and their interaction is calculated directly, otherwise the interaction is calculated by using the
MEM. Based on detailed analysis of dislocation interactions, the value of LC is chosen to be around 100a [24],
where a is the lattice constant. The tree traversal process is recursive, and for each dislocation particle, the
process always begins from the root tree node. The distance between the dislocation particle under consider-
ation and the limits of the domain represented by the tree node is first calculated. If this distance is less than
LC, then we descend one more level into the tree. If we descend to a leaf before we are more than LC away,
then we need to calculate the interaction directly, and we add that node to the list of nodes that have to be
calculated directly. If the distance is greater than LC, the interaction between the current dislocation particle
and the entire subtree below that level is calculated using a multipole expansion of the force term. We then add
the multipole moments of dislocations in the entire subtree below that level to the list of subtrees for multipole
expansion calculations. After the traversal process, dislocation neighbors are listed for each dislocation par-
ticle and become available for further calculations.

3.4. Updating tree information

Once the tree structure is completed and dislocation neighbors are identified, each processor can begin to
solve the equations of motion. Dislocations then move and their distributions in space changes. Hence, the
tree structure needs to be rebuilt and the dislocation neighbor-lists need to be reconstructed. In this process,
load balancing is also maintained. Although building the global tree can be done in O(N) operations (because
it creates 2N � 1 tree nodes which is on the order of N), traversing the tree to build neighbor lists can be done
in O(N log(N)) operations. It is not necessary to communicate information every time step to rebuild the tree.
Also because we have chosen a larger distance than LC in determining ghost information, we have enough
information to perform calculations for a number of time steps before the neighbor lists are updated. We
choose the number of time steps for updating information such that dislocations do not move out the ghost
zone range. According to dislocation mobility, stress and time steps in the simulation, a rough estimation for
this number is around 50–300.

4. Performance and simulation results

A parallel computer code was constructed on these principles, and named DeMecha, for general simula-
tions of defect mechanics. The parallel code DeMecha was tested on the UCLA ISIS Beowulf cluster, which
has 90 dual processor AMD Opteron, 246 2.0 GHz 32-Bit processors. In the first test case, up to 60 computer
processors were used for a number of 600 simulated curved dislocations in the simulation. Each dislocation
has 10 DPs, and each DP has 6 degrees of freedom (DOF) (3 for position and 3 for the tangent). The total
number of degrees of freedom is 36,000. Let us define a speedup factor S ¼ t1

tN
, where t1 and tN are the

computation times for 1 and N processors, respectively. Fig. 4 shows that the speedup factor increases sub-
linearly with the number of nodes, and is about 44 when 60 nodes are utilized.

To determine the communication efficiency of the parallel DD code, each processor was assigned the same
number of degrees of freedom. In the second and third simulations, 150 and 300 degrees of freedom were used.
The number of processors was then increased, and the communication efficiency was determined. The ‘‘com-
munication efficiency, gC’’ is defined as the ratio of the speedup factor to the total number of processors used,
i.e. gC = S/N. Because the computational overhead associated with processor-to-processor communication
increases with the number of processors, gC is expected to decrease. This is seen in Fig. 5. However, the figure
also shows that gC remains above 85%, irrespective of the number of degrees of freedom per processor.

A large scale simulation was performed on a total of 60 processors for a uniaxial tension test of fcc single
crystal copper to predict the stress–strain curve of copper. The external load is applied along the [100]-direc-
tion at a constant strain rate of c = 100 s�1. The initial dislocation density is q = 1 · 107 cm/cm3. These initial
dislocations are randomly distributed Frank–Read sources. The simulation volume of material is 10 lm ·
10 lm · 10 lm, and periodic boundary conditions are applied. In the simulation, the material constants used
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for copper are: dislocation mobility M = 104 Pa�1 s�1, shear modulus l = 50 GPa and Possion ratio m = 0.31.
The time step used is dt = 10�12 s.

In order to obtain the measured stress in the simulation, we notice that
c ¼ _�11 ¼ _�e
11 þ _�p

11; ð18Þ

where �e and �p are elastic and plastic strain rate, respectively. The plastic strain rate is calculated from dislo-
cation motions as:
_�p ¼ � 1

2V

XN

i¼1

IlðiÞ
0

vðiÞ½nðiÞ � bðiÞ þ bðiÞ � nðiÞ� dl; ð19Þ
where N is total number of dislocation loops, l (i) is the length of dislocation i, V is the volume of the simulated
material, n is a unit vector defined as v · n, v and n are the velocity and the tangent vectors of the dislocation
loop at a point on the dislocation line, respectively. The elastic strain rate in the [100] direction is defined as:
_�e
11 ¼

_r11

E
; ð20Þ
where E is Young’s modules and r the stress tensor. With the definition _r11 ¼
rtþ1

11
�rt

11

dt , Eqs. (18)–(20) lead to
rtþ1
11 ¼ rt

11 þ Edtðc� _�p
11Þ: ð21Þ
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Obtaining the stress from Eq. (21) and the strain as e = cdt.
The simulated stress–strain curves are shown in Fig. 6(a). The results of the simulations clearly show that

elastic deformation at lower stresses are followed by extensive plastic deformation. The hardening rate for the
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Fig. 6. (a) Predicted stress–strain relationship for single crystal copper, and (b) the relationship between the dislocation density and
applied stress for single crystal copper.

(a) (b)

Fig. 7. Simulation of plastic deformation of a 10 lm · 10 lm · 10 lm volume. (a) Initial microstructure of dislocation Frank–Read
sources, (b) microstructure at 0.3% strain. Different colors in the figure are used to represent dislocations on different glide planes,
green = (111), cyon ¼ ð1�11Þ; blue ¼ ð�1�11Þ; red ¼ ð�111Þ. (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

X Y

Z

(a) (b)

Fig. 8. [111] A slice of 1.5 lm, cut through the center of the simulation volume, showing the formation of complex 3D microstructure:
(a) view along the [111]-direction, (b) view perpendicular to the [111]-direction.
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plastic deformation h ¼ dr
d�

is found to be � l
30

, where l is the shear modulus of copper. This indicates that the
crystal is in the beginning of the well-known stage II work hardening regime [25]. An approximate linear rela-
tionship between the stress and the square root of the dislocation density is shown in Fig. 6(b), once an initial
transient is surpassed. The simulated dislocation microstructure is shown in Figs. 7–10. These microstructures
are clearly complex, and are indicative of the collective motion of dislocation ensembles. Dislocation patterns
such as dislocation-rich and dislocation-poor regions shown in Fig. 8 may indicate the incipient formation of
dislocation cell structures. In Fig. 9, slip-band formation is shown, which is similar to experimental observa-
tions. Short-range interactions of dipoles and junctions are shown in Fig. 10, resulting in spatial heterogene-
ities of dislocation distributions. This may be used to explain microstructure evolution and pattern formation,
as well as to prove the capability of the code in simulating large-scale collective motion of dislocations.
Fig. 9. Comparison between experimentally-observed and simulated dislocation microstructure. (a) Dislocation microstructure in Cu at a
strain of 0.3 · 10�3 (Riso National Lab, Denmark, 1998), (b) simulated results, view along the [110]-direction.

Junction

Junction

Dipole

Dipole

Fig. 10. Dislocation structures of typical short-range interactions (dipoles and junctions).
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5. Conclusions

A parallel computer code DeMecha for large scale simulations of material deformation at the microscale is
developed on the basis of discrete dislocation dynamics. Dislocations are represented as ‘‘dislocation parti-
cles’’, which enables the utilization of particle interaction algorithms, while maintaining the continuous nature
of dislocation lines as space curves. Thus, the complex problem of the dynamics of an ensemble of 3-D curved
dislocation is transformed, for the first time, to the equivalent and well-established problem of particle dynam-
ics with a long-range interaction field (e.g., charged particles, plasmas, quantum systems, gravitational sys-
tems, etc). A Hierarchical tree data structure has been designed to represent the computational domain and
enable efficient partitioning and distribution of the computational load. The developed parallel simulation
code, DeMecha, shows significant performance enhancements with speedup factors up to 44 for 60 parallel
processors. Also, good control of communication and load balancing is achieved, with communication effi-
ciencies in excess of 85%. The code was applied to simulate the elasto-plastic deformation of single crystal
fcc copper subjected to uniaxial tension in Stage-II hardening regime. The results indicate that the collective
behavior of dislocations is essential in explaining the experimentally observed microstructure and strain hard-
ening curves. Moreover, the stress–strain relationship for single crystal copper in stage-II hardening is com-
pletely determined from simulations without any ad hoc assumption. The developed parallel algorithm
should enable more realistic simulations of material deformation on the basis of microscopic physics.
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