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Continuous  sediment  has  a  wide  application  in  chemical  engineering  process,  such  as wastewater  treat-
ment,  water  reuse,  mineral  waste  manage  and  processing.  This paper  provides  analytical  solutions  of
the ideal  continuous  settling  model  by  using  the  method  of  characteristics.  The  analytical  solutions  are
compared  with  experiment  data  to  show  that  the solutions  accurately  predict  the sediment  height and
concentration  as a function  of time  and  loading  conditions.  Additionally,  three  alternative  methods,  using
finite  differences  are  compared  to the  analytical  solutions,  and  their  accuracy  and  efficiency  are  evalu-
ontinuous sedimentation
ethod of characteristics
yperbolic partial differential equation
umerical methods

ated.  It is shown  that  all three  methods  are  reliable  for  solving  sedimentation  problems  but  have  varying
efficiency.  Method  YRD  is  the most  accurate  but also  has  the  greatest  computation  and  implementa-
tion  cost.  Method  SG is the  least  accurate  but  is  the  easiest  to implement  with  lowest  computation
cost.  Method  G  is  a compromise  between  the  two  methods,  providing  acceptable  accuracy  and  low
computation  cost.

© 2015  Elsevier  Ltd. All  rights  reserved.
. Introduction

Continuous sedimentation, a gravity driven solid-liquid separa-
ion process, has various applications in industrial areas including
he wastewater treatment, water reuse, mineral waste manage and
rocessing. However, in current engineering application, the design
nd operation of the continuous settling tanks still remain as a dif-
cult task, and generally, empirical and conservative strategies are
pplied, which may  cause both capital and land waste, as well as the
nanticipated performance flocculation of the settling tank itself
Northcott et al., 2005; Li and Stenstrom, 2014a, 2014c). For the
urposes of understanding the continuous settling behavior and
ptimizing settling tank performance, mathematical models are
ncouraged to being used, and in most commercial simulators, the
deal one-dimensional (1-D) continuous settling model (without
ompression effect) is equipped due to its relative well understand-
ng and less computation burden, especially if long term simulation
s needed (Bürger et al., 2011).
Given the complexity of real system conditions (e.g., viscosity,
ispersion, turbulence, rake effect, various settling behaviors), the
oncept of the ideal thickener was introduced by Shannon et al.

∗ Corresponding author. Tel.: +1 310 825 1408; fax: +1 310 206 2222.
E-mail addresses: liben1988@ucla.edu (B. Li), stenstro@seas.ucla.edu

M.K. Stenstrom).

ttp://dx.doi.org/10.1016/j.compchemeng.2015.05.025
098-1354/© 2015 Elsevier Ltd. All rights reserved.
(1963) to simplify the modeling task. In an ideal 1-D condition, the
secondary settling tank (SST) possesses a constant cross-section
with uniform solids concentration in each horizontal layer, and the
complex hydrodynamics are simplified as the upward effluent flow
to the top and downward underflow to the bottom, as shown in
Fig. 1. The distribution of solids are determined by both gravity sett-
ling and the bulk hydraulic transport, and the mass conservation
law holding in each layer can be expressed as the partial differential
equation, Eq. (1) (Diehl, 1997; Diehl and Jeppsson, 1998):

∂�

∂t
+ ∂F (�)

∂x
= sı (x)

F (�) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

−ve�e = ge x < −H

fbk (�) − ve� = g (�) −H < x < 0

fbk (�) + vu� = f (�) 0 < x < D

vu�u = fu x > D

(1)

where F is the flux function, ı(z) is the Dirac impulse, �(x,t) denotes
the solid concentration, x is the depth from the feed inlet, t is the

time, s = vf�f, denotes the feed solids flux (�f is the feed solid con-
centration and vf is the feed flow velocity), fbk is the Kynch batch
flux function and the solid mass fluxes leaving at the effluent weir
and bottom are ge = ve�e (ve is the effluent flow velocity and �e is

dx.doi.org/10.1016/j.compchemeng.2015.05.025
http://www.sciencedirect.com/science/journal/00981354
http://www.elsevier.com/locate/compchemeng
http://crossmark.crossref.org/dialog/?doi=10.1016/j.compchemeng.2015.05.025&domain=pdf
mailto:liben1988@ucla.edu
mailto:stenstro@seas.ucla.edu
dx.doi.org/10.1016/j.compchemeng.2015.05.025


212 B. Li, M.K. Stenstrom / Computers and Chem

F
s

t
v

c
h
h
c
m
t
a
G
1
e
n
d
i
i
l

p
o
s
s
t
t
l
w
s
(
p
s
s
d
t
d
b

c
p
s
p
e
P
s

ig. 1. Schematic overview of ideal continuous settling tank with constant cross-
ection area

he effluent solids concentration) and fu = vu�u (vu is the underflow
elocity and �u is the underflow solids concentration) respectively.

It is noticeable that Eq. (1) only can be solvable with proper
onstitutive relations. The fundamental constitutive relation for
indered settling modeling is the Kynch’s assumption that the
indered settling velocity is solely determined by the local solids
oncentration. Based on the Kynch’s assumption, three alternative
ethods have been established to develop the required consti-

utive function: the hindered settling factor approach (Buscall
nd White, 1987; Landman et al., 1988; Usher and Scales, 2005;
ladman et al., 2010), the Darcy’s Law approach (Karl and Wells,
999; Kinnear, 2002) and Kynch flux density approach (Bürger
t al., 2000, 2005). However, the Kynch’s assumption is not a
ostrum, since it can only provide a complete settling behavior
escription of Kynchian suspensions with no compressive behav-

or at any concentration. Otherwise, its validity can only be proved
n hindered settling region, where the concentration is sufficiently
ow that no weight-bearing network formed (Dixon, 1977).

When in high concentration range, where strong particle-
article interaction exists, compression settling occurs because
f the compressive stress transmitted through the formed net
tructure (de Kretser et al., 2003), and modeling the compres-
ion settling process is significant for applications as diverse as
hickening, dewatering, filtration and centrifugation. Two parallel
heories have been developed to interpret the compression sett-
ing: geotechnical approach (Bürger, 2000; Bürger et al., 2001),

hich quantifies the sediment compressibility by using effective
olids stress or the solids pressure; compression rheology approach
Buscall et al., 1987; Buscall and White, 1987), where the com-
ressibility is characterized as the physically measurable network
trength: compressive yield stress. The effective solid stress and
olid pressure are usually defined as solid volumetric concentration
ependent functions rather than the intrinsic material property as
he compressive yield stress is. Except for the significant conceptual
ifference, these two approaches actually have a similar rheological
asis, thus making them parallel (de Kretser et al., 2003).

The development of settling theory including the hindered and
ompression rheology is the first step for model formula com-
lementation, and solving these PDEs, which means accurately
olution calculation, is equivalently important for reliable model

redications. When hindered settling dominates, the model gov-
rning equation can be written as Eq. (1), nonlinear hyperbolic
DEs, known as the convection-dominant model. The compres-
ion effect can be modeled by adding a nonlinear diffusion
ical Engineering 80 (2015) 211–222

term to Eq. (1), and then the model formula becomes strongly
degenerate parabolic PDEs, known as the convection-compression
model (Bürger et al., 2012). Though differing in rheology basis,
both convection-dominant and convection-compression models
possess the similar mathematical characteristics, and solving the
compression including model will not greatly increase the solu-
tion technique complexity (Bürger et al., 2012). Therefore, from a
mathematical point of view, it is informative to fully understand
the mathematical implication of Eq. (1) before investigating more
complex models (Diehl, 2000).

Based on the mass continuity law and Kynch’s assumption, the
advantage of Eq. (1) is that it is capable to capture the movement
of large concentration discontinuities without knowing their phys-
ical mechanisms (Kynch, 1952). However, solution discontinuities,
which can be physically interpreted as the concentration gradi-
ents, are expected to occur as a function of time and height in
solving Eq. (1), and greatly increases the complexity of required
solution techniques. Solving Eq. (1) can be either numerical or ana-
lytical: numerical techniques including Method G (Jeppsson and
Diehl, 1996), Method EO (Bürger et al., 2005), Method YRD (Li and
Stenstrom, 2014a, 2014b) et al. have achieved some degree of suc-
cess in shock capturing and solution calculation, but cannot always
satisfy practical application standards, such as high accuracy but
low computation burden; the only available approach for analyt-
ical solution construction is the method of characteristics (MOC),
which avoids complicate discretization procedure but provide high
accuracy solutions. Therefore, it is worthwhile further investigat-
ing the implementation strategy of MOC  in 1-D continuous settling
modeling.

The application of MOC  to gravity settling problem can trace
its history to 1950s, when Kynch (1952) analyzed the solids con-
centration distribution within the batch settling cylinder by using
constant concentration lines, or iso-concentration lines, which
is mathematically equivalent to characteristics. Thereafter, this
approach was  widely applied in practical SST design and operation
(Fitch, 1979, 1983, 1993). In recent studies, Diehl (2007) showed
that the inverse problem of estimating of the batch settling flux
function from experimental data can also be well addressed by
using MOC. The first MOC  study in continuous settling modeling
was provided by Petty (1975) to show that the limiting flux, com-
monly observed in lab and full scale tests, is an intrinsic nonlinear
phenomenon of the governing nonlinear hyperbolic PDEs, which is
lately supported by Chancelier et al. (1997) and Diehl (2008), and
the propagation of solution discontinuities from bottom bound-
ary is caused by interaction of rarefaction waves. Nevertheless,
Petty’s work is a MOC  based continuous settling behavior analysis
more than an analytical solution developing study. Hence, further
investigations were motivated to complement the MOC  theory in
continuous settling study, including the global weak solution con-
struction (Bustos, 1988; Bustos et al., 1990; Diehl, 1997), boundary
condition determination (Bustos and Concha, 1992; Diehl, 1996,
2000), and control theory development (Buscall et al., 1982, 1990;
Diehl, 2005, 2006).

The first goal of this paper is to construct solutions of the
ideal SST model that includes hindered settling and hydraulic
bulk transport with dynamic loading conditions on the basis of
the previously developed MOC  implementation strategy. The MOC
solutions are compared with experimental continuous settling
data to demonstrate the accuracy of MOC  solutions in predicting
dynamic continuous settling behaviors. Given that numerical solu-
tion techniques are often used for continuous settling models, the
second part of this paper focuses on the convergence analysis of

three representative numerical methods: Method SG, Method G
and Method YRD by using the MOC  solutions as reference solutions.
Accuracy and computation cost of these three methods are also
investigated to compare their efficiency for practical engineering
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pplications. The techniques demonstrated here for solving hyper-
olic PDEs are applicable in other chemical engineering problems;
or example, modeling of two-phase flow in heterogeneous media
Vanduijn et al., 1995) and the investigation of multicomponent
eparation (adsorption, ion exchange, chromatography) when the
iquid phase is plug flow (Loureiro and Rodrigues, 1991).

. MOC  theory review in ideal continuous settling model
olving

To improve the understanding of the MOC  theory in ideal contin-
ous settling process and its implementation stretegy, we proived

 brief reivew of the MOC  theory and its implementation stret-
gy which is developed in previous publicitions (Diehl, 1996, 1997,
000). For the overall SST domain, as shown in Fig. 1, the height
f the clarification zone is H, and the depth of thickening zone is
. The downward direction is defined as the positive direction of

he x-axis, and settling velocity and flux are positive in downward
irection. The direction of feed flow (Qf), effluent flow (Qe), and
nderflow (Qf) are also shown in Fig. 1. The Kynch’s assumption
Kynch, 1952), is assumed to hold, therefore the settling velocity
vs) as well as the Kynch batch flux function fbk = vs� is only deter-

ined by local solids concentration �. The mass conservation law
odel equation, Eq. (1), inside the SST domain, can be written as

q. (2) (Diehl, 2000):

∂�

∂t
− ve

∂�

∂x
= 0 x < −H

∂�

∂t
+ (f ′

bk(�) − ve)
∂�

∂x
= 0 0 > x > −H

∂�

∂t
+ (f ′

bk(�) + vu)
∂�

∂x
= 0 D > x > 0

∂�

∂t
+ vu

∂�

∂x
= 0 x > D

(2)

here f ′
bk

(�) = d(fbk(�))/d�. As a nonlinear hyperbolic PDE, Eq.
2) possesses the property that, the initial concentration value,
(x,0), propagates with the speed f ′

bk
(�(0, x)), along a straight line xl

ith slope x′
l
= f ′

bk
(�(0, x)). These straight lines with constant solu-

ions are called characteristics.  If the initial concentrations are not
niform, characteristics with different slopes can intersect in the
ositive direction of t and generate solution discontinuities, which
eans for a discontinuity X = X(t), the solutions are �x+ and �x− on

he left and right side respectively, instead of being continuous.
Since the differential formula requires differentiable solutions, it

annot model the possible nondifferentiable discontinuities, thus
aking Eq. (2) not sufficient to completely describe the settling

rocesses in both smooth and discontinuous regions. To provide a
nique solution, the differential formula, Eq. (2), is supplemented
y a jump condition (Rankine–Hugoniot relations), which is derived
rom the integral form, and expressed as a discontinuity X = X(t),
ropagating at a speed of S:

 = z′(t) = fbk(�x+) − fbk(�x−)
�x+ − �x− (3)

And Eq. (3) implies that

 = f ′
bk(�) (4)

here � is between �x+ and �x−. However, given the fact that

he flux function, fbk, is always nonconvex, the jump condition
or nonconvex scalar conservation law is not sufficient to select
he unique �x+ and �x− along discontinuities. A stronger condi-
ion called Oleinik entropy condition (Oleinik, 1964), is always
ical Engineering 80 (2015) 211–222 213

introduced as an algebraic inequality to reject unstable disconti-
nuities, shown as Eq. (5):

fbk(�) − fbk(�x−)
� − �x− ≥ S = fbk(�x+) − fbk(�x−)

�x+ − �x− ≥ fbk(�) − fbk(�x+)
� − �x+ (5)

for all � between �x+ and �x−. The Oleinik entropy condition is
derived from the second law of thermodynamics, and states that
the flux function, fbk here, lies entirely above the chord connecting
�x+ and �x− for �x+ > �x−, or the flux function fbk lies entirely below
the chord connecting �x+ and �x− for �x+ < �x−, thus no intersection
is allowed between the flux function curve and the chord.

Because of the discontinuities of flux functions at three bound-
aries (x = −H, x = 0, x = D), the solutions of the governing PDE, Eq. (2),
are also discontinuous, which can be defined as following:

�−H+ = lim
ε↘0

�(−H + ε, t), �−H− = lim
ε↘0

�(−H − ε, t) top outlet boundary

�0+ = lim
ε↘0

�(0 + ε, t), �0− = lim
ε↘0

�(0 − ε, t) inlet boundary

�D+ = lim
ε↘0

�(D + ε, t), �D− = lim
ε↘0

�(D − ε, t) bottom outlet boundary

(6)

The mass conservation law should also hold on the three bound-
aries, yielding the following jump conditions:

−ve�−H− = vs�−H+ − ve�−H+ ⇒ ge(�−H−) = g(�−H+) top outlet boundary

vs�0+ + vu�0+ = vs�0− − ve�0− + s ⇒ f (�0+) = g(�0−) + s inlet boundary

vu�D+ = vs�D− + vu�D− ⇒ f (�D−) = fu(�D+) bottom outlet boundary

(7)

Accurately determining the six boundaries solutions are espe-
cially significant, since they are not only the solutions of the
governing PDEs, but also the required model outcomes, such as
the effluent solids concentration (�−H−) and the recycle solids con-
centration (�D+). However, the jump conditions (Eqs. (3) and (7))
are not sufficient to determine the unique discontinuous solu-
tions at three boundaries for a given initial condition. In order to
select the physically acceptable boundary solutions, MOC  theory
at boundaries are supplemented by the condition � (Diehl, 1995,
1996), which is a generalization of Oleinik entropy condition (Eq.
(5)) and motivated physically by a conservative numerical method:
Godunov method (Godunov, 1959).

• top outlet boundary: to construct the physically correct �−H−

and �−H+, two  auxiliary functions are developed, including the
non-increasing function �ge and the non-decreasing function ĝ, as
shown in Eq. (8):

�ge = ge = −ve�

ĝ =
{

min˛∈[�,�0]g (�) , 0 ≤ � ≤ �0

max˛∈[�0,�]g (�) , �0 ≤ � ≤ �max

(8)

where �max is the maximum packing concentration, an intrinsic
property of the settling material. Condition � states that the effluent
boundary flux � is the value of the intersection of �ge and ĝ, and the
boundary solutions �−H− and �−H+ satisfy:

ge(�−H−) = � = g(�−H+) (9)

inlet boundary: the most complex behavior of the SST occurs at
the inlet, and in a fashion similar to the top outlet boundary, two
auxiliary functions are introduced: the non-increasing function �g
and the non-decreasing function f̂ , shown as Eq. (10).

�g =
{

max˛∈[�,�0]g (�) + s(t), 0 ≤ � ≤ �0
min˛∈[�0,�]g (�) + s(t), �0 ≤ � ≤ �max

f̂ =
{

min˛∈[�,�0]f (�) , 0 ≤ � ≤ �0

max˛∈[�0,�]f (�) , �0 ≤ � ≤ �max

(10)
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Table 1
SST configuration and Vesilind equation parameters.

SST configuration Vesilind equation parameters

2
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Condition � states that the flux value � at the feed boundary is
he value of the intersection of the �g(�0−) and f̂ (�0+), and �0− and
0+ satisfy:

 (�0+) = � = g(�0−) + s(t) (11)

bottom outlet boundary: the bottom outlet boundary solutions
are constructed by defining another two auxiliary functions: a
non-increasing function

�
f and a non-decreasing function f̂u:

�
f =

{
max˛∈[�,�0]f (�) , 0 ≤ � ≤ �0

min˛∈[�0,�]f (�) , �0 ≤ � ≤ �max

f̂u = fu = vu�

(12)

Condition � states that the flux value � at the feed boundary is
he value of the intersection of the

�
f (�D−) and f̂u(�D+), and �D− and

D+ satisfy:

(�D−) = � = f̂u(�D+) (13)

As can be seen, the MOC  theory in continuous settling includes
wo main parts: determining the unique correct solutions inside
he SST domain by considering the jump condition and Oleinik
ntropy condition, and determining the unique boundary solu-
ions by applying condition � . The most important but difficult task
hen using MOC  is to correctly determine possible discontinuities,

nd the corresponding discontinuity solutions. To avoid presenting
he complicated mathematics, we assume that readers are familiar
ith the techniques and concepts discussed above, and more infor-
ation about the jump condition, Oleinik entropy condition, and

ondition � , can refer to (Oleinik, 1964; Diehl, 1995, 1996, 2000).

. Continuous sedimentation experiments and model
arameter estimation

It is well known that the solids handling capacity of a SST is
imited, and the maximum solids flux that can be transported to
he tank bottom outlet without causing changes, such as the sed-
ment height propagation, is defined as the limiting flux (Diehl,
005). Hence, the SST’s operating conditions can be divided into
hree categories: (1) underloading condition if the feed flux is less
han the limiting flux; (2) critical loading if the feed flux equals
o the limiting flux; (3) overloading if the feed flux is larger than
he limiting flux. The SST is normally underloaded, while over-
oading can be caused by hydraulic shock loading (wet weather)
r settleability deterioration, and often leads to process failure.

Tracy (1973) conducted a lab-scale investigation of the impact of
arious feeding conditions on continuous settling behavior, espe-
ially the responses of the recycle concentration and sediment
eight. Ferric hydroxide was used as the settling material, and its
ettleability was characterized by the Kynch batch settling function
fbk) based on the Vesilind equation (Vesilind, 1968), shown as Eq.
14):

fbk = vs�

vs = v0 exp(−n�) (Vesilind equation)
(14)

In this study, the Vesilind parameter estimation (V0 and
) is performed by fitting the Vesilind equation on the mea-
ured settling velocity data, and the objective function used to
uantify the quality of the fit is the sum of squared errors.
able 1 shows the tank configuration and Kynch batch settling

unction parameters. Three transients are imposed: underloading-
o-underloading, underloading-to-overloading, overloading-to-
nderloading by two influent forcings, and the operating condition
or each transient is given in Table 2. In next section, we  will show
Cross-section area [m ] 0.0153 V0 [m/h] 3.163
SST  height [m] 2.44 n [m3/kg] 0.936
Inlet height (m)  1.83

the implementation strategy of MOC  to construct solutions of these
three transients.

4. MOC  solutions construction of three transients

Each of the following three cases is designed to show how the
ideal continuous settling model can be solved with MOC  to show
the dynamic performance. The selected cases show important and
commonly observed conditions for full scale SSTs.

• Underloading–underloading transient: in this case, the change of
feed flux causes a change of the recycle concentration. Hence, the
MOC  solution is expected to accurately predict the recycle solids
concentration.

• Underloading–overloading transient: in this case, the change of
feed flux causes the propagation of sediment from SST bottom,
and the increase of the recycle concentration. Hence, the MOC
solution is expected to accurately predict the sediment interface
level and the recycle concentration to prevent process failure.

• Overloading–underloading transient: in this case, the sediment
interface rises to the top due to the overloading condition and
then decreases due to a reduction in feed flux. The decrease of feed
flux also causes a decrease in the recycle concentration. The MOC
solution is expected to accurately predict the sediment interface
change including both the increase and decrease, and the recycle
concentration change.

4.1. Underloading-to-underloading

For the first transient experiment, the column is initially filled
with liquid, which means the initial value of the governing for-
mula is 0. At t = 0, the tank is fed at a constant concentration
(�f = 1.435 kg/m3, s1 = 1.22 kg/(m2h)). The graphs of auxiliary func-

tions f̂ (�; �0+) and �g(�; �0−) + s where �0+ = �0− = 0 are shown in
Fig. 2 (top left). Their intersection occurs at the concentration �0+

1
and the flux value s1. Therefore, as the condition � states, the
unique boundary condition concentrations at inlet (x = 0) are �0+

1
= 0.58 kg/m3 and �0−

1 = 0 kg/m3, and holds until the feed concen-
tration changes to �f = 1.335 kg/m3, s2 = 0.848 kg/(m2h) at t = 5 h.
As shown in Fig. 2 (bottom left), Z1 is the region where charac-
teristics with slope f′(0) propagate, thus making solutions at this
region equal to 0. Similarly, the solution at Z3 is �0+

1 = 0.58 kg/m3

determined by the characteristics with slope f ′(�0+
1 ).

Between Z1 and Z3, there is an expansion wave (Z2) consisting
all concentrations between the solution of Z1 (�0+ = 0 kg/m3) and
the solution of Z3 (�0+

1 = 0.58 kg/m3). The solution �(x,t) within Z2
can be uniquely solved by Eq. (15) (the monotonic decreasing of f′

at the left side of the inflection point ensures the invertibility of f′):

�(x, t) = (f ′)−1(x/t) (15)

The recycling concentration (�D+) remains 0, until the expansion
wave reaches the bottom (z = D) at t1. Then �D+ generally increases
from 0 to �D+

1 (5.406 kg/m3) the values predicted by the condition

� as the intersection of
�
f (�; �D−) and f̂ as shown in Fig. 2 (top left).
1 u

Any recycle concentration between t1 and t2 can be determined by
Eq. (16) based on the mass conservation law:

vu�D+(D, t) = f ((f ′)−1(D/t)) (16)
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Table  2
Operation conditions for the underloading–underloading, underloading–overloading, and overloading–underloading transients from Tracy (1973).

Underloading-to-underloading Underloading-to-overloading Overloading-to-underloading

Operating parameter Underloading
(0–5 h)

Underloading
(5–12 h)

Operating
parameter

Underloading
(0–5 h)

Overloading
(5–16 h)

Operating
parameter

Overloading
(0–10 h)

Underloading
(10–30 h)

Influent flow rate (l/h) 13.02 9.72 Influent flow
rate (l/h)

9.72 13.02 Influent flow
rate (l/h)

15.84 15.84

Underflow rate (l/h) 3.456 3.456 Underflow rate
(l/h)

2.538 2.538 Underflow rate
(l/h)

3.96 3.96

1.28 

s
c

b
(
b
s
�
(
s

X

l
�

F
s

Influent solids
concentration (g/l)

1.435 1.335 Influent solids
concentration
(g/l)

At t = 5 h, the operation condition becomes to �f = 1.335 kg/m3,
2 = 0.848 kg/(m2 h), and correspondingly, the inlet boundary con-
entrations change to �0+

2 = 0.33 kg/m3 and �0−
2 = 0 kg/m3 predicted

y the condition � as the intersection of f̂  (�; �0+) and �g(�; �0−) + s
�0+ = �0+

1 , �0− = 0), Fig. 2 (top right) shows. The change of inlet
oundary concentration generates the new characteristics with
lope f ′(�0+

2 ), thus making Z4 an uniform solution region (�(x, t) =
0+
2 ) as Z1 and Z3. Since f ′(�0+

2 ) > f ′(�0+
1 ), a solution discontinuity

X1(t)) originates at point (5,0), and propagates toward bottom. The
lope of X1 follows the jump condition as Eq. (17):

′
1 = f  (�0+

2 ) − f (�0+
1 )

0+ 0+ (17)

�2 − �1

At t = t3, X1 reaches the bottom (x = D) as shown in Fig. 2 (bottom
eft), and causes a sudden decrease of recycling concentration from
D+
1 (5406 g/m3) to �D+

2 (3755 g/m3). Fig. 2(bottom right) shows

ig. 2. Top: flux and auxiliary functions of the first underloading operation (left); flux an
olutions of the underloading–underloading transients (left); the MOC prediction of the r
1.435 Influent solids
concentration
(g/l)

1.4 1

that the recycling concentrations change predicted by MOC solu-
tions (the generally increase from 0 to �D+

1 (5.406 kg/m3) at time
interval (t1–t2), and the decrease from �D+

1 (5.406 g/m3) to �D+
2

(3.755 g/m3) at t3) matches the experiment data very well.

4.2. Underloading-to-overloading

The SST is filled with liquid as before in the underloading-
to-underloading case, thus making the initial value as 0. The
underloading condition is imposed by continuously feeding the
tank with the constant ferric hydroxide flow (�f = 1.28 kg/m3,
s1 = 0.81 kg/(m2 h)). Fig. 3(top left) shows the graphs of flux and

auxiliary functions used to construct boundary concentrations. The
unique inlet boundary concentrations are �0+

1 = 0.32 kg/m3 and

�0−
1 = 0 kg/m3, determined by the intersection of f̂ (�; �0+) and

�g(�; �0−) + s (�0+ = �0− = 0). Solutions are shown in Fig. 3(bottom)

d auxiliary functions of the second underloading operation (right). Bottom: MOC
ecycle concentration compared with the experiment observation (right).
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n terms of characteristics and discontinuities. Z1(characteristic
lope = f ′ (�0−

1

)
) and Z3 (characteristic slope = f ′ (�0+

1

)
) are con-

tant solution regions with solutions as 0 kg/m3 and 0.32 kg/m3

espectively. The expansion wave (Z2) between Z1 and Z3 includes
ll the concentrations between �0+ = 0 kg/m3 and �0+ = 0.32 kg/m3,
1
nd solutions within Z2 can also be uniquely determined by Eq.
15). The recycle concentration (�D+) generally increases from 0 to
D+
1 (4.9 kg/m3) after the expansion wave reaches the bottom, and

ig. 3. Top: flux and auxiliary functions of the first underloading operation (left); flux a
rediction of sediment interface compared with the experiment observation (left); the MOC
right).  Bottom: MOC  solutions of the underloading–overloading transients.
ical Engineering 80 (2015) 211–222

can be calculated by Eq. (16) as well. Therefore, the steady-state
boundary concentrations are: the inlet boundary �0+

1 = 0.32 kg/m3

and �0−
1 = 0 kg/m3; the bottom boundary �D+

1 = 4.9 kg/m3 and �D−
1

= 0.32 kg/m3.
At t = 5 h, the tank is overloaded by increasing �f to 1.435 kg/m3
(s2 = 1.22 kg/(m2h)). The intersection of f̂ (�; �0+
1 ) and �g(�; �0−

1 ) + s

indicates that the inlet boundary concentrations changes to �0+
2

= 0.62 kg/m3 and �0−
2 = 0 kg/m3, see Fig. 3(top right). Since f ′ (�0+

1

)

nd auxiliary functions of the second overloading operation (right). Middle: MOC
 prediction of the recycle concentration compared with the experiment observation
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X3(t) − 1.83
t − 0

= f ′(�X3+)

(25)
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 f ′ (�0+
2

)
, both Z4 and Z5 in Fig. 3 (bottom) are expansion wave

egions, at which solutions can be determined by Eq. (15), but
hey differ in the recycling concentration (�D+) change. Similar as
2, Z4 causes the recycle concentration increase from �D+

1 to �D+
2

6.0 kg/m3). However, at t = t1 (6.32 h), when Z5 reaches the bot-
om, instead of continuously increasing the recycle concentration,

 contact discontinuity (X1(t)), emanates from point (D,t1), and
ropagates toward the inlet (x = 0). Therefore, after t1, the recy-
le concentration remains as �D+

2 (6.0 kg/m3). The solution below

1 increases from �I to �D−
2 , and the solution above X1 increases

rom �L (the smaller solution of f(�) = f(�D−
2 )) to �0+

2 as Fig. 3(top
ight) shows. Complete analytical solution construction requires
he determination of the formula of X1(t),  the most significant but
lso most challenging task. Denote �X1− (�L ≤ �X1− ≤ �0+

2 ) and �X1+

�I ≤ �X1− ≤ �D−
2 ) as the left and right solution limits at disconti-

uity X1, which satisfy Eq. (18):

′(�X1+) = f  (�X1+) − f (�X1−)
�X1+ − �X1− (18)

Starting from (6.23, 1.83), X1 (t) can be defined by Eq. (19):

X1(t) − 0
t − 5

= f ′(�X1−)

dX1(t)
dt

= f ′(�X1+)

(19)

Since f′(�X1+) can be approximated as a linear function of f′(�X1−)
ith R2 = 0.998, as Fig. 4 (left) shows, the formula of X1(t) can be
etermined by the following procedure:

dX1(t)
dt

= 0.1235 × X1 (t) − 0
t − 5

− 0.1823

⇒
{

X1(t) = 	 × y(t − 5)0.1235 − 0.208 × (t − 5)
(1.83,  6.23)

⇒

⇒ X1 (t) = 2.0332 × (t − 5)0.1235 − 0.208 × (t − 5)

At (1.808,6.853), the intersection of X1 and characteristics ema-
ating at (0,5) with slope f ′(�0+

2 ), X1 is replaced by the discontinuity
2, which emanates tangentially from X3. The formula of X2 can be
asily determined as X2(t) = X ′

1(t2) × (t − t2) + 1.808, t2 = 6.853.

6 is a constant solution zone with �(t, x) = �0+
2 . The solution in Z7

s determined by characteristics emanate tangentially from X1, and
or any point (xz7 , tz7 ) in Z7, the corresponding tangent point (X1(t*),
*) can be determined by Eq. (20):

′
1(t∗) = xz7 − X1(t∗)

tz7 − t∗ (20)

To accurately solve Eq. (20), numerical techniques, for exam-
le Newton’s method (Traub, 1964), are needed to solve nonlinear
quations. And then, the solution at (xz7 , tz7 ) is solved based upon
q. (21):

′(�(xz7 , tz7 )) = X ′
1(t∗) (21)

Fig. 3 (middle left) demonstrates the accuracy of MOC  solu-
ion in sediment interface (solution discontinuities) prediction by
omparing with experiment data. MOC  solutions can also capture
he change of recycling concentration as shown in Fig. 3 (middle
ight). However, the recycling concentration (6.0 kg/m3) predicted
y MOC  solution in overloading condition is smaller than the exper-

ment observation (6.6 kg/m3). This incongruity can be attributed

o the fact that the coning effect (onset of coning at the bottom of
ank increases the recycling concentration but not greatly impact
ontinuous settling behavior) and compression effect (compres-
ion effect caused by the sediment with high solids concentration
ical Engineering 80 (2015) 211–222 217

produces a more concentrated recycling flow) are magnified in
overloading condition, which is not considered in the ideal con-
tinuous settling model.

4.3. Overloading-to-underloading

Since settling characteristics of solids in the overloading–
underloading transient cannot be adequately described by the col-
lected batch settling data (Tracy, 1973; George and Keinath, 1978),
the measured sediment interface level and recycle concentration
data can be no longer used to test the MOC  solution accuracy. In
this case, the Vesilind parameters remain the same, and the tank
operating parameters are given by Table 2.

To simplify the overloading problem analysis, the initial con-
centration is assumed to be the constant �0 (0.94 kg/m3) which
determined by Eq. (22) in the thickening zone, and the constant
�0 (0 kg/m3) in the clarification zone, which means the overload-
ing will cause a sludge blanket rise in the thickening zone as time
progresses, but no clarification failure in the clarification zone.

f (�0) = �f
(Qe + Qu)

A
= s1 (22)

Similarly, the inlet boundary concentrations are determined by
the intersection of f̂ (�; �0+) and �g(�; �0−) + s as �0+

1 = 0.94 kg/m3

and �0−
1 = 0 kg/m3, as Fig. 5(top left) shows. It is noticeable that

since �0 = �0+
1 (f ′(�0) = f ′(�0+

1 )), Z1 is a constant solution zone with
the solution as �0+

1 (0.94 kg/m3), and the contact discontinuity X1
emanates from bottom at t = 0 h, and propagates toward the inlet
as a straight line. Denote the left and right solution limits of X1 as
�X1− and �X1+. �X1− equals to �0+

1 , and �X1+ can be determined by
Eq. (23) (Ballou, 1970; Diehl, 2000):

f ′(�X1+) = f  (�0+
1 ) − f (�X1+)

�0+
1 − �X1+ (23)

Therefore, the formula of X1 is X1 = f′(�X1+) × t + 1.83. Below X1,
the concentration increases from �X1+ to �D−

1 , and the recycling
concentration remains as �D+

1 (4.98 kg/m3) until t2, as shown in
Fig. 5(bottom).

At t = 10 h, the operating condition is changed to underload-
ing, and correspondingly, the inlet boundary concentrations change
to �0+

2 (0.45 kg/m3) and �0−
2 (0 kg/m3), as Fig. 5(top right) shows.

Since f ′ (�0+
2

)
> f ′(�0+

1 ), a solution discontinuity (X2(t)) originates
at point (0,10), and propagates toward bottom. The formula of X2
is X2(t) = X ′

2 × (t−10), where

X ′
2 = f (�0+

2 ) − f (�0+
1 )

�0+
2 − �0+

1

(24)

Z2 is a constant concentration zone with the solution of �0+
2 . At

t = t1 (10.83 h), the interaction of X1 and X2 at (1.1, 10.83) generates
the third discontinuity X3(t).  Denote the left and right solution lim-
its of X3 as �X3− and �X3+. �X3− equals to �0+

2 , while �X3+ is in the
range of �I and �D−

1 . X3(t) is governed by Eq. (25):

dX3(t)
dt

= f (�X3−) − f (�X3+)
�X3− − �X3+ = f ′(ε)
where ε is between �X3− and �X3+. Fig. 4(right) shows that f′(ε) can
be approximated as a linear function of f′(�X3+) with R2 = 0.9889.
Hence, the formula of X3 can be determined by the following
procedure:
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ig. 4. approximating f′(�X1+) as a linear function of f′(�X1−) in underloading
verloading–underloading transient (right).

dX3(t)
dt

= −0.3004 × X3(t) − 1.83
t − 0

+ 0.0822

⇒
{

X3 (t) = 1.83 × t + 0.0632 × t2

t
+ 	

t0.3004

(1.1, 10.83)
⇒  X3 (t)

= −2.8113 × t + 1.83 × t1.3004 + 0.0632 × t2.3004

t1.3004

The solution in Z3 can be determined by solving Eq. (26):

′(�(tz3 , xz3 )) = xz3 − 1.83
tz3 − 0

(26)

. Convergence analysis and efficiency comparison of
umerical methods

Although MOC  has been successfully implemented to develop
nalytical solutions, as shown previously, its application as an
lternative solution technique in commercial simulators remains
s a challenge for two reasons: (1) the model formula cannot
lways be expected to have analytical solutions, especially when
t is extended to capture more physical phenomena, such as
he hydrodynamic dispersion and the compression effects; (2)

OC’s theoretical complexity requires considerably more effort to
mplement in engineering practice. Therefore, numerical solution
echniques are often needed to provide accurate results.

Applied mathematical investigations have led to several alter-
ative numerical methods, represented here by Method G based on
he Godunov numerical flux (Jeppsson and Diehl, 1996; Diehl and
eppsson, 1998), Method EO based on the Engquist–Osher numer-
cal flux (Bürger et al., 2005), and Method YRD, a total variation
iminishing (TVD) method based on flux-limit technique (Li and
tenstrom, 2014a). All these numerical methods are expected to
e reliable, which means they produce approximate solutions that
onverge to the exact solutions as the discretization is refined
Bürger et al., 2012). However, due to the difficulty of proving con-
ergence, only the convergence of Method EO has been proven by
ürger et al. (2005). An approach to evaluating the accuracy of the
ther methods is to use solutions generated by solving the model
ormula with Method EO at extreme high discretization level, such

s 2430-layer (Bürger et al., 2012) and use this as the reference
or other solutions. The successful implementation of MOC, in this
tudy, provides another alternative approach of using analytical
olutions as reference solutions.
loading transient (left); approximating f′(ε) as a linear function of f′(�x3+) in

Since the convergence of Method EO has already been proven,
we did not include it in the convergence test, but added another
alternative method: Method SG (simplified Godunov), which was
originally proposed by Bürger et al. (2012, 2013). As the name
implies, Method SG is derived from Method G, and Eq. (27) com-
pares methods G and SG, for the thickening zone.

FG
i+1/2 =

⎧⎨
⎩

min
Ci≤C≤Ci+1

(vs� + vu�) if �i ≤ �i+1

max
Ci+1≤C≤Ci

(vs� + vu�) if �i > �i+1

FSG
i+1/2 =

⎧⎨
⎩

min
Ci≤C≤Ci+1

(vs�) + vu� if  �i ≤ �i+1

max
Ci+1≤C≤Ci

(vs�) + vu� if �i > �i+1

(27)

where i is layer index; FG is the Godunov numerical flux; FSG is the
simplified Godunov numerical flux. As can be seen, both of Method
G and Method SG are based on Godunov numerical flux, but differ
in the numerical flux application: Method G applies the Godunov
flux to the total flux, while Method SG applies the Godunov flux
only to the nonlinear settling flux (vs�); the linear bulk flux (vu�) is
unchanged. This adjustment leads to a simplification in determin-
ing the local extrema: Method G, Method EO, Method YRD require
keeping track of two local extremum of the total flux function,
which may  vary with the change of underflow rate, while Method
SG only requires the determination of only one local extrema that
does not vary with underflow rate, thus making Method SG easier
to implement with the algorithm given by Bürger et al. (2013).

To evaluate convergence, various model outputs have been
obtained using a reliable solution technique, which are then used
as a reference solution. For example, Bürger et al. (2012) used
the concentration profile from Method EO to validate Method G.
In this study, the sludge blanket level is selected for comparison
for two reasons: (1) sludge blanket level is one of the most sig-
nificant model outputs for system robustness evaluation; (2) the
shock path (sludge blanket level) function developed by MOC  can
be directly applied to test the shock capturing accuracy, generally
the most challenging task in a numerical solution. The spatial and
time steps are same for all three methods, and the discretization
level starts at 40-layer as Jeppsson and Diehl (1996) recommended.
Solutions of the underloading–overloading scenario (scenario 1)
and overloading–underloading scenario (scenario 2) as shown in
Table 2 are solved with Methods SG, G and YRD to demonstrate

and compare their convergences.

The sludge blanket levels for both loading conditions at dis-
cretization levels of 40, 100 and 200-layer by Methods SG, G and
YRD are shown in Fig. 6, and compared with the MOC solution. As
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ig. 5. Top: flux and auxiliary functions of the first overloading operation (left); fl
olutions of the overloading–underloading transients.

an be seen, all these three methods are able to track the change of
he sludge blanket level regardless of the discretization level. For
ach method, the approximate solution for 40-layer deviates most
rom the reference, but as the discretization increases (increas-
ng number of layers), the approximate solutions converge to the
eference solutions, as demonstrated. The convergence rate with
ncreasing discretization is rapid at first, but greatly decreases as
he number of layers approaches 500, which is most evident in the

ethod SG simulation results.
Even though Fig. 6 qualitatively shows that all three methods

re able to converge to reference solutions, at least in these two
cenarios, it does not mean they are equally efficient in practical
ngineering applications. An efficient numerical method is defined
s high in approximation accuracy and low in computation cost. To
urther quantify the efficiency of these three alternatives, compu-
ation cost is characterized by the required CPU time, and accuracy
s evaluated using the error measurement defined in Eq. (28).

h =

m∑
j=1

(
∣∣∣hN

j
(t) − hR

j
(t)

∣∣∣/hR
j
(t))

m
(28)

here eh is the averaged relative error in sludge blanket level; j

s the time index; m is the overall time step used; h denotes the
ludge blanket level; N is the discretization level, and R denotes
he reference solution. The amount of required memory can also
e important in defining efficiency, but it is not important in this
d auxiliary functions of the second underloading operation (right). Bottom: MOC

case since the needed memory can be provided by a typical desk
top computer.

Fig. 7 (left) shows the eh change with increasing discretization,
and quantitatively confirms the conclusion made previously that
for these three methods, increasing discretization can effectively
improve the quality of numerical solutions, but yields diminishing
returns when using a large number of layers. Method YRD shows
the most relative improvement with increased number of layers,
but its absolute accuracy is much greater that Method G and SG for
any fixed N. For example, Method YRD using 40-layer has approxi-
mately the same accuracy as Method G using 200-layer and much
more accurate than Method SG using 200-layer. This difference in
accuracy can be attributed to the fact that Method YRD possesses
second-order accuracy in both smooth and discontinuous regions,
while Method G is first-order accurate. At the same discretization
level, Method SG can be no more accurate than Method G because
the simplification in numerical flux that facilitates implementation
results in increased numerical errors (Bürger et al., 2012; Li and
Stenstrom, 2014a).

Nevertheless, Method YRD’s error reduction is at the cost
of more computation, which is quantitatively indicated by the
increase of CPU time shown in Fig. 7 (right); less CPU time means
fewer computations and faster simulations. Method SG produces

approximations faster than the other two  methods for any given
N. If CPU time is further approximated as a linear function of the
discretization, the rate of computation increase for Method YRD,
Method G and Method SG is 0.31 s/layer, 0.22 s/layer, 0.07 s/layer,



220 B. Li, M.K. Stenstrom / Computers and Chemical Engineering 80 (2015) 211–222

F tom, r
u

r
c
c
l
c

ig. 6. Comparison of solution convergences for Methods SG, YRD and G (top to bot
nder loading (left to right, respectively) at N = 40,100,200.

espectively, which implies that Method YRD requires much more

omputations than the other two. For example the computation
ost of Method YRD at 100-layer equals to it of Method G at 197-
ayer and Method SG at 475-layer. It seems that we might be able to
ontinuously refine the discretization of Method G and Method SG
espectively) for the two  cases of under loading-to-overloading and overloading-to-

to make them as accurate as Method YRD in numerical calculation

but with the same or even less computation cost. Nevertheless, this
strategy is questionable for two reasons: (1) continuously refining
discretization requires smaller time steps to guarantee calculation
stability, which may  invalidate the observed linear relations and
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Fig. 7. Errors of the underloading–overloading transient simulation at various layer nu
various layer numbers (right).
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ig. 8. Efficiency lines (error vs. CPU time) of Methods SG, G and YRD for different
ayer numbers.

ake the real computation cost much more than the predicated
ne; (2) as shown in Fig. 6 (left), the rate of error decrease with
ncreasing discretization decreases. Methods SG and G will require
reater levels of discretization to obtain a specified accuracy. The
hoice of method will depend upon the required accuracy and the
vailability of computing resources.

Fig. 8 shows the efficiency line of each method based Fig. 6.
f the computation cost is the priority (CPU time < 20s), Method

 and Method SG can be the only two alternatives, and Method
 is more efficient than Method SG as its efficiency line lies
elow that of Method SG. However, if the accuracy is the priority
eh < 10−1), Method YRD is the most efficient one regard less of its
igh implementation complexity. The implementation complexity
complexity of the computer code) of the three methods cannot
e included in Fig. 8, since it is difficult to quantify. Based on our
nowledge, more accurate calculation of the numerical flux usually
omplicates implementation; the simplification of the Godunov
umerical flux calculation makes the implementation of Method
G much easier than it of Method G, while the flux limited tech-
ique used in Method YRD to ensure a second-order accuracy can
reatly increase the implementation complexity.

. Conclusion

Accurately solving the ideal continuous settling model is chal-
enging because of solution discontinuities. As the only available

ethod for analytical solution development of ideal continuous

ettling model, the method of characteristics has been success-
ully implemented to investigate the dynamics of SST for three
ypical solids loading transients: underloading–underloading,
nderloading–overloading and overloading–underloading. The
mbers (left); CPU times of the underloading–overloading transient simulation at

comparison of experiment continuous settling data and MOC  solu-
tions demonstrates that the ideal continuous settling model solved
by MOC  can accurately predict the recycle concentration and sed-
iment interface change at various operation conditions. However,
because of the complexity of implementing MOC, further studies
are required to develop more efficient implementation strategies.

To avoid the complexity of MOC, alternative solution techniques
are available but have not been extensively verified as to conver-
gence and efficiency. By using the MOC  solution as reference, the
convergence analysis of Methods SG, G, and YRD shows that all
are reliable, since they are able to provide arbitrary close approx-
imations to the reference solutions as discretization is refined.
An efficiency comparison based upon three completing principles:
easy implementation, high accuracy and low computation cost is
provided. For a given discretization level, Method YRD is most
efficient in reducing error, and provides the most accurate approxi-
mations. However, this advantage of high accuracy of Method YRD
is at the cost of larger computation time and coding complexity
when compared with Methods SG and G. The simplified numeri-
cal flux calculation technique used in Method SG increases error,
but greatly reduces the coding complexity and computation cost.
Method G performs well in both accuracy and computation cost
comparisons. Therefore, the selection of the most desirable numer-
ical solution technique depends on the ease of implementation,
accuracy and computation cost.
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