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INTRODUCTION

Estimating the oxygen transfer rate of an aeration system is one of the more
important functions of a process design engineer. Underestimating the oxygen
transfer rate of a proposed aeration system results in an overdesigned system
which may be energy intensive and expensive to operate. Overestimating the
oxygen transfer rate results in inadequate oxygen transfer and reduced process
efficiency.

Several methods have been proposed to estimate the oxygen transfer rates
of an aeration system, but the most common procedure is to estimate the clean
water rate and then translate that rate to field conditions with alpha, beta,
and theta correction factor. Estimates of the clean water transfer rate are usually
made by determining the volumetric oxygen transfer coefficient and equilibrium
oxygen concentration from a nonsteady state reaeration test. Methods and
procedures have been described by Bass and Shell (2), Campbell, et al. (7),
Schmit, et al. (12), and are also presented in Standard Methods (13).

The volumetric mass transfer coefficient and equilibrium dissolved oxygen
(DO) concentration are usually estimated by fitting the concentration versus
time data to the two-film model, as follows:

dc
—=K,a(CX¥—C) . o o o e ¢))
dt .

in which C = DO concentration, in milligrams per liter; C* = saturation DO
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concentration, in milligrams per liter, at equilibrium; X, ¢ = volumetric oxygen
transfer coefficient, ¢ ~'; and 7 = time.

There are three basic approaches to estimating the parameters K, a and C*
from the data and Eq. 1. One approach is to use the differential method (also
called the direct method) by calculating the derivative directly from the data
and rearranging Eq. 1 in order to use simple linear regression to estimate X, a
and C*.

The second method, called the log-deficit method, is to integrate Eq. 1 and
rearrange the following logarithmic form:

MCY—Cl=-K,at+I|[C =Co| . o o v oo, 1))

in which C, = DO concentration when ¢ = 0.

The mass transfer coefficient K,a can be estimated using simple linear
regression if C2 is known. Estimates of C* are often made using handbook
values of saturation DO concentration. For submerged aeration systems, the
value of C¥ is higher than the handbook or surface value of DO, and depth
corrections must be made. Also gas-side depletion corrections can be made.
This method of estimating C* is often incorrectly referred to as a model, e.g.,
the mid-depth corrected model. An alternate approach with the logarithmic
technique is to estimate C2 from the data using some type of nonlinear
programming technique. A nonlinear programming technique is required because
Eq. 2 cannot be made linear in all the parameters, C*, C,, and K, a. In the
special case where the value of C* is fitted, the method is called the best-fit
log deficit technique.

The third method is to use the exponential, integrated form of Eq. 1, as
follows:

C=C*—(Cr—Coe 5t 3)

To estimate K, a it is necessary to use a nonlinear programming technique,
and all three parameters, K, a, C2, and C,, are usually estimated.

The advantages and disadvantages of each parameter estimation technique
have been reviewed by a number of investigators, including Boyle, Berthouex,
and Rooney (5), Campbell, Ball and O’Brien (7), the second writer (1), the
first writer (15), and Gilbert and Libby (10). Also a subcommittee of the ASCE
Committee on Standards has evaluated parameter estimation techniques. The
consensus of all investigators is that the three-parameter exponential form, using
some form of nonlinear programming, is the most desirable of all three methods.
The best-fit log deficit technique is the second choice.

The advantages that have been determined by previous workers of the
exponential nonlinear technique are summarized as follows:

1. Minimizing the sum of squares error for the exponential method minimizes
the actual error in oxygen concentration, whereas the logarithmic method
minimizes the error of the log of concentration, which is often biased.

2. The residuals (difference between the expected and measured value) are
more uniform than other methods. The logarithmic method usually produces
larger residuals as C approaches C2, while the differential method usually
produces extremely large residuals for low values of C.

3. Truncation of data as C approaches C2 is not required, as is required
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in the logarithmic method. High precision of the estimate for C* is dependent
upon having data as C approaches C¥.

4. Since C*is estimated from the data, no error is introduced by incorrectly
estimating C* from handbook, depth/saturation or correction methods.

5. The precision of the estimates for C* and K, a is much greater than
the precision obtained by the differential method, and usually greater than the
precision obtained from the logarithmic method.

The greatest disadvantage of the exponential method is the computational
requirements of nonlinear programming techniques. Usually some form of
computer (more advanced than a programmable calculator)is required. Therefore,
parameter estimation during field testing is difficult if not impossible, which
is a major short coming. For example, many consultants and users specify
multiple tests for performance compliance testing, with limited variability among
test results. If the parameters are not estimated in the field, it is impossible
to know in the field if adequate testing has been performed.

The objective of this paper is to demonstrate the use of the exponential
parameter estimation technique using simple nonlinear programming techniques.
The techniques presented here are quite simple and can be programmed on
an advanced programmable calculator, such as the Texas Instruments TI-59,
or similar calculator. The techniques presented here will allow field investigators
to perform the exponential parameter estimation technique in the field.

NoONLINEAR PROGRAMING

There are many techniques for nonlinear programing and a rigorous or lengthy
review would not be appropriate here. The work of Beveridge and Schechter
(3) or Kuester and Mize (11) should be consulted for further information. In
general there are three broad classifications of nonlinear programing techniques:
(1) Gradient techniques; (2) linearization techniques; and (3) pattern search
techniques. Occasionally two of the methods are combined to make a more
efficient algorithm. In general, no single technique is universally applicable to
all types of problems, nor is any single method most efficient in all cases.
However, many investigators find that it is convenient to use one technique
for a broad variety of problems, because the penalty of computational inefficiency
is often less severe than the difficulty encountered in finding and implementing
the most computationally efficient technique. The first technique proposed here
was originally presented by Box (4) and is called the Complex Method. Additionally
the method can handle constraints, and because of this ability, the technique
is suitable to a large variety of problems, and has been used by the first writer
(14) for estimating kinetic coefficients and optimal controller parameters, and
by Craig, Meredith, and Middleton (8) for optimal activated sludge process
design. Only a brief review of the technique will be given, since lengthy
explanations are available elsewhere. Additionally, the explanation of the tech-
niques will be specific for DO parameter estimation.

Almost all techniques evaluate a sum of squares objective function defined
as follows:

error = 2 [C,—CUI? oo @

i=t
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in which error = sum of squares error; m
measure value of C at time = ¢; and C(z,)
=1,.

J

number of data points; Cj'=
calculated value of C at time

CompLex MEeTHoD

The complex procedure begins by evaluating the error for four initial sets
of estimates for the parameters K, a, C¥*, and C,. Since there are no unfeasible
points, the initial set of estimates can be chosen randomly, or the initial sets
can be estimated from one of the other DO parameter estimation techniques.
Each initial parameter estimate should be unique. Speed of convergence is in
part determined by the initial estimates; better initial estimates insure more
rapid convergence.

One of the initial four sets of estimates must be the poorest, having the
greatest error, and becomes the rejected set. The centroid of the remaining
three sets of parameter estimates is calculated in order to project the next
set of parameter estimates. In Cartesian coordinates, the coordinates of the
centroid are obtained by averaging the remaining three estimates for each

SELECT 4 SETS OF
PARAMETER ESTIMATES AND
EVALUATE THE ERROR FOR

EACH SET OF ESTIMATES

DETERMINE THE SET WITH ]

THE GREATEST ERROR

i

CALCULATE THE CENTROID
OF THE REMAINING SETS

!

PROJECT THE NEW SET OF ESTIMATES

»{ BEYOND THE CENTROID GAMMA TIMES
THE DISTANCE BETWEEN THE

CENTROID AND THE REJECTED SET

!

l EVALUATE THE ERROR l

1S THE
ERROR FOR
THE NEW SET LESS
THAN THE ERROR
FOR THE
REJECTED
SET

IS THE
FINISH
CRITERION
SATISFIED

IGAMMA=GAMMA/2

FIG. 1.—Flow Chart for Complex Method
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parameter. The new set of parameter estimates is obtained by projecting from
each rejected parameter estimate through the centroid a specific distance. The
new parameter estimate must be obtained by projecting through the centroid
since the optimal estimates may be outside the space contained within the
remaining three parameter estimates. The original projection distance beyond
the centroid, called gamma, is selected as 1.3 times the distance from the rejected
parameter estimate to the centroid. The ratio of 1.3 was originally recommended
by Box (4) and works well for this application. The error for a new set of
parameter estimates is also calculated by Eq. 4.

If the error for the new set of estimates is less than the error for the rejected
set, the new set of estimates replaces the rejected set. The technique now
repeats by selecting the next set of parameter estimates with the highest sum
of squares error for replacement. Conversely, if the error for the new set of
estimates is greater than or equal to the error of the rejected set of estimates,
the projection distance, gamma, is reduced by a factor of two and a second,
new set of parameter estimates is calculated by projecting from the original
rejected set beyond the centroid of the remaining three sets of estimates. This
process is repeated until a set of parameter estimates is obtained which has
lower error than the original rejected set. Once a new set of estimates is obtained,
the technique repeats by selecting the next worst set.

This process is continued until a pre-established termination or finish criterion
is obtained. One or more of several finish criteria can be selected. If the technique
is implemented using some higher computer language such as FORTRAN, it
is desirable to specify a maximum number of interations in addition to an error
improvement criterion, which is the preferred termination method. An error
improvement finish criterion can be specified by terminating the search in the
event that the error is only improved by some specified percent for more than
a specified number of iterations. This condition will occur when the four sets
of parameter estimates converge to the optimal values. A programmable calculator
is ideally suited for evaluating finish criteria. The calculator can be stopped
and the convergence of the parameter estimates can be evaluated, if the estimates
are unacceptable, the program is restarted. Fig. 1 is an information flow diagram
of the complex technique.

Numericat ExampLe

To illustrate the technique a numerical example is provided. Table 1 shows
a set of concentration versus time data which was collected from a nonsteady
state reaeration test in the UCLA Water Quality Laboratory. Table 2 shows
the initial parameter estimates, the first five new sets of estimates, errors, and
the converged set of estimates.

The first four sets of estimates were ‘‘guessed’’ from the data and any a
priori knowledge of the system. For example, it can be observed from the
data that C*is approx 7.5 mg/L. From this information K , @ can be approximat-
ed from the ‘“‘time constant method”’ noted by Gilbert and Libby (8). The initial
DO deficit (C* — C,) will be decreased by approx 63% during one time constant,
or K,a "' units of time. For the data shown in Table 1, the initial deficit is
approx 7.5 mg/L, which was reduced by 63% in approx 8 min. Therefore
a good initial guess for K, a is approx 0.124 min~'. The remaining three sets
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of data were guessed to provide a scattering of values around the first guess.
The worst error is for set 3, which is rejected first. The new set of estimates
is calculated by projecting through the centroid with v = 1.3. For example,
the calculation of the new estimate of X, a is as follows:
(0.125 + 0.131 + 0.109)

Centroid = 3 =0.122 . ... ... 0 L 5)

E,a=+(0.122 - 0.141) + 0.122 = 0.0973

In a similar manner, new values, CX, and C,, are estimated. Since there was
no improvement in the error for v = 1.3, it is reduced by two fold and the
estimates are recalculated until an improved set is obtained.

It can be observed that the technique converged to within +0.002 units for

TABLE 1.—Unsteady-State Reaeration Data

Time, in minutes DO concentration, in milligrams per liter
m 2)
0. ' 0.
1.8 1.39
3.8 2.73
5.8 3.80
6.8 432
7.8 4.62
8.8 5.02
9.8 5.32

11.8 5.87
13.8 6.24
15.8 6.58
17.8 6.91
19.8 7.13
21.8 7.20
23.8 7.23
25.8 7.41
27.8 7.48
29.8 7.56

K , a by iteration 25. Very little improvement in the error was obtained during
the next 13 iterations, and the search was terminated.

ProGrammaBLE CALCULATOR PROCEDURE

Fig. 2 shows the coding for the search procedure using the TI-59 calculator.
Seventy memories and 378 program steps are required. Table 3 lists the procedure
to execute the program. The program has sufficient space to accomodate up
to 18 pairs of data points. The program requires approx 30 min to converge
which is rapid enough to allow the program to be used in the field. A printer
for the calculator is desirable, but not required. Undoubtedly the procedure
can be implemented on other types of programmable calculators also. Table
4 shows the memory location used in the search procedure.
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The complex method can also be used to estimate the parameters for the
best-fit log deficit procedure. To implement the technique the TI-59is programmed

TABLE 2.—Summary of Exponential Search Program Using Complex Method

Set . .
num-|__Parameter Estimates Centroid
ber | K,a | C* C, K,oa | C* C, Error Comments
Mml] @ | @ (4) B | & O (8) (9)
1 [0.125 | 7.51 0. 0.3459 | First guess
2 | 0.131 } 7.61 | —0.11 0.2650 | Second guess
3 10141 | 7.7 0.12 2.375 Third guess
4 10.109 | 7.81 0.21 0.2770 | Fourth guess
0.122 | 7.64 | 0.033 Set 3 rejected
0.0973 | 7.55 | —0.080 >2.375 No improvement
5 10.110 | 7.59 | —-0.024 1.545
0.122 | 7.64 | 0.033 Set 5 rejected
0.138 | 7.71 0.107 >1.545 No improvement
6 |0.130 | 7.67 0.070 0.5570
0.122 | 7.64 | 0.033 Set 6 rejected
0.114 | 7.60 [ —0.0151 >0.5570 | No improvement
7 {0.117 | 7.62 | 0.00900 0.3943
0.122 | 7.64 | 0.033 Set 7 rejected
0.129 | 7.67 0.0642 >0.3943 | No improvement
8 | 0.125 | 7.65 0.0486 0.2091
0.122 | 7.69 § 0.05 Set 1 rejected
0.118 | 7.92 0.115 >0.2091 | No improvement
9 | 0120 | 7.81 0.0825 0.1784
0.125 | 7.69 | 0.0070: Set 4 rejected
25 | 0.121 | 7.72 | —0.081 0.05789 | Set 4 rejected
0.05789 | Set 4 rejected
38 | 0.118 | 7.80 | —0.078 0.03920

to search for C* by the complex technique and to calculate C, and K, a by
simple linear regression.

LiNeaRrizaTioN BY TAYLOR SERIES

The oxygen transfer model shown in Eq. 1 can also be linearized using a
Taylor series expansion of the model about some initial parameter estimate.
The Taylor series expansion can be truncated after the first derivative, resulting
in a linear approximation to the nonlinear transfer model. Linear least squares
can then be used to approximate the linear model in successive steps until
convergence is obtained. The method is reviewed generaily by Draper and Smith
(1) and specifically for oxygen transfer applications by Baillod and the second
writer (9). '

The linearization technique can be described most simply by writing the model
in terms of three arbitrary parameters, as follows:

C=K,—(K,—K,)e™™"
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in which K, = C* K, = C,; and K, = K,a. The partial derivatives of
the model with respect to each parameter, are as follows:

aC
Z,=——=1-e"5" 8)
IK,
acC
= =T e 9
=K, ®
Z, = 9¢ =K, - K,)e" " 10)
2= X. . Qe T
The Taylor series expansions of Eq. 7 about the parameters becomes
Cobe =Clac+ ZU(K, - K))+ Z3(K, — K))+ Z5(K; — K3) .. .. .. (I
in which C_,, = observed DO concentration values; and CZ,,, = calculated

TABLE 3.—Calculator Entry Instruction for Exponential Search Program Using Com-
plex Method

Data entry |Program-key Function Display
il () (3) (4)
n A’ Initializes calculator and enters number of data 4
pairs
t A Enter time of each data pair (data is entered in t
pairs)
C, B Enter DO concentration of each pair C,
K,a C Initial estimate of K, @ (initial estimates are en- | K, a
tered in sets)
Cr D Initial estimate of C* c*
C, E Initial estimate of C, C,
. B’ Instruction for calculating and printing residuals c
- c’ Restart search after loss of display contents or c
program location
- D’ Instruction for printing data c
- E’ Reset calculator for repeating search for same 4
data set with new initial guesses
- R/S Stops program for inspection of parameter esti-
mates. Reentering display contents and restor-
ing current program location permits restart
with R/S

DO concentration values using the parameter values K ;; and the superscript
¢ indicates the values of the parameters about which the Taylor expansion occurs.
Eq. 11 can be written in the following linear form:

Wo=b,Z+b,Z +byZ5 o (12)

in which W° = C,,, — Clu; b, = K, — K7; and Z] = partial derivative
of the model evaluated at the parameter values K ; .
To begin the estimation procedure, initial values of the model parameters,
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K], must be provided. These initial parameter values are used to calculate
the values of W’ and Z; in Eq. 12. Because Eq. 12 is linear in the parameters,
b,, linear least squares (multiple linear regression) can be used to calculate
estimates of b,. The least squares estimates of b, provide updated estimates
of the model parameters, K, by the following relationship:

K =b,+ K o e e e (13)

in which K; = the prior estimate of the parameters; and K, = the updated
estimates. The values of b, can be viewed as corrections applied to the prior
estimates of the parameters.

Since the initial parameter estimates are not necessarily correct, several
iterations through the previous equation must be performed until the corrections,
b,, approach zero. For this case, convergence is usually obtained in only five
or six iterations.

The parameter estimates for Eq. 12 must be calculated from the least squares

TABLE 4.—Memory Location for Ti-59 Complex Method

Register number Storage value
(1) {2)
0-9 Counters, pointers and indirect address indices used in the program
10 New error
11-48 C versus ¢ data starting with n values of ¢ at location 11, following
with n values of C at the end of the ¢ data
49 Gamma
50 New K, a
51-54 K, a (for sets one to four in descending order)
55 New C*
56-59 C¥’s (for sets one to four in descending order)
60 New C,
61-64 C,’s (for sets one to four in descending order)
65 New error
66-69 Errors (for sets one to four in descending order)

estimates. Omitting the superscripts, the sum of squares function, S, to be
minimized is '

S=3X(W—-b,Z,—b,Z,—b,Z,)" . ... . 14
in which § = the sum of squares; and the summation is performed over all

the values of the concentration versus time data. Minimization of S with respect
to the parameters b, leads to the following set of normal equations:

b\ 2Z3+b,3Z,Z,+b,3Z,Z,=3SWZ, . . ... (15)
b\ 2Z,Z,+ b, 322+ b,3Z,Z, =3ZWZ, . .. . (16)
b \2Z\Z,+b,3Z,Z, +b,2Z3=3WZ, . . ... ... an

This set of equations can be written more conveniently as follows:

apb +apb,+anby=c, ... e (18)
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65 x
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69 69
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5 -
43 RCL
05 05
85 +
53 ¢
43 RCL
05 05
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06 06
54
85 X
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58 58
54 >
42 ST0
54 54
92 RTN
76 LBL
17 B*
00 0
42 STO
08 08
71 SBR
58 FIX
71 SBR
23 LNX
42 STO
58 58
71 SBR
44 SUM
99 PRT
33 X2
44 SUM
08 08
69 0OP
21 21
69 OP
22 22
37 DSZ
03 03
03 03
59 59
43 RCL
08 08
99 PRT
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76 LBL
19 D*
71 SBR
38 FIX
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a1 01
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69 0OP
21 21
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02 o0z
99 PRT
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22 22
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03 03
03 03
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apb,taynb,tapby=cy, o o oo 19
ayb,tapb,vaypby=cy oo 0o oo o (20)
inwhich a,=2Z2. . . . . . . e @1
Q=03 =3SZ,Z, . o o o (22
A3,=0,,=2Z,Zy. . . . e e 23)
p =322 e 24
Gy =03 =32, 2 o o o o 25)
=22 e (26)
CL=SWZ, o oo o e @n
Ca= W Zy o o o o e (28)
and ¢, =3IWZ, ... .. . . e e 29

Solution of Eq. 18-20 gives the following explicit set of equations for the b,
terms:

d,d,—d,d;)
B (30)
(d1d4_d3d3)
(ds—dabs)
B e 31
d,
c,—apb,—a,b
bl=(' wbazasby) (32)
an
inwhich d,=a,a,—a,a,; . -« .« .« e 33)
dy=Q;,C3—@13C, « . o e (34
dy=a,,0,— Q13815 o o e e e e (35)
dy=Q,,8353,— Q3815 . . o e e (36)
and ds=aG,,C, =@ 1€, + o v e e e e e e e e 37

Fig. 3 shows the TI-59 coding for the solution of this set of equations. The
calculator is programmed to print the values of b, and continue iterating until
the user stops the program. Table 5 shows the instructions and Table 6 lists
the storage locations. Table 7 shows the calculator output for the data presented
in Table 1, with initial guess for K, a, C¥, and C, as 0.125 m ™', 7.51 mg/L
and 0.0 mg/L, respectively. Convergence is rapidly obtained in five or six
iterations.

PRecision OF PARAMETER ESTIMATES
Unfortunately a rigorous analysis of the precision of parameter estimates

obtained from nonlinear programming and nonlinear regression techniques does
not exist. This occurs because it is not possible to apply probability theory
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to a general nonlinear model. Nevertheless it is possible to calculate the precision
of the parameter estimates using methods for linear regression. For the Complex
technique it is possible to calculate the standard errors of the parameter estimates
using methods developed for linear regression; for the linearization technique
it is possible to calculate the standard errors of the parameter estimates from
the linearized, Taylor series model. These indicators of precision do not have
the same rigorous statistical foundation as the analogous indicators for linear
regression; however, they are useful to estimate the confidence limits on the
parameter estimates, and to compare the precision of different data sets, and
testing methods.

For the Complex technique the estimate of the standard error of K, a can
be calculated as follows:

RMS

SE EYEREN
s, (n—1)

Rpa =
in which SE;, , = estimate of the standard error for K,a, RMS = residual

TABLE 5.—Calculator Entry Instructions for Exponential Search Program Using
Linearization Method

Data entry |Program-key Function Display
(1 2) (3) (4)
n A’ Initializes calculator and enters number of data
pairs
t, A Enter time for each data pair (data is entered in t
pairs)
C,; B Enter DO concentration of each pair ;
K, a C Initial estimate of K, a K,a
C* D Initial estimate of C* C*
C, E Initial estimate of C, C,
Calculator will interate, printing the values of
b,, until stopped by the user
- B’ Instruction for calculating and printing the resid- c
uals
- D’ Instruction for printing the data
R/S Stops program for inspection of parameter esti-
mates

mean square of the nonlinear regression (equals the sum of squares divided
by the degrees-of-freedom); s> = variance of the time data; and » = number
of data points. The estimate of the standard error of C* can be calculated
in a similar fashion, as follows:

< \/ RMS RMS:Z
- T 39
s n S2(m-1) %)

in which SE., = estimates of standard error of C* ; and f,, = mean value
of the time data.

For linearization procedure, the estimates of standard errors for the parameter
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estimates can be calculated from the inverse of the coefficient matrix (Egs.
18-20) and the residual mean square. The equations are as follows:

[ E,RMS
SE, = \/ o (40)
: D

in which SE , = standard error of the parameter estimates K ;; E, = cofactors
of a, in the coefficient matrix; and D = determinant of the coefficient matrix.
The TI-59 programs shown in Figs. 2 and 3 do not include the coding for

TABLE 6.—Memory Locations for TI-59 Linearization Method

Register number Storage value
(1) 2)
0 Number of data pairs
1-3 Loop counters
4 K La
5 C*
6 ¢ C,
7 a,
8 a,
9 a;
10 a,
11-53 C versus ¢ data starting with n values of ¢ at

location 11, following with n values of C at
end of ¢ data

54 W,

55

56
57
58
59
60
61
62
63
64
65
66
67
68
69

Q0
g B

N -

RRANONNN

w

N oW

Q'Q'&.b&h..ﬁ.&.

w

calculating standard errors; however, it is not difficult to calculate the standard
error manually by recalling the appropriate coefficients from the calculator
memory. Alternatively, a second program could be written that could be read
into memory after the techniques have converged and final parameter estimates
are available.

PitraLLs oF NonNLINEAR PROGRAMMING

An important aspect of nonlinear programming is the possibility of obtaining
local optima. Choosing a local optimum for the parameter estimates might produce
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very different estimates for oxygen transfer than using the global optimum.
Therefore it is common practice to repeat the search from several different
starting locations. If the same estimates for several different sets of initial values
of the parameter estimates are obtained, one generally assumes that the global
optimum has been obtained.

A very good indicator of global optimum is the nature of the residual distribution.
If the residuals are not randomly distributed with mean zero, the model is
not valid, or a local optimum has been obtained by the nonlinear programming
technique. When using nonlinear programming one must always be aware of
the possibilities of local optima. The writers have observed local optima only
with “‘noisy”’ data sets. Perhaps the occurrence of local optima is an indication
of inadequate precision in data collection.

There are some guidelines for choosing initial parameter estimates for the
Complex technique. No duplication should be made with any parameter estimates.
Also the initial estimates should be chosen so that no one estimate is located
at the centroid of the remaining estimates. For example, if initial estimates
of C» are chosen as 8.0, 8.5, 9.0, and 10.5, and if the third estimate (9.0)
has the greatest error, the centroid of the remaining three points is also 9.0.
Initial estimates such as these can result in reduced speed of convergence or

TABLE 7.—Summary of Exponential Search Using Linearization Method

Parameter estimates Corrections (b;)
Set number K,a C* C, K,a Cc* C,
(1 2) 3) 4) {5 (6) (7)
1 0.125 7.51 0.0 —0.0079 0.29 —0.056
2 0.117 1.79 —0.056 0.00057 0.0042 —0.0032
3 0.117 7.80 —0.058 8.8x107° 0.00018 0.0005
4 0.118 7.80 —0.059

inability to converge. One method of avoiding this possibility is to choose initial
estimates with three significant figures. For example a better set of estimates
than the previous set would be 8.01, 8.47, 9.02, and 10.46.

For the linearization technique one should choose the best possible estimate
for the parameters, in order to assure convergence. For cases where very poor
initial estimates of the parameters are made, the solution procedure may not
converge. If this happens the program must be restarted using better estimates.
The time constant method is often useful for obtaining initial estimates of the
parameters.

Where parameters are being estimated for final design or for performance
testing, several repetitions should be made having different initial estimates.
If either technique does not converge to the same set of final estimates, the
set of parameters which produces the lowest sums of squares, and the most
uniform residuals should be selected.

CoNcLUSIONS

Two nonlinear programming techniques have been presented which facilitate
the use of the exponential DO parameter estimation technique for analyzing
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nonsteady state reaeration data. Both nonlinear programming techniques are
easy to use and can be used in the field with a programmable pocket calculator.
It is shown that either technique can efficiently provide parameter estimates
and that they both converge to the same final values. Both programs can
accomodate an adequate number of observations. Use of either technique
described here eliminates the need for estimating C* from handbook or
depth /correction methods, and also eliminates the need to truncate data when
the DO concentration approaches saturation. With slight modification the tech-
niques can be used for other nonlinear programing applications in environmental
engineering, such as estimating biochemical oxygen demand rate coefficients
and isotherm coefficients.
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Arpenpix Hl.—NotaTtion

The following symbols are used in this paper:

a = coefficients of normal equations matrix;
b = corrections for parameter estimates, K;
C = DO concentration at any time, in milligrams per liter;
C, = DO concentration at ¢ = 0, in milligrams per liter;
C* = saturation DO concentration, in milligrams per liter;
¢,d = intermediate variables used in solution of normal equations;
D = determinate of coefficient matrix;
E = cofactor of coefficient matrix;
K = general parameter estimate;
K,a = apparent volumetric mass transfer coefficient (');
t = time;
W = difference between expected and observed value of C;
Z = partial derivative of two film model taken with respect to parameter;
and
¥y = projection distance beyond centroid.
Superscripts
~ = indicates statistical estimates for parameter; and
o = indicates values of parameter about which expansion occurs.



