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Abstract 

Hydrogel materials are widely applicable due to their high water content, 

biocompatibility, and broad tunability. While the overall mechanical performance of 

hydrogels can be tuned by methods such as altering the recipe, introducing a secondary 

network, and adding a post-treatment step, anisotropic mechanical properties with 

specific anisotropic ratios are not readily achievable. Moreover, the relation between 

anisotropic structures and the resulting difference in mechanical performance along 

various directions is not yet clearly understood. In this paper, we fabricated poly(vinyl 

alcohol) hydrogels with tunable anisotropic ratios of Young’s moduli by a bidirectional 

ice-templating method. Then we characterized the morphologies and mechanical 

properties in different directions to study the correlation between structure and property 

anisotropy.  An analytical model based on Eshelby’s equivalence principle and Mori-

Tanaka’s mean-field theory was established to predict the theoretical values of the 

anisotropic effective moduli for the porous hydrogels, which agrees well with the 

experimental results. This model reveals the key parameter that describes the extent of 

anisotropy and has the potential of providing guidance for designing micro-structured 

hydrogels with specified mechanical properties. 
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1. Introduction 

Hydrogels are three-dimensional (3D) polymer networks that swell in water. Due to 

their similarity to biological tissues with highly porous structures and high water 

content, hydrogel materials find a wide range of applications in biomedical engineering 

(Chai et al., 2017), soft robotics (Lee et al., 2020; Zhao et al., 2021), soft sensors (Tang 

et al., 2020), wearable electronics (Xiao et al., 2021; Yao et al., 2022), etc. The broad 

choices of polymers and cross-linking methods, variable constituents of precursor 

solutions, and diverse post-treatments endow hydrogels with enormous space for tuning 

their structures and properties (Wang et al., 2020). Researchers have developed a 

variety of methods to control the mechanical properties of hydrogels. For example, 
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altering the type, size, and concentration of crosslinkers can effectively change the 

elastic moduli of hydrogels (Eiselt et al., 1999). Using ions or co-solvents can tune the 

porous structures, modulus, and strength of hydrogels by modulating the polymer chain 

aggregation (Alsaid et al., 2021; Hua et al., 2021; Khodambashi et al., 2021; Sadeghi 

and Jahani, 2012; Wu et al., 2021). Introducing a second polymer network to form 

double-network hydrogels results in toughening, due to the local yielding mechanism 

(Gong, 2010; Li et al., 2015; Sun et al., 2012). The effects of these methods on the 

microstructures of hydrogels are isotropic, which means that mechanical performances 

in all directions change simultaneously.  

 

However, there are cases where it requires anisotropic materials with specific 

anisotropy ratios, which refers to the ratio between moduli in different directions of the 

material. For instance, various biomedical implants are required to match the 

anisotropic mechanical properties of tissues. Biological soft tissues grown in the human 

body often adopt anisotropic structures with different moduli in parallel (𝐸∥ ) and 

perpendicular directions (𝐸⊥ ) (Roger C. Haut, 2002). Examples include human 

myocardium (𝐸∥=0.1GPa, 𝐸⊥=0.03GPa) (Hoffmeister et al., 1996), human coronary 

arteries intimal strips (𝐸∥=600kPa, 𝐸⊥=180kPa), media strips (𝐸∥=40kPa, 𝐸⊥=7kPa), 

and adventitia strips (𝐸∥ =180kPa, 𝐸⊥ =90kPa) (Holzapfel et al., 2005). Mechanical 

property matching between the implant and the tissue is crucial to the function of the 

implant since an implant softer than the native tissue will not be strong enough to 

provide support, while a stiffer implant will cause foreign body reactions (Carnicer-

Lombarte et al., 2019). Thus, implants need to have not only comparable stiffness but 

also similar anisotropy ratios to these tissues. Apart from tissue-mimicking biomedical 

implants, anisotropically structured hydrogels are also desired for drug delivery when 

distinct diffusion rates are required for different directions (Wu et al., 2012), as well as 

for cell culturing where cell adhesion and differentiation are influenced by directionally 

distinct scaffold morphology (McClendon and Stupp, 2012). 

 

Anisotropic hydrogels can be fabricated via a variety of methods. Electrospinning can 

produce hydrogels with anisotropic ratios ranging from 1 to 1.5 by changing the 

mandrel velocity (Courtney et al., 2006), but it is not suitable for large volume 

fabrication (Nune et al., 2017). Other methods utilize 3D printing to produce anisotropic 

hydrogels by directly printing aligned structures (Boley et al., 2019), multi-material 

printing (Goh et al., 2018), or applying external forces (Kim et al., 2018). The 

anisotropy ratios of hydrogels fabricated by 3D printing can take the value from 1 to 

over 10. These methods are limited by the choice of materials, the difficulty of printing 

specific structures, and the defects caused by layer-by-layer printing (Chen et al., 2021). 

Moreover, physically crosslinking the hydrogel by ions while stretching can also 

produce anisotropic mechanical properties (Ma et al., 2020). The limitation of this 

method is that the anisotropy cannot be retained without the presence of specific ions, 

which is the case in most biological applications. Ice templating is also a common 

method for fabricating anisotropic structures. Unidirectional freezing of aqueous 

hydrogel precursor induces ice crystal growth in the direction of temperature gradient 
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and results in aligned porous structures (Nelson and Naleway, 2019; Zhao et al., 2020), 

however, it cannot control the anisotropy ratio, since the features in the plane 

perpendicular to the freezing direction either are isotropic or adopt random orientations. 

Researchers have shown that the addition of a second temperature gradient 

perpendicular to the first temperature gradient can effectively align the anisotropic 

structures, namely lamellar structures, in that direction (Bai et al., 2015; Min et al., 

2021). Moreover, if ice templating of the hydrogel precursor results in lamellar 

structures, then the states between randomly orientated lamellar structure and 

completely aligned lamellar structure will possess different anisotropy ratios. Although 

various anisotropy ratios can be achieved via bidirectional ice templating, the alignment 

of the structures has not been well characterized, and the relation between the alignment 

and the anisotropy ratio has yet to be analyzed to gain a better understanding of 

anisotropic materials with tunable anisotropy ratios. 

 

In this work, we prepared anisotropic polyvinyl alcohol (PVA) hydrogels by 

bidirectional ice templating and tuned the alignment of the lamellar structure by 

changing the magnitude of the second temperature gradient. Then we characterized the 

mechanical performance by conducting tensile tests in the directions of the first and 

second temperature gradients. A wide tunable range of anisotropic ratio (1.6-8.3) 

between tensile moduli in these two directions was achieved. We further quantitatively 

analyzed the morphologies of the anisotropic hydrogels, by obtaining histograms for 

lamellar structure orientations based on the SEM images. With this, we successfully 

extracted the key parameters that describe the extent of alignment. Finally, a 

micromechanical model based on Eshelby's solution and Mori-Tanaka's mean-field 

theory was developed to predict the anisotropic mechanical properties of the ice-

templated porous hydrogels (Zhao et al., 1989). The theoretical calculations agree with 

the experimental results. By revealing the correlation between the oriented 

microstructure and the anisotropic performance of the material, this model can provide 

guidance for future microstructure design to achieve specified mechanical properties 

for more anisotropic hydrogels. In addition to the aligned microporous hydrogels 

resulting from directional crystallization, this model can also predict the mechanical 

performances of hybrid hydrogels with interacting micro/nano-fillers (Kim et al., 2015; 

Liu et al., 2015) and fiber-reinforced hydrogels (Cheng et al., 2020; Zhou et al., 2019). 

 

2. Material and methods 

2.1 Materials 

PVA power (Mw.89000-98000) and sodium citrate dihydrate were purchased from 

Sigma Aldrich and used without further purification. Sylgard 184 poly 

(dimethylsiloxane) (PDMS) was purchased from Dow. 

2.2 Experimental method: preparation of anisotropic hydrogel 

PVA aqueous solutions of various concentrations (2.5 wt.%, 5 wt.%, and 10 wt.%) 

were prepared by dissolving PVA powder in deionized water under stirring at 90oC 

for 2 hours. PVA solutions were poured into 3D printed polylactic acid (PLA) molds 

without or with PDMS wedges of various angles (‘0o’ without any wedge, 10o, 20o, 
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30o, 40o, and 50o) inserted at the bottom of the molds, to provide temperature 

gradients in both vertical and horizontal directions. The molds were wrapped with 

a thermally insulating tap and put on a -50oC cold plate. After unidirectionally or 

bidirectionally freezing for 3 hours, the frozen PVA solutions were taken out of the 

molds and freeze-dried for 12 hours. The dried PVA foams were soaked in a 1.5M 

sodium citrate solution to form the hydrogels. 

2.3 Morphology characterization:  

The samples for morphology characterization were prepared by unidirectionally or 

bidirectionally freezing PVA solutions, followed by freeze-drying. The 

morphologies of x-y cross-sections of these samples were observed by scanning 

electron microscopy (SEM). The SEM images were then processed using Fast 

Fourier Transformation (FFT) function in ImageJ to obtain the Fourier transformed 

images. The alignment of lamellar structure in the SEM images was analyzed using 

the directionality plugin of ImageJ to obtain direction distribution (p(θ)). Statistical 

parameters including average direction deviation from y-direction and standard 

deviation of directions were calculated by the following equations: 

 Dir i iAve p =  (1) 

 ( )
2

Diri iStdv p Ave= −  (2) 

where pi is the probability of the ith alignment angle and θi is the ith alignment angle. 

Parameters required for theoretical calculations including pore diameters and 

polymer to void ratios were obtained by converting the SEM images to binary 

images and conducting particle analysis using ImageJ.  

2.4 Measurement of mechanical properties 

Mechanical properties of anisotropic PVA hydrogels were measured by uniaxial 

tensile testing in x, y (second temperature gradient), and z (first temperature gradient) 

directions by CellScale UniVert. Young’s modulus and ultimate tensile strength 

were obtained from the stress-strain curves. Anisotropic ratios were calculated by: 

 z

y

E
AR

E
=  (3) 

where Ey and Ez are Young’s modulus in y and z directions, respectively. 

 

Poisson’s ratio was measured by taking photos during tensile tests and then 

calculating the ratio of transverse strain to axial strain. 

 width

length





= −  (4) 

2.5 Thermal simulation 

The time-dependent temperature profiles along the surfaces of wedges of various 

angles were obtained by using the module of Heat Transfer in Solids and Fluids in 

COMSOL Multiphysics. The model setup, choice of parameters, and simulation 

procedure are described in detail in Supporting Information. 
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3 Experimental results and discussion 

3.1 Effect of PVA concentration on pore morphology 

3D illustration of the structures produced by unidirectional or bidirectional freezing 

is shown in Fig. 1. During the ice templating process, the temperature at the surface 

of the cold plate is lower than the freezing temperature of ice, as well as the 

temperature of the PVA solution. Thus, a temperature gradient in the vertical 

direction exists in the solution, which causes the ice crystals to grow upwards. This 

process is termed ‘unidirectional freezing’ where there is only a temperature 

gradient along the vertical direction and the temperature is uniform on the 

horizontal cold surface. When a PDMS wedge with a certain angle is inserted at the 

bottom of the mold right on top of the cooling plate, there is still a temperature 

gradient in the vertical direction. Meanwhile, since the heat will also slowly conduct 

in the PDMS wedge, there will also be a second temperature gradient along the 

inclined wedge surface. This process is termed ‘bidirectional freezing’. The shape 

and size of these ice crystals are affected by PVA molecules since they inhibit ice 

recrystallization by binding to the prism faces of ice crystals (Bachtiger et al., 2021), 

and this effect is more pronounced with higher PVA concentration (Budke and Koop, 

2006). To determine an appropriate PVA concentration for fabricating anisotropic 

PVA hydrogels with lamellar structures, the effect of PVA concentration on the 

morphology of pores was first studied. Aqueous solutions of 10 wt.%, 5 wt.%, and 

2.5 wt.% PVA was bidirectionally frozen with PDMS wedges of 40o, and the 

resulting pore sizes and shapes are shown in Fig. S1. For 10 wt.% PVA, the pore 

diameter is around several microns, while for lower PVA concentrations, the feature 

sizes increase significantly to 20-50 microns. Although all three samples were 

prepared with both vertical (1st) and horizontal (2nd) temperature gradients, the 10 

wt.% PVA sample has round pores, the 5 wt.% PVA sample shows slight pore 

elongation, and the 2.5 wt.% PVA sample displays lamellar structure, because the 

growth of ice crystals along the horizontal temperature gradient was suppressed by 

the high concentration (10 wt.%) PVA chains, while for less concentrated PVA 

solutions, ice crystals were able to extend in that direction Since the anisotropy in 

x-y plane is a key feature for the tunability of mechanical properties in y direction, 

2.5 wt.% PVA solution was chosen for the fabrication of PVA hydrogels with 

tunable anisotropy ratios. 
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Fig. 1. a) Schematics of the fabrication steps. b) Experiment setup of unidirectional 

freezing. The direction of the temperature gradient is indicated by the yellow arrow. 

There is no temperature gradient along the horizontal surface of the cooling plate. 

c) Experiment setup of bidirectional freezing. The directions of temperature 

gradients are indicated by the yellow arrows. Apart from the vertical temperature 

gradient, there is also a temperature gradient along the inclined surface of the PDMS 

wedge. d)-f) Illustration of the directional freezing experimental setups with d) no 

wedge, e) a 20o wedge, and f) a 40o wedge. g)-i) Time-dependent temperature 

profiles along the y-direction on the surface of cooling plate simulated using 

COMSOL Multiphysics, corresponding to d), e) and f), respectively. 
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3.2 Effect of wedge angle on the alignment of lamellar structure 

The temperature gradient in the z-direction facilitates the growth of lamellar 

structure in the vertical direction. However, the normal of the lamellae can take any 

random orientation in the x-y plane. To achieve tunable mechanical properties in the 

y-direction, the normal directions of the planes need to go through a gradual 

transition from a randomly oriented state to a completely aligned state. Such 

structures can be fabricated by introducing a second temperature gradient in the y-

direction (Bai et al., 2015), which is generated by inserting PDMS wedges of 

various angles at the bottom of the molds. The change of temperature profile on the 

wedge surfaces with time was obtained by heat transfer simulation using COMSOL 

Multiphysics. As depicted in Fig. 1d-f, the temperature near the top of the wedges 

drops more slowly than at the tip of the wedges, and the larger the wedge angle, the 

slower the temperature change at the top. The calculation of the temperature 

difference between the top and bottom of the wedges reveals that, for various wedge 

angles, the temperature differences all dropped rapidly in the first hour, then they 

reached constant values, which increase with increasing wedge angles (Fig. S2).  

 

The slope of the wedges affects the nucleation and growth of ice crystals, and thus 

influences the alignment of lamellar structures. During ice templating, ice crystals 

will nucleate when a certain degree of supercooling is reached, then the crystals will 

propagate in the directions determined by the local temperature gradient (Bai et al., 

2015). In our experiment setup, heat transfer mostly happens through the PDMS 

wedge and subsequently through the PVA solution, but there is also inevitable heat 

transfer through the mold walls, causing an additional temperature gradient in the 

x-direction. At a small wedge angle, heat transfer through the PDMS wedge is faster 

than through the mold walls, so that ice nucleation mostly happens across the 

surface of the wedge at an earlier stage of ice templating. Meanwhile, the 

temperature gradient in the y-direction does not dominate over the temperature 

gradient in the x-direction, causing the nucleated ice crystals to grow in more 

random directions. At a large wedge angle, heat transfer across the mold walls 

becomes more significant compared to through thicker PDMS, resulting in lower 

temperature on mold walls than on the surface of the PDMS wedge. In this case, ice 

nucleation will more preferably happen at the edges of the PDMS wedge in contact 

will the walls rather than all across the PDMS surface. This ununiform nucleation, 

together with the additional temperature gradient in the x-direction, results in less 

aligned growth of ice crystals. Consequently, as the wedge angle increases, the 

alignment of ice crystals will become more ordered until an optimum angle is 

reached, after which the alignment will become more random. Fig. 2 compares the 

x-y plane morphology via SEM images of hydrogels prepared with different wedge 

angles, as well as their Fourier transformed images and the directionality histograms. 

Freezing with 0o wedge angle is essentially unidirectional freezing, which produces 

many domains of vertical lamellar structure with different orientations. The Fourier 

transformation of the SEM exhibits circular symmetry, indicating no preferred 
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alignment direction of the structure (Taylor et al., 2013). A more quantitative 

analysis of the alignment is provided by the directionality histogram, which shows 

the percentage of domain area of different orientations. In this case, the probabilities 

of finding the lamella orienting in different directions are similar, indicating that the 

material is mostly isotropic in the x-y plane on the macroscopic scale. As the wedge 

angle increases towards 40o, the temperature gradient in the y-direction increases, 

and the ice crystals have a higher tendency of extending in the y-direction besides 

growing in the z-direction, thus the lamellar structures are better aligned. As a result, 

the sizes of the domains increase while the orientations of the domains approach 0o 

(y-direction, direction of second temperature gradient). On the Fourier transformed 

images, the gathering of the signal along the vertical lines becomes more prominent, 

meaning that the structures exhibit increasingly more ordered alignment in the y-

direction, and the intensity reaches a maximum on the 40o Fourier transformed 

image, which corresponds to a structure close to perfect alignment. The 

directionality histograms also show that the orientation of the structures 

concentrates more at 0o when the wedge angle increases to 40o. On the one hand, 

these results reveal an optimum wedge angle for lamellae alignment, on the other 

hand, the gradual change of the degree of alignment indicates the continuous 

tunability of material performance. 

 

 

Fig. 2. Orientations of lamellar structures prepared with different wedge angles (a-

f, in the order of 0 o, 10 o, 20 o, 30 o, 40 o, and 50 o), shown by the SEM images of x-

y planes, with their corresponding Fourier transformed images (inserts) and 

directionally histograms (right). Scale bars are 1 mm.  

 

The alignment of the lamellar structures can be further analyzed by calculating the 

average orientation deviation from the y-direction (Fig. 3a) and the standard 

deviation of the orientation distributions (Fig. 3b). The absolute value of the 

orientation deviation from the y-direction is a measure of the misalignment. 

Theoretically, for a random distribution of orientations, the average orientation 

deviation from the y-direction should be 45 o, which agrees with the experimental 

result for 0 o wedge angle. With increasing wedge angle and thus larger temperature 

gradient in the y-direction, lamellae will take less random orientations and align 

closer to 0 degrees with the y-direction. The standard deviation quantifies the width 
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of the distribution. The lowest standard deviation at 40 o wedge angle means that at 

this fabrication condition, the lamellae grow in a narrower range of orientation than 

at other wedge angles. 

 

Fig. 3. Directionality analysis of the structure alignment. a) Average of the deviation 

of alignment directions from y-direction in different domains. b) Standard 

deviation of alignment direction distribution. 

 

3.3 Mechanical properties 

The mechanical performance of the anisotropic PVA hydrogels was characterized 

by tensile tests in y and z directions. The tensile moduli, ultimate tensile strengths, 

and representative stress-strain curves in the y or z-direction are shown in Fig. 4. As 

the wedge angle increases from 0o to 40o, the anisotropic materials become stronger 

in the y-direction, with 4 times increase in tensile modulus and 5 times increase in 

ultimate tensile strength, then the properties drop at 50o, while the mechanical 

properties in the z-direction only change insignificantly. These results corroborate 

the structure analysis in Fig. 2. The lamellar structures are aligned to a higher extent 

when the wedge angle increases from 0o to 40o, then becomes less aligned when the 

angle is further increased to 50o. However, the lamellae are aligned, their normal 

directions are perpendicular to the z-direction, thus the alignment will not affect the 

properties in the z-direction. The resulting anisotropy ratio between the moduli in 

the z and y directions thus varies accordingly between 1.6 and 8.3, which decreases 

with increasing y-direction modulus. When the wedge angle is further increased to 

50o, the mechanical properties drop back down to a similar level as the 30o samples. 

The trend of mechanical property variation agrees with the trend for lamellar 

structure alignment revealed in Fig. 3, indicating a correlation between the 

structural alignment and mechanical performance of the anisotropic material. 

 

Jo
urn

al 
Pre-

pro
of



 

Fig. 4. Tensile properties of anisotropic PVA gels. a) Tensile modulus and 

ultimate tensile strength (UTS) in the y-direction. b) Tensile modulus and 

ultimate tensile strength (UTS) in the z-direction. c) Representative stress-

strain curves in the y-direction. d) Anisotropic ratio between tensile moduli in 

z and y directions. 

 

4. Theoretical prediction of anisotropic ratios  

4.1 Modeling of the anisotropic structures  

In this section, a micromechanical model was developed to reveal the structure-

property correlation of the anisotropic materials. Eshelby’s equivalence principle 

(Eshelby, 2007, 1957) and Mori-Tanaka’s mean-field theory (Tanaka and Mori, 

1973) were used to correlate the microstructures and mechanical properties of the 

ice-templated anisotropic hydrogels. The theoretical values of the effective moduli 

and their anisotropic ratios calculated by this model agree well with the 

experimental values. In addition to porous hydrogels, this model can also predict 

the mechanical performances of various anisotropic hydrogel composites with 

microstructures of different sizes, shapes, and orientations, such as hybrid hydrogels 

with interacting micro/nano-fillers (Kim et al., 2015; Liu et al., 2015) and fiber-

reinforced hydrogels (Cheng et al., 2020; Zhou et al., 2019).  

 

In this study, the important microscopic parameters are porosity, pore shape, and 

orientation, while the macroscopic properties of interest are the effective elastic 

moduli and anisotropic ratios of the porous hydrogels. The shape and size of pores 

are generally represented by the lengths of the three major axes of the ellipsoid a1, 

a2, and a3, which can be spherical (a1 = a2 = a3), oblate (a1 < a2 = a3), prolate (a1 > 

a2 = a3), penny shaped (a1 << a2 = a3), elliptic cylinder (a1 → ꝏ) and etc. The 
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lamellar structures assembled with the temperature gradients can be abstracted as 

elliptic cylinders based on the SEM images (Fig. 2). The pore orientation in three-

dimensional space can be described by a coordinate transformation matrix with 

three rotational angles, R(θ, ψ, γ). Since the global 1-axis and local 1’-axis always 

coincide for cylindrical inclusions, there exists only one unconstrained rotational 

degree of freedom in the 2-3 plane. The transformation matrix between the global 

and local frames is reduced to a matrix containing only one rotational angle θ around 

the 1(1’) axis, as in Eq. (5). The global coordinate system (1-2-3) fixed on the 

porous material and the local coordinate system (1’-2’-3’) attached to the pores are 

defined in Fig. 5, where axis 1 and axis 3 indicate the direction of the first and 

second temperature gradients. The pore distribution in the 2-3 plane can be 

characterized by a probability density function p(θ). This function can be obtained 

from the 2-3 plane SEM morphology images and the Fourier transformed images 

(Fig. 2). This modeling approach is able to evaluate the effective moduli and 

anisotropic ratios of microporous hydrogels if the aforementioned micromechanical 

properties are known. The pore interactions at finite concentrations are taken into 

account (Tandon and Weng, 1987).  

 ( )

1 0 0

0 cos sin

0 sin cos

  

 

 
 

=
 
 − 

R  (5) 

 

   Fig. 5. Illustration of porous material with the global (1-2-3) and local (1’-2’-3’) 

axis.  

 

4.2 Derivation of Eshelby’s inclusion problem 

Introduce a comparison material with the same shape and elastic properties as the 

matrix of the composite (porous) material. The matrix is referred to as phase 0, and 

the inclusions (pores) as phase 1, with the volume fraction 1-c1 and c1, respectively. 

Subject both the comparison material and the composite to the same boundary 

traction, resulting in stress ij  in the comparison material. 

 
0 0

ij ijkl klC =  (6) 
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where 
0

ijklC  is the stiffness tensor of the matrix. Here and hereafter, index notations 

are applied to tensor calculations. The presence of inclusions (pores) causes the 

average stress and strain in the composite matrix to differ from the comparison 

material by ij  and ij , respectively. 

 ( )0 0

ij ij ijkl kl klC   + = +  (7) 

The average stress and strain in the inclusions further differ from the surrounding 

matrix by σij
pt and εij

pt, respectively. 

 ( ) ( )1 0 0 0 *pt pt pt

ij ij ij ijkl kl kl kl ijkl kl kl kl klC C         + + = + + = + + −  (8) 

where 
1

ijklC  is the stiffness tensor of the inclusions. εij
* is Eshelby’s equivalence 

transformation strain or known as eigenstrain (Mura, 2013).      denotes the 

orientational average of the stated quantity with angle θ varying from -π/2 to π/2, 

which is defined as 

 ( ) ( )
/2

/2
    p d




 

−
 =   (9) 

For porous materials, the stiffness 
1

ijklC  is zero; therefore, Eq. (8) can be further 

simplified as Eq. (10). This equivalence also holds for local coordinates [Eq. (11)]. 

 
0 * 0pt

ij ij ij ij   + + − =  (10) 

 0 * 0pt

ij ij ij ij      + + − =  (11) 

The perturbed strain can be related to the eigenstrain in the local coordinate system 

(1’-2’-3’) by 

 
*pt

ij ijkl klS  =  (12) 

where Sijkl is the fourth-order Eshelby’s tensor. Detailed expressions of Sijkl for 

elliptic cylindrical inclusions can be found in Appendix 1 or (Zhao and Weng, 

1990). The volume-weighted average of stresses in the inclusions and matrix must 

be balanced with the overall stress  ij  and strain ij  as in Eq. (13) and (14), 

respectively. 

 
1

pt

ij ijc = −  or *

1

pt

ij ij ijc  = − −  (13) 

 0 *

1ij ij ijc  = +  (14) 

The effective elastic tensor is defined as in Eq. (15). The central idea in determining 

the overall elastic properties Cijkl of the composite is to express the eigenstrain 

*

kl  in terms of
0

kl . All the variables expressed in local coordinates [Eq. (11)] 
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should eventually be transformed into global coordinates. 

 
0 0

0 *

1

ij ijkl kl

ijkl

kl kl kl

C
C

c

 

  
= =

+
 (15) 

 

4.3 Numerical calculations of anisotropic ratios 

Case 1: Aligned pores assembled from dual temperature gradients 

When the PDMS wedge angle is 40°, the pores have good alignment under the effect 

of dual temperature gradients (Fig. 2e), and the material is close to orthotropic. The 

effective modulus ratio E11/E33 for the directions of the two temperature gradients 

is of our interest. For ideal alignment, the probability density function p(θ) can be 

written in the form of Dirac delta function δ(θ = 0°). However, in order not to lose 

generality, we hereby assume that the orientations of the pores are not ideal and use 

the experimentally measured probability distribution for calculation. Substituting 

Eq. (12) into Eq. (11) yields the relationship between 
*

ij   and 
0

ij ij  +  given by 

Eq. (16).  

( ) ( ) ( )
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     +    
      = +
    
        +

   

        = + = + = +
− − −

 (16) 

where the expressions of A and Aij are given in Appendix 2, 
0

ij   and ij   can be 

directly transformed into global coordinates by 

 ij ik jl klR R  =  (17) 

The expression of Rij is given by Eq. (5). The orientation-dependent eigenstrain can 

be evaluated by taking an orientational average. 

 ( ) ( )
/2 /2

* * *

/2 /2
ij ij ki lj klp d p R R d

 

 
      

− −

= =   (18) 

Through Eq. (17) and (18), Eq. (16) can be transformed into the global coordinate 

system, and the relation between 
*

ij  and 0

ij ij +  can be obtained. It is evident 

that in order to relate 
*

ij  and 0

ij  as in Eq. (15), we need to find ij . Expanding 

Eq. (13) yields 

( )( ) ( ) ( )
/2 /2

* *

1 1
/2 /2

pt

ij ij ij ki lj klmn klmn mnc p d c p R R S I d
 

 
       

− −

= − − = − −   (19) 

where 
*

ij   can be expressed in terms of 0

ij  and ij  based on Eq. (16) and (17)

and Iijkl is the fourth-order identity tensor. 
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The probability distribution of pores obtained from SEM and Fourier transformed 

images (Fig. 2) can be fitted with a continuous function. The detailed expressions 

of the fitting functions p(θ) for all PDMS wedge angles (0-50°) can be found in 

Table S2. Different fitting functions should be used for different distribution 

characteristics, but note that p(θ) must satisfy the normalization condition. 

 ( )
/2

/2
1p d




 

−
=  (20) 

For the lamellar hydrogel with a good alignment, its probability distribution shows 

a clear Gaussian (normal) distribution ∑ai exp[(bi-θ)2/ci]. So far, we have completed 

all the analytical derivations required to determine the anisotropic ratio of hydrogels 

between the first and second temperature gradients. Substituting necessary material 

parameters and probability density functions into the model yields the anisotropic 

ratio E11/E33 = 1.95. This theoretical prediction is close to the experimental values 

E11/E33 = 1.68±0.38. 

 

Case 2: 2D randomly oriented pores and any other orientations 

When the PDMS wedge angle is 0°, the pores are randomly oriented in the 2-3 plane 

(Fig. 2a), and the porous hydrogel is close to transversely isotropic, which indicates 

that E22 ≈ E33. Ideally, the probability density function can be considered as 1/π. 

However, without losing generality, a non-ideal p(θ) can be written as the sum of 

sine functions ∑ai sin(biθ+ci), where the fitting parameters can be found in Table 

S2. After substituting the probability density function and material properties into 

the theoretical model, the anisotropic ratio for longitudinal and transverse moduli 

is E11/E22 = 7.05, while the experimental value is E11/E22 = 8.24±1.72. This result 

successfully verifies the validity of the analytical model and provides theoretical 

support for the fabrication method of the anisotropic hydrogels. 

 

For any other pore orientations prepared from different PDMS wedge angles (10°, 

20°, 30°, and 50°), the detailed probability density functions p(θ) and the 

corresponding anisotropic ratios have been summarized in Table S2. In brief, when 

the wedge angle is 10°, the theoretical E11/E33 = 4.34, while the experimental value 

is 3.75±1.39. When the wedge angle is 20°, the theoretical E11/E33 = 2.77, while the 

experimental value is 2.76±0.59. When the wedge angle is 30°, the theoretical 

E11/E33 = 2.41, while the experimental value is 2.23±0.37. When the wedge angle is 

50°, the theoretical E11/E33 = 3.32, while the experimental value is 2.17±0.39. This 

theoretical model can effectively predict the anisotropy of all porous hydrogels 

prepared in this study. 

 

5 Conclusions 

In this paper, we prepared PVA hydrogels with tunable anisotropy ratios ranging 

from 1.68 to 8.27 by bidirectional ice templating. Compared with other fabrication 

methods, this method provides a wider range of tunability and can be adapted to 

fabricate a larger volume of anisotropic materials. The thermal simulation shows 

the increasing trend of temperature difference along the wedges with increasing 
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wedge angle. The morphology analysis reveals that the extent of lamellar structure 

alignment first increases and then decreases with increasing wedge angle, which 

exhibits the same trend as mechanical properties in the y-direction and anisotropic 

ratio. To further reveal the determining factor of anisotropic mechanical 

performance, the apparent elastic moduli at different directions and anisotropy 

ratios for various wedge angles were calculated using Mori-Tanaka's mean-field 

theory along with Eshelby's solution. The theoretical calculation effectively relates 

the lamellar structure alignment with anisotropic mechanical properties, which 

successfully predicts and provides explanations for anisotropic ratios of various 

wedge angles. This calculation of the mechanical performance of micro-structured 

material from bulk properties and structural parameters has the potential of guiding 

top-down material design. 
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Appendix 1: Components of Eshelby’s tensor Sijkl for elliptic cylinders (a1→ꝏ) 
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and other Sijkl = 0, where α = a2/a3 is the average aspect ratio of the cross-section of 

elliptic cylindrical inclusions, and ν0 is the Poisson’s ratio of the composite matrix. 

Eshelby’s tensor possesses the symmetry Sijkl = Sjikl = Sijlk. 

 

Appendix 2: Expressions of A and Aij 
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⚫ Achieved wide rage tuning of anisotropic ratio in hydrogel 

⚫ Revealed the correlation between microstructure and mechanical performance 

⚫ Theoretically predicted anisotropic mechanical property from microstructure 
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