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ABSTRACT

In the past two years a number of papers have appeared which
have to do with the hitherto ill-explored subject of the behavior of
electrostatic probes and sheaths in time-dependent situations. The
present work, which is actually chapter 6 of a forthcoming book on
electrostatic probes, analyzes, summarizes, and in some cases
extends what is presently known about this subject. This report is
being issued at this time because the results contained herein may be
of immediate importance to diagnostic measurements in this laboratory
and may also suggest a number of interesting research topics. In
particular, Sec. 6.1 concerns the validity of probe temperature meas-
urements in noisy plasmas; Sec. 6, 2 concerns a new technique for
density measurements in plasmas too small for ordinary microwave
interferometry; and Sec. 6.3 concerns the ultimate speed with which
probe measurements can be made, Finally, Sec. 6.4 is an introduction

to the technique of correlation measurements developed in this laboratory

and may be helpful to others who wish to study turbulance in plasmas.



6. TIME-DEPENDENT PHENOMENA

Up to now we have been concerned with measurements which are
essentially steady state. We now cohsider what happens to the probe current
when either the plasma pa.rameterd qr the probe potential fluctuates. In many
ins£ances the plasma being studied \:;rill not be quiescent; time-averaged probe
characteristics then may or may not give accurately the average plasma

_properties. This problem will be considered in Sec. 6.1. A similar problem
occurs when the probe potential is varied in a steady plasma. New measurement
techniques then become possible. We have already seen in Sec. 3. 2.4 how the
electron velocity distribution can be measured by applying an ac signal to the ’
probe; in Sec. 6.2 we shall discuss the technique of the resonance probe, in
which a signal near the electron p:lasma frequency is used.

In Se}c'. 6. 3 we shall discuss the response of a probe to a voltage pulse.
Since this response is controlled by the relatively slow métiOn of the ions, this

~ prqblem is the same as that of applying a signal near the ion plasma freqt;,ency

to the probe. The importance of this problem is felt when a sawtooth volta;ge

pulse is applied to a probe to obtain the entire characteristic in a short time

of the order of a mi;rosecond. This is desirable under the following

circumstances. First, in low-temperature plasrﬁa.s the contact potential between
the probé and the plasma is important, and it is necessary to obtain the probe
characteristic before the contact potential is changed by the deposition of
impurities on the probe surface. Second, in unsteady plasmas the time during

which the plasma parameters are constant may be quite short. Third, in intense
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discharges a probe may melt when it d’raws a large electron current; by keeping
it near Vf and pulsing it, oné can v.:se the heaf capacity of the probe to keep i‘t |
frofn rhelf.ing during the voltage sweZp. Finally, in the measurement of

velocity distributions (Sec‘ .3. 2. 4) it is possible to obtain. d1/av or dzl/de by
pulsing the probe voltage and time-differeﬁtiating the probe current by ‘RC
net@orks. In addition, probes are often used to measure oscillations and
fluctuations in a pl‘as.ma.‘ Invall these applicaticms one assu_tnés that the probe
sheath is in equilibrium with the piasma at all iimes. It is therefore important
;:o know the frve‘quency response of a prole é.nd its sheath.

Finally, in Sec. 6.4, we shall describe the use of probes to measure

correlation functions in fluctuatinggplasmas.
6.1 Effect of Oscillations on DC Probe Characteristics

The effect of fluctuations in n, kT _, Vp. and V_ on the tm;éeaveraged
I - V characteristic obtéined the usual way has béen inVestigéted by Garschadden
and Emeleus { | ), Crawford( 2 ) Boschi and Mégistrelli( 3 ), and - |
Suga\;.'ara and Hatta ( 4 ). The re'sult'is relatively simple when the proBe is *
biased to tﬁé transitidn region of the characteristic and the fluctuations do not

take the probe out of this region. The electron .flnx.denaity to the probe

is then given by .
jo=g e, | (6.1-1)

where, as usual,
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L ‘ )
= n(kTe/znme)3 A o (6.1-2)

and

N

7= - e(vp'- ,;/s)/kTe' S S (613

Now let the"ﬁ“'fe,ggit‘ywbej-gﬂ’éﬁ"‘g{f' & + 1, the temperature by kT_+ k"i"é , and so

L e

forth, where tfxe tilde *'indicates. the time-'\?arying compOnent. " Because of the
non-lmeanty of Eq. (6.1-1), th; a.verage value (J ) of J w.in th,én in géneral
be dxfferent from Je ) the value of j_ when each ﬂuctuatmg qﬂmtxty is replaced
by its average value. Thxs dxfierence will depend on n kT ,.-,':VP-V .38 well
as on the cross-correlations among them. A linearized 'tr‘eatipéz’tt"df- the general
case has been given by Crawforrcvl (2 ). :

Let us consider first the case when kTe does not vary.: We may then

.introduce ?)' and wbribte
ey a+T s e
Jo = deg W ti /i) expl-m) - o (6.1-4)
With the use of Eq. (6.1-2), theb'avéra.ge value is given by

(Jg ) = g0 (3 +5/n) expl-1)) . (6.1-5)

4 ‘ »
From this equation we may draw two important coniclusions. First, if 7

‘vanishes, we have (je) = jeo since (;) is zero; density fluctuations alone
N n '
do not affect the characteristic. Second, since Vp occurs only in jeo , we

have dfn{ J~e> /d Vp = dfn Jeo/d Vp . Hence dgterminations of kT from the

T om
;1

in I - Vp curve are unaffected by ﬂuctuatiorxs in n and Vp or V regardless

of their amphtude as long as the exponentxal law (6.1-1) is obeyed.
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When n is zero and 7 is given by 87) cos Wt , the integration indicated

in Eq. (6.1-5) can be carried out to ubtaﬁn
Y sy . - 6.1-
(Jg) = Jgo I, L B (6.1-6)

where I is a Bessel function of imaginary argurnent. Note that (J ) is
independent of frequency | Thzs result was fu'st obtamed by Ko_uma et. al. ( 5)
and has been veriﬁed by a ;mmber ‘of authors over a large range of frequencies.

For 1netance, in Fig. 6.1 we show‘ti'xe da;e»_e;;'gerechadden and Erneleus_(‘ 1)

taken by imposing a s_inﬁspid‘al.vbl‘tag”eer‘xr "the probe Itls cle'a'r"t'h_a.t. the An 1l - V
curve is merely shifted upwards by a Goﬁﬁt‘an't_. -#e}a‘_ininé:the»sbame;alolpe;v Since

the saturafioq regioﬁs_ are re'latbiw.iely ‘ﬁnéffected,-'v‘_k‘ti;ie shift rxec'eseitateg -a.-rouﬁding o
of the 'knee'' of the eurve and intro.d.u,ces some uncertaiht& xn the determination of

‘ Vs and of saturatxon electron current. In Fxg. 6 Z we show the data of Cazrns ( 6 )

verifying the I dependence of (J ) on 61] By ﬁttmg curves of I to the

data, the argument of Io can be found; tlus prowdes another method of determmmg .

kT .
e

Fig. 6.2

When ?7' ‘and n occur simultaneously, and n is given by 0n cos(wt + ¢),

Eq. (6.1-5) yields

(i) = i.q [10(617) -a! bn cos¢ 11(617)J . (6.1-7)




The second-order cross-modulation term has been verified experimentally by
Crawford { 2 ), who produced the density and po%e;atial'ﬂuctuationé by‘modulating

the discharge current and the probe potential simultaneously «with"a"v,"a.'ﬁ-iiable .o

phase shift.
We now consider the_moré ::ompl?c#ted caise-gh‘en' K-’I‘e ﬂuctuateg t?x;t
4n, VP, and VS iar.e Aconsta.nt.v If k?e is:tbe ti»rn_e-'-'irax‘-’yihg part of kTe’
"Eq. (6.1-1) can be‘z.'w_r‘itten | :, | | L
jo=m (Zﬂme) , (kTe‘-+ k?e) exp 4[ev(va - Vs)/(kTe + kTe)]' e o (6 ;~3_,.
Assuming k%e/kTe = €f(t) <<}, we may expanqu(é.l-B)to obtai;n,to ks

second order in € ,

iy = g [}+(%+mef 33 +n -7 )e'f]__.’-- Co(61-9) ¥

et

For {(t) = cos Wt , the‘averag'e value is

A
4 w)

_— - (6.1-10)

. Cof 2 20
(Je) =.Jeo.’.1"%€ ($+n-7m )i -

]

Note that 7) appears in the correction factor, so that the slope of,..t?he.ln I-v

curve is affected by. fluctuations in -kTe . The simple expressio.ﬁ:,;"?:. Ih‘-.-AIO) could -
be obtained only by linearizing; fqrtunate'ly, ﬂuctuaqions in kTe ai‘e farely o
important experimentally. Detailé& observations of the effects of difiejf’eht t.ypes
of fluctuations, including those th}t square and sawtooth waveformé‘, ‘ha.ve been -
rﬁade by Sujawara and Hatta ( 4 ) |

When the oscillations‘ in. potential bring the probe into the saturation regions
of the characteristic, the result is no lohger independent of the shape of the probe,‘

as it is in the transition region. The effect on positive probes operating in the




6 within the experimental accuracy of 10%. ' - .

-

orbitai-motion regime has been diséussed by Ga::éhadden and Emeleﬁs (v ).
The effect on negative probes spend‘ing part of the c&ele in the sateraﬁion ion
current region has been studied thedreticvally'a'.nd- eéxperimentally B’y -Bonchi aﬁd
Magistrelli ( 3 ). 'Theie .results are shown on Fig; 6. 3. In obtainihg the
theoretical curves these euthors uded the Bohm .for'mula (3. 34-1) for ion current
' to a plane probe and took into account the fractxcm of each cycle a probe with a
lseperxmposed gsinusoidal potentxal would spend in the saturation ion region. The
: shift of floatmg potential is elearly seen from Fig. 6.3. The experimental points

1 agree well near Vf but deviate consxderably from theory for large _) . Thu

" was attributed primari-ly to the diaturbance» oi the plasma byrt_he pro.b;_e. fo,r-thia

reason, Boschi and Magutrelh conclude that thil method cannot be used near
space potential, although near Vf it is more accnrate tha.n the dc: method for
determining n, kTe' -and V's

Fig. 6.3

13

In all the experiments mentioned _ebeve, a fluctuation in 7 was prddeeed
by imposing a signal on the probe. - Measﬁremen‘ts have elso been made in the.
more realistic but equivalent situation in which the probe bias is fixed and the
plasma potential fluctuates. Kojirria ef. al. { 5) heve u»sed a doﬁble probe in"_
an rf ,discharge te measure the local rf field strength &7 by determinipg
tbe argument of Io irlx Eq. (6.1-6). Chen (‘ 7 ) has use'.d a time-resolved _do‘uble-
probe method, to be described in Sec. 7.1, to determine the effect on appareni
kTe ~of large-amvp;litude fluctuations in both Vs and n , extending into the
satura'tio‘n ion region, which commonly occur in practice in discharges in strong

magnetic fields. The value of kT was found to be unaffected by the fluctuations
. e , _

i



Measurements of ('je ) with a large sipusoidal volta.gc-; on the probe
were made by Cairns { ¢ ) and by Ikegami and Taka&ama ( .8 ) as a function
of the dc probe bias. Asvexpected, a peak in (je ) wa;s found when Vp was
approxirnately centered in the transition region of the I ~ V curv;e.. For valﬁe‘s
of Vp below this value, accurate determinations of kT; cquld be madé
from Eq. (6.1-6). However, when the excursions in ‘Vp 'réac'hed into thev
saturation electron current region, Eq. (6.1-6) gave vé;ry lar’ée values of kTe- .
As pointed ouf by Il;egami anci ‘Takayar‘na. k'_re can be found simply
_ b_y noting the change &7 £ in floating potenti"al whenan oacil;aﬁioh of am'vplitud‘e: |
/] s put on the probe. W‘-ithouvt the sigpa.l} one has
= 3 exp(-n) . N (% 81
Since ji is relative.ly constﬁnt, Eq -{6.1-6) giveg"in thé presence of a signal
Gy peelngsng1 (0 . (612)
“Thus - 1007 )= exp (07 ) . o ' (6.1-13)

For small signals this can be expanded to give the electron temperature:

1w
e 4 GVf
This change in floating potential has been invoked by Butler and Kino ( 9 )to

(6.1-14)

explain the constriction of a discharge by a large rf .b signal Applied to a
metallic ring surrounding‘the discharge tube. The. inner wall of the tube acts as
a {loating probe capacitively coupled to the ring and a#sumes a large negative dc
potential, thus c'reating a thick sheath and constricting the bright p;)rtion of

the discharge.



6.2 Electronic Frequencies: Resonance Probes

In this section we shall discuss the response of a probe to an oscillating
potential at frequenc1es comparable to the electron plasma frequency w'p . At
such high frequencies the jons : are too massive to respond to the rf f1e1d and
one can assume that the ion motion, is unaffected by it. Interest in this lubject
was initiated by an experiment by Takayama et‘ al. (10) reported in 1960 . in
whxch the time- averaged probe current in the transition regmn was measured

as a functmn of apphed frequency ina very tenuous laboratory pla.lma. | An
example of their results is shown in Fig. 6. 4.
Fig.‘ 6.4

At low frequenc1es the mcreace ofv (J ) with sxgnal amplitude GV is
in agreement with that given by Eq. (6.1-6). At some frequency w. there
is a resonant peak, beyond which t‘h-e value of ( Jj ) falls to the dc level. The |
value of w did not vary with 6V; and as the densxty was varied, w agreed
‘well with the value of w};, computed from the saturation electron current. I_f}
indeed w, is related to wp , thxé "resouant probe! method can be used to
measure plasma densit&, since it is ea.sy_ to measure wr with gi'eait accuracy.
This method would be particularly useful in low-deusity plasmas, where ordinary |
microwave techniques fail bec‘ause the wavelength becomes large compaxjed with
the plasma dimensions, and in outer space, where compleecity of equipment is et
a premium. Unfortun’ately, the theory ef the resonance probe is rather bcomrplic'ated
and has been a matter of some recent controversy. Since the entire subject is

rather new, the final word is prol‘)ably yet to come, and we shall present the

_material in more or less historical order.



The nature of the problem can perhaps be best explained by dividing it
into three separate but interrelated problems. Assume that the probe is biased

near the floating potential so that the slectron distribution is nearly Maxwellian
sverywhere and that the de distribution of potential in the sheath and in the

quasi-neutral region are known. When an rf voltage is applied to the probe,

the first problem (I) is to calculate the distribution of rf field intensity in the
sheath and in the plasma. Second, tf:e effect of the field on the electron velocity
distri‘butiori-has to be found (II); this is, of course, related to (I) by a self-
consistency requirement. Finally, time effect of the rf velocity component on

the dc probe current, or the ''resonance rectification', has to be computed (III).
The collection of electrons by the probe woula also change the velocity distribution,

but so far no theofy has incorporated this refinement.

6.2.1 The Ichikawa-Ikegani Formula

| The original theory of Ichikawaand Ikeg-ami ( 1l ) was a heuristic one
concerned prima;ily with problem (II). Thus the externally applied electric
field Ea in the plasma Was assumed to be GV/L. where 08V is the rf
potential applied to the probe and L is an adjustable parameter representing
an effective screening distance. Thé sheath was neglected altogether, and the
plasma assumed to be homogeneous. By using Poisson's equation and the
linearized Boltzmann equation with a simple collision term, and looking for
solutions of the form exp i(kx - wt), Ichikawa and Ikegami were able to solve

for the perturbation fl in f(v) and the first-order electric field El in terms
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of the usual cffective dielectric constant. The dc probe current was then taken

simply to be

i, <f "av[fg(v)‘ + £Vl dv) . S (62
$°(t)

evaluited at the proBe.' where fo(v) .was the Maxwellian dist:ibutionjand '

olt) = (ze/m)(v + 8V sinwe) . S (6u2-2)

" From this it is clear that what .physu:ally causes reeonance rectifxcatton is that
the oscillation m. electron velo'cxty 15 out of phase with the pr§be potential at
some resonant frequency wr , allowmg more eleptrons than usual to overcome
the potential barrier, given by Eq. (6.2-2), during the positive hglf cycle.
Novte..tha.t the sheath makes its appearance only in the tegin Vp (the sheath drop)
.in Eq. (6.2-2)., Because of:.th‘e _simplicity of the model, aﬁ analytic expression
for ( je) could actﬁaliy be obtained in the limit of long wavelength and small
collision frequency V This expression reduced to Eq. (6.1-6) in the limit

of low. aﬁd high frequencies and givgé a peak at exactly wp , corresponding to
the -excitation of longitudinal plasma oscillations by the rf field. For weakly-
ionized gaseé, the peak height is co’ntrolled by col;lisions, with néutral atoms

- and is given by Ichikawa and Ikegami to be
J “pn_ 3 -
6 (J ) = —72- v iﬂp 6n 11(-517) . _ (6. 2-3)

where h and wp are the Debye length and electron plasma frequency, jeo

and 7 are defined by Eqgs. (6.1-1) and (6.1-3), 6n is the normalized rf

amplitude applied to the probe, and I1 is a first-order Bessel function . The



. full width at half maximurn of the peak is given by
: . : \ .

’ ,’ E .
" 4 !

. ' . Sw = zv‘n . V .... ‘_ ‘ : (6.2-4)

For fully-ionized gases, one sets v = 0, and the peak height is controlled by

Land;g da;.mpin'gl. | The parameter L then vavpp‘e‘avrs‘i.-n;:' 6w instead Qf : we) :
; 5(,) x J. % " on I,(bn) . o - (6. 2-5)
. , | bw = '4(11/1.,)2‘ w, - R : (6; 2-6)
Coulomb cbllisior;s were not considgrd&.

The predictions of the Ichikawa-Ikegami theory were verified by Ikegami

" and Takayaria ( 8 ), and more systematically by Cairns ( & ) in low-density

N 6 . ) .
. plagmas with the order of 10 electyrons per, cm3. .Resonance probe curves like

 thése in Fig. 6.4 were taken as a function of discharge current Id (i.e., -

AR

plé.'sma density), neutral pressure, signal amplitude, and probe bias. The
frequency of resonance varied as [ ‘. which would be in agreement with w_ = wp.
Ho\wever the absolute value of n was musured only by means of the satura-

tion electron current and at low densitiec cOnsiderable u.ncertamty in this -

¥

. -measurement 1s occasioned by the lack of a well-defined "knee“ in the 4nl-V

curve. Thus. it could not be establishad whether w was equal to wp or to
a,constant times wp . On the other hand, rmeasurements of the peak height

showed the 67 11(677) and 1/v dependences predicted by Eq. (6.2-3), and

"the peak width broadened with pressure and was of the magnitude given by

Eq (6. 2-4):": The parameter L was found to be independent of Gns,wu‘. and n ,
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~as required by the theorctical modd], but its magnitude was rather large
s .

compared to the Debye lengtlﬁ. These authors also measured G(je) as a

function of probe bias 'qp _but madé no detailed comparison with the theory.

' Interestingly, Ikegami and Takayan:ia ( 8 ) found that the peak was detectable

i
even with positive probes.

A more severe test of the above theory was made by .P_etér etal. (13)

. ' 6 -
in a cesium plasma whose density cbuld be varied between '10  and 1_09 cin 3.

The resonance frequency wr was found not to vary as nez in this range.

Furthermore, w ‘increased with np - that is, with sheath thickness; this .

effect was neglected in the Ichikawa-Jkegami theory but will be easily understood

in terms of the dielectric slab model. 'The value of W, was about & factor of
3 below the value of wp given by the knee in the £n I-V curve. The variation

.of '_6(Je) with np was also measured. Slnce Jeo contains a factor: e'xp(-‘np).

Eq. (6. Z-‘3) predicts a peak in  §( j'e’) with 'qp . Such a peak was in.deed
found, but at a muchlarger value of _np than expected. -'_i‘he variation of 6¢ je)
with 07 agreed with Eq. (6. 2-3) oniy for certain valug_é of ﬂp , and then-

only for small values of 07 , for which the linear theory was valid.

~

6. 2.2 The Dielectric Slab Model . | -

In view of the extreme s‘impliﬁcations used, the égreement of the

IcHikawa-Ikegarni formula (6. 2-3) with experiment is rather remarkable and

‘ ::gshoWs these authors' great insight. The defects of the theory have been

4

sumnmarized by Wimmel ( 13 ) and deal primarily with two points. First is

the neglect of the transit time of the electrons fromthe plasma to the probe;

4
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this introduces an additional phase éjifferenée between“‘the electron velocity
and the probe potential (problem(III), mentioned a.bove)_ 'and‘will be discussed
further in Sec. 6.2.3. Second .is thé neglect of the s‘hea_.th‘regi'on,' in which
. the glect_ron density is not uhiforrx'm; This affects the. rf field in the .p‘la’.'_sma','
(pfobiem (I) mentioned above) a'nd‘v;ill be discus#ed qualitatively in this
sectidn. When the sheath is taken into account, thé resonance occurs well’
below" wp instead, the ri f1e1d‘ha's a minimum at wp , a8 pomted out

' mdependently by Levitskii and Shashurm (4 ), Mayer ( t5' ), and Ha.rp ( 16 ).
That the rgsonance rshould occur belpw wp is easily understood.f since n,

| ig ‘sméli in the sﬁeath, the average value of wp ove.r'the regibn in which
the ri field cxtends is less thén the value of wp in the plasma. ‘To take
the sheath inhomogeneity into account wiil require numerical computation,
since it will no longer be possibl.e.. to Fourier aﬁalyze in space; but the main

effects can be found from a simple model proposed by Mayer (|5 ) and

discussed further by Wimmél (13 ) and Uramoto' et al. ( T ).

. Fig. 6.5

Consider the one4di;n§nsiqna1 system shown in Fig. 6.5, o.;:o‘nsi.fzting
of two metal plates with two layers fpf different dielectric constant" € between
them. In the layer representing the éheath, we may set € = 1, since the
electron density is negligibly small. In the layer representiﬁg the plasma,
€ is aséumed to be the equivalent &ielectric constant of a plasma without a.

magnetic field:

€= 1- a.»pz/wZ ' (6. 2-T)
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The capacitance per cmz of the sheathra.nd plasma are then respectively
C, = /478 , cp- = €f4mp . ’ (6. 2-8)

The total impedance seen by the prdi:e is then given by

RPN | - :
2= M4 2y, (629

and the effective capacitance of the system is

o _ € 1 -
cef‘f = 1/iwz = T €5 TP . : (6. 2-10)

The plasma-sheath systcm'thereforé has:an effective dielectric constant

= = e2tE -
€ .5 41r(p~g-s)Ceff ep+€s . - (6. 2-11)

- Using Eq. (6. 2-7), we obtain

w? . wpz v . :
€ = : ’ ‘ (6. 2-12)
eff wZ - w 2 .
r
where
2 s 2 - :
= —— w . ’ « 2=
wr oyt p , (6. 2-13)

The sheath thickness s is usually ¢f order 5h, where h is the Debye length;

A}

for p one should substitute the disjance over which the rf field extends. It

i

is clear from Eq. (6.2-12) that a rasonance occurs at @ = wr < wp , and that
quite the contrary occurs at W = wp : the impedance is maximum, and no rf
current flows. The finite height and width of the resonance peak may be found
by including an imaginary collision term in the denominator of Eq. (6.2-7);

the result has been given by Mayer ( |5 ) and by Harp ( |G ).

Fig. 6.6
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The equiva]ent‘ circuit of the system, as explaiLed by Uramoto et al.
(17 ) and by Levitskii and-Shashuriz'{:'v(‘ 14 ), 1s shown in Fig. 6.6. The
capacitances ‘CP and C represent the (.le-ading) displaéement currents
that would flow'even if the electrone were immobile; these correspond to the
term "1" in Eq. '(6 2 7) Be'c:ause of the thinness of the sheath_; we have
c > Cp . The inductances Lp and L ' represent the (lagging) conductton

" currents of electrons a.nd correspond to the second term of Eq. (6. 2-7) Ls

.

is small andjnon-uniform and has been neglected in this'treatrnent. The diode
D represents tbe rect.ificatioh of the ‘conduction o‘:ur‘rent in the sheath due to
electron co'l.ler:tionu~ by the p‘ro'be; currents vin the plaema are not rectiiied
: unless the electrorxs oscillate with sufficient amplitude to reach the probe.'
This circuit gives the physxcal p;cture of the resonance probe phenomenon.
At low frequenmes there is only an adiabatic cha.nge in the dc probe

_current, giving the flat portion at,tihe left of the curves of Fig. 6.4. At a

" frequency W = (L_C )2 = w ', L_ is in series resonance with C_, ‘and
p s r. P - : s

\

the rf current to the.prob'e'is. at a maximum. ’I‘be rectified current is also
maximum here, because the rf voltage between P and S, across the
diode D, is maximum. 'This gives the resonance peak in Fig. 6. 4. The
he1ght of the peak is limited by col.hswns in the plasma, represented by the
resistance R . At a higher frequency W = (L C ) p R Lp is in
parallel resonance with ‘Cp “ and the impedance of the circuit becomes large.
The rf current to the probe ie then at a minimum; the rectified current is

. o \

also small because Cs 'is a good conductor at this frequency, and little rf

voltage appears across the diode D. Note that this frequency depends only
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on wp ) whereé‘.s wr depends or; th? sheath thickpes's. At still higher‘ '
frequencies the rf{ current incr’eas:es again as the impédaﬁce of Cp and Cs
diminish; thé rectiﬁedv current, hov)ieve'r, continues to._decrease as Ls. comes’
into play to limit the current throug%x D - the inertia of the electrons limits
the amplitude of their motion.

The main features of this model have been checked experimentally By ‘
Mayer ( |5 ) at plasma densities froin _ 101-0‘1:0 1011 cm-3 . .. It was necessary
to use a coaxial probe at the frequencies involved. Although the geometry was

not planar, the measured value of Ee had a resonance and changed sign at

ff

W = wr < wp ,» in accordance with F.;.q. (6. 2-12); and Eeff went to zero af

W= w_ , with wp determined from the saturation ion current. More precise
measurements by Uramoto et al. (v\,".l ) at densities around 106 cm-3 showed
indeed that the rf and dc comiponents peaked at the same fr'eq_u‘ency, and |
,‘that the rf component had a minimum at a higher frequency, ~while the dc
component décreasea rnonotonic;ally. with frequency after the peak. These
rcsults are shown in Fig. 6.7. Measurements of phase shifts further c;onfirmed
the serics resonance phenomenon. Unfortunately, no independent measurement
of wp could be made. The variat‘.ion of wr with sheath thickness s predicted

by this model was observed in the experiment of Peter et al. ( \2 ) described

previously.
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6. 2.3 Detailed Computations
We now return to pro.blem (I): the scli-consistent calculation of the rf
ficld distribution in the sheath 1nd tin. plasma. This p‘roblefn has been treated
4§

in detail both theoretxcally and expetrimentally in the beaut1fu1 work of Ha.rp,
Kino, and Pavkovu:h (18 ). In the calculations of Pavkovich and Kino ( \9 20),
the colhsxonless hneanzed, one—dxmensxonal Boltzmann equatmn was mtegrated
thfough a uniform plasma. regxon w1th a Maxwellian electron distribution and an
‘inhomogeneous sheat.:h region in \_avhich the potential varies parabohcally. Tfp';cal
results for the ri field are shéwn in Fig. 6. 8.? Also shown in F1g. 6.8 are
direct measurement; of this field dis‘tributi.on_, ‘made by meéns of a probing
electron beam by Harp and Kino ( 2\ B The agreement between th’éory.and
experiment can be co_nsidere& excellent. Aé one wouid expect intuitively, the

rf field is well shigldedbut by ihe‘ sheath for W << :wp but ex_te'nds into the

plasma for W .approach'mg or exceeding wp
Fig. 6.8 :
The work of Harp et al. removes any doubt about th'e' magnitude of the
neffective shielding length” in the heuristic theorles of Ichxkawa. and Ikega.mx
(n ) and of Mayer (15 ). However, since the results can be expre’ssed. only

in numerical form, the simplified models are still useful for obtaining a

semi-quantitative grasp of the physical situation.
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Harp (16 ) has applied the one-dimensional compp.tation of PavKovich
to the more physically interesting cdse of a éphériéal probeiof radi\:xs R by
assuming that in the spherically syn‘{metric case the fields should be multiplied
‘ by a factor- (R/r)?. Since the theor;r is a collisionles_s one, the on'iy damping
mechanism is Landau damping, whic¢h limits the Q pf the resonance to a;bout
10. F‘o.r‘ ‘R less than about 2h, th¢ resonance becomes ve‘rAw,r sm"gll. f'The_
résonanf' f;equenc& can be approximated by Eq’.b (6. 2-_13% with s -.-. 5h a.n‘d:'
.pv = R. When neutral éolﬁsicms'are,‘domifxant, Eq. (6. 2;135 r;'ms}_tll'a'e used with
a colliéion t.erm.. H?rp (16 ) has éhécked the diéléétriq s“labv n‘i&dél by measuring
‘the rf field near the probe by me;ns of the electron beam igchniéue.' A péak
was observed at W = 0 6 wp . This expefimént icléarly sﬂowé that reson.anCe
rectification is due to the large amplitude of the électric field :vhex} the
‘admittance of the piasmaQ sheath system becomes 1argé; in #ccorda‘.nce with
Fig. 6. 6. |

In all the abbve work, the actual mechanism of reéti‘ﬁcation, that is,
problem (III) mentioned at ;:h»e beginning of Sec. 6.2, has been neglected.i' This
problem has been treated'in more detail by Ichikawa (22,23 ). In this wofk
the transit time' of the electrons across the sheath is takén into account by
assuming that the electrons enter the sheath ;vith random phase-s and are ti’xen
aécelerated' by a s};eath field with a‘ dc component plus a.n 'rf component of
magnitude - 6V/L . Although it is not clear what L is, this tr}eatrAnent
correctly predicts that for very high frequencies the electron oscillation

amplitude goes to zero, and (je) falls to the dc value. This behavior is

in agreement with Fig. 6.4 but was not predicted in the original formula
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(6. 2-3), in which® §( je) was deffne?l as the increase over the low-frequency
level j I (67)). The transit tirine‘ 5é.lso has the effect of diminishing the peak
height. Ichlkawa (24 ) has also coﬂsxdered the effects of nonlmea.r terms in
t.hev Fokker-Pla.nck equation. The results of this rather elaborate theory,
thch also includes transif-time effects but neglects the ehea»th inhomogenéity,
show thet the peak height is conside“lrably reduced By the nonliﬁear tevrms if
0n is lar.ger than about 2. | .

A theory ._whichAincor‘pora.tesﬁ both the sheeth effects é.nel ti’ie tran'sit-
tirne effects has been given by Wimmel (13 ). This is a quifieation of the
dieleetric slab model in which the ;‘heath boufxdax;y is ta‘.léen,‘to be the plaee
where the applied frequency}is’ equai to the lecal plasma frequency, as found
. from the Child- Langmulr apprommatmn, Eq. (2.2-5). Inside this sheath the
ri potent1a1 is assumed to be equal to that on the probe, and outsxde the sheath
the plasma is assumed to be homegeneous. The treatment of the exterior region
resembles that of Ichikawa and Ikeéami (11), exee.pt that the macroscopic fluid
equatiops are used; hence Landau damping is neglected; "Transit time is
accounted for by assuminé constant electron velocities in the sheath. After
numefical eomputation, resonanceé probe characteristics are obta.ir:ed which
give the correct dependence on the "probe bias 'qp

Recently Uramoto et al. ( .25) have investigated the behavior of
resonance probes in-a weak magnetic field B . ‘Their interesting data are
consistent with the follewing picture. When B is parallel to the electric

field E , no change in the resonance occurs other than that due to an increase

in plasnia density caused by the magnetic confinement. When B is perpendicular
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to E , no great change odcurs for wc < ;O-Ip » Where wc is the electron
| ' ,
cyclotron frequency. For w > wp » however, the'ordina.ry resonance peak

d1sappears, since electrons can no 1onger follow the hnes of E; and a peak
appears at wc . Smce the cyclotron peak appears only for w > wp , when
the rf field can penetrate into the plasma, the peak is attributed to plasma

. - ! - -
heating at cyclotron resonance; this, conjecture has been corroborated by .

temperature measurements,

6. 2.4 i‘{F Transmission Betweeo P?;-dbes

A technique closely related to the resonance probe is that of rf trans-
mission between two probes. The only difference is thgt qié probes need not
be in actua_l contact with the plasma, since only the ff cornponrent .of the ¢urrent
is measured. This techmque was ﬁrst employed by Yeung and Sayers (26),
who transmitted a 300 Mc signal from one completely msulated probe to
another across the diameter of the plasma. A resona_nce was observed as the
plasma density was changed; this wes interpreted as a resonance at W = W ,

P
That the resonance should occur at wr < wp was pointed out by Levitskii

and Shashurin (14 ), who gave the correct interpretation in terms of Fig. 6. 6. ' .

-

Their data are shown in Fig. 6.9, ‘ 1

Fig. 6.9

A minimum appears at cf.)pz/w2 = 1, and a maximum at wpz/wz =5,

corresponding to the series resonance of Cs and Lp in Fig. 6. 6. It is clear

that if the probes are capacitively coupled to the plasma by, say, a glass wall,
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the capacitance of the glass should be included in C's . The second maximum
in Fig. 6.9 was attributed to waves propagating along the surface of the plasma.
The sharp minimum in Fig. 6.9 is indepe'ndent of Cs ‘and gives a good measure
of n_i however, Uramoto et al, ( \‘? ) point out that a minimum is not always
easy to detect because of background noise. 7 *

Use of rf probes to measure electron density in the ionsphere has

been made by Ikegami and Takayaﬁma ( 8 ), and by Haycock and Baker'( 27 ).
6.3 Ionic Frequencies':v 'Pvul:se_drPrObe’s:

6.3.1 Description of the Problem

We now wish to consider the rgsponsevof‘a érobe to a pulsed voltage.
Since this response vs}ill be limited by the relatively slow mo;ioh of ‘th.e ions,
" this is the probl'gm of what happens" when-a relat.ively_ low frequency is super-
" imposecd on the probe voltage. The: sdlution of this .px;oblem will give' the
maximum spced at which ''de¢" prob\_e characteristics can be taken. Oné would
e);pect iﬁtuitively that the sheath .would change adiabaﬁcally at frequencies
Below that corresponding to the_timé it takes an ion to move across the 'shea.fh.
Since in order of magnitude the ion’ Yelocity is the acoustic velgcity (kTe/M)%

. . 1 o
and the sheath thickness is the Debye length [kTe/(41r nez)]z , the critical

[

frequency would be around the ion plasma frequency wpi = (4m neZ/M) .
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This probler‘nvdif,fers frc.am that o?’ the resonange probé in several
important respects. First, of caurze, ;he ion motion mﬁ,st bé considergd- | On
- the other hand, at these frequencies;fhe electrons can be considered to react
instantaneously to the electric field,b ‘and their iner'tia. can be ﬁeglected.
Second, at these low frequéncies the electrons are always able to shield the
oscillating poteﬂtial from the plasma; hence there is no question of the
penetration of the rf field into the plasma. Inst;ad,_ 'the‘ obser;red effects
are caused by an osc‘illartion in shealt:L thicknves's; an effect which was neglected
in the theories of tﬁe resonance brobp. Becaﬁsé of .the gOO{i shielding; there
'Qill ‘be only a wéak coupling to waves in the plasn;g._. {The excitation of ion
waves by Wong et al. (28 ) by an eléctrostat‘ic grid, therefore, is attributed
instead t§ a modulation of the ion velocity. di.s-tribution. )‘ For simplicity, we
shall be concerned with a plane pz;f)be, _fm';‘which thgre is no change of
sheath area as the sheath thickness chan.g‘,'e’s.‘ Clearly, then, there is no
change in the dc component of probé cuffre:;zt with frequency; the average
éurrent will always be given by the donstant current entering the collisionless
region. Finally, because one is per‘forée. concerned with the ac component

of probe current, the displacement current must be carefully taken into

account explicitly.

In the collisionless case the fundamental equations are Poisson's

equation,

v2v = - 4re (n, -mn) , (6. 3-1)



the equation of motion,

= -eVV ; : (6. 3-2)

m, {3y, /at +vk . ka)
~ and the equations of continuity , -
ank/at+v. (nkxk) =0, | ’ (6. 3-3)

.. Wwhere k = i,é . "These a're:nine “sc‘alar equatic‘ms in nine unknowns, to be‘ sol§ed
.thh appropnate boundary condxtmns at the ptobe and af mfuﬁty A general
‘ ‘analyszs of thls systcm is not avaxlable but fortunately this is a case where
’t.xp(.nrr»xcntal results are avaﬂable to lead the waf. Recent mvestxgatxons by
, Bills et al. (29 ) and by Oskam et al. (30) make clear what physically happens
when a probe is pulsed. It turns otit that the phenor-né‘no.n is 'qualitatively diffe,reint

' in different regions of the probe characteristic, and we shall cbnsider these in turn.

6. 3.2 Saturation Ion Current

"Consider the special case of an infinite plane pr‘obe biased to collect
sat'uratiovn‘ion current. The electron current is then 50 small that we may
assume that the electron diétribut{pn ‘is always.Maxwell-Boltz‘mann. For
further simplicity, we shall assﬁme that ﬁhé ions are cold and stream into
the collisionless region‘with a velocity given by the sheath critr.frion, Eq. (2. 3-10).
What one would expect to happen physically when the probe potential is suddeniy |

changed from V, < 0 to V2< V1 is illustrated in Fig. 6.10.

Fig. 6.10
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In Fig. 6.10a is shown schematically the potential distribution in the sheath

in the initial and final states. One can haracterize the change loosely as a

change in sheath thickness from 5 ! 2 .

S N : L )
corresponding shift in the density distributions. The rniumber of ions represented

: t]:o In Fig. 6.10b is shown the
v ' : -
Sy the -h;dad regioix must be r-mov;d to forrﬁ tﬁ'e ﬁew gheath, ahé 'th'“e-rcfovra a
‘transient ion current must flow to thé probe. While ‘the ion’ d’énsity‘ is being" |
adjusted, the potential -willlv take aﬁ intermed'i;'—xte‘ p;)s:il‘:ion' such aé- tl.a"a.t 'sﬁown '
by the dashed curve in (a). Note tbai;,wher;x the pdtentiigl ié p,ul"seél back to ‘.Vl »
'.the‘electrdn distribution moves to the left before the -ibns can m.'ove-_, and'a ‘
_‘.reg'ion of negative space charge can exist near the sheath e_dgg.'. thce"'the :

potential curve can have an inflection point, as shown by the dotted curve in (a).

The transient current to the probe will be composed of a displacement.
current jd "and an ion current ji ; we neglect the electron g:u,-r_,rehf. To be -

more specific, we integrate Poisson's equation over the usual pillbox con-

taining the probe surface to obtain
E = o, S (6. 3-4)

where E is the value of the electric field at the probe surface and 0 is
the surface charge on the probe. Taking the time derivative, denoted by a "
* dot, and defining the total probe current 4jp to be positive when ions flow

from the probe to the external circuit and the ion current ji to be positive

when iOD.S flow to the probe, we obtain
E - 4]1 o ad ;I] e | .. - ) » .I 3-5)

. - drej - E =4me(j. +i,) - 6. 3-6)
411er 41reJi Ep Wev(Jl Jd) ( |
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Thus the displacement current it given by the ,chan)gc of slope of the potential

A
curve in IFig. 6.10a at x = 0. |

Fig. 6.11

The response of the probe to a square pulse is 1ilustrated in Fig. 6. 11.
The dxsplacement current has a bnef positive spike . as’ Ep abruptly Jumps '
yto the value gwen by curve (3) in Fxg 6. IOa. In practice the hexght of this
spxke will be hmxted by the inductanbe in the czrcmt and the r;se txme of the
‘voltage pulse. After the initial Jumb Ep slowly’relaxes to that gweo by .
curve (2) as the ions move to the new equ111br1um dxstrzbutmn, this’ gwcs a

small negative On the latter time scale the ion current is a.lso collected

. Jd )
by the probe', the total probe current therefore has the general behavior shown
)'by the dotted curve in Fig. 6 11. In terms of the sheath capamtance C , the |

displacement current can be thought of as being composed of two parts

ejg= 0 = CV, + csvp Co (6.3-7T)

The first term corresponds to the fast initial sp1ke, -while the second

term corresponds to the slow change in sheath capacxtance as the sheath

...

"
—

+

thlckness changes from s, to 'sz .
To compute J and Jd , one must solve the time- dependent equa.t;on.s
(6.3-1) to (6.3-3). It will be conwenient to normalize digignces to the

Debye length, frequencies to the ion plasma frequehcy; and velocities to _the

sound velocity. Thus we introduce the dimensionless quantitites:
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n=-eV/kT , v=n/n
[ 1 [o]

tolee

u = Vi/vs , Ve = (Zkie/mi)

§ =x/n , A-(Te 1rx_1°e)

<
L

vst/h = \/Z—wpit . : (6. 3-8)
Q= W \/z_wpi '

«J=n,v/nvy
i 'i""o's

('Y

- i

8/ok . ()= o0lor .
With the électron distribution assumed to be Maxwellian, the fi_'unda.‘mental :

equations (6. 3-1) i:o (6. 3-3) éan be written one-dimensionally as follows:

N = p-e | (8329
'-%-17'=1'1+’uu'1 h . (6. 3-10) :
b+ (m) = 0 . S (6. 3-11)

' |
~ As it stands this nonlinear system is rather difficult to solve. To make ]

further progress we shall assume that the oscillating potential on the probe
is small compared to kTe and is of the form exp (-if)t) , s0 that the equations

can be linearized. In equilibrium the time derivatives vanish, and we have

Mg =V, -exp (-7 ) ‘ (6. 3-12)
1 - .
2 = uu, " (6. 3-13)

. (vu) = 0 (6. 3-14)
o .
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The Bohm problem is obtaind|l by taking the appi'-oximate bo.un:dary conditions
ng = 'np atg £ =0 ‘ |
770 = no - o at g = o0 " .- | (60 3-15)
V = 1: u = E" J . a-tg .= ” . ) . V-
_ ‘o o Yoo SRR TR
Integration of Eqs. (6. 3-14) and (6. 3-13) then yields . S
' - " (8. 3-16)
Yol * Jo«':; E .( 3-10)
P 1 o D e 1
‘where we have taken the minus. sign to be consistent with :ﬁmé direction of the -
positive x-axis in Fig. 6.10a. Eliminating u, and su‘bétituti.n_g for v, *in
Eq. (6.3-12), we obtain an equation for Mo which can be integrated once ' ’
- explicitly to give the following: L
: ¢ ¥
C 24 Mo vk
= - - . - C . . : 6- - '
M, \/2._{2.100[(11o +3 -3 e " 1} 2 B (6.3-18)
- The condition that 170' be real for smali M, gives'thg shepth‘criterion !
: - . ' ]
(2. 3-10); thus : | IR
Jo 2 % . (6. 3—,19') |

We may take JOOZ = 1 and integrate Eq. (6. 3-18) numerically from the probe

~ to infinity to obtain the zero-order potential distribution 1)0(5) .



o  derivatives, and by msertmg the resultmg expressmn for v,

If we now set 7 = U/ etc., and assume that all first-order

quantitieé vary as exp(-ifdr), Eqs. (6. 3-9) to (6. 3-11) become, in first order,

i ! ‘ -nO

n, =y Es nye ot (6. 3-20)
. : s ) ) ) ! : .

%771' = - iaui + (“o“l) o SR (6. 3-21) |

SRy v g =0 T (6.3-22)

3

By 1abor1ously ehmmamng U and u £r0m the last two equatxons and theu- ,

1

. I

L into Eq. (6 3-20),

- one can obtam a comphcated fourth-order equatxon for ‘ql wzth complex _ *
coefﬁcxents which are functions of 170 and the other zero—order quantities.-
- This equation can be integrated numerically with the.bpgndary,, conditions

n, = on a.tg =0 , ~n1§ 7]1‘:‘-171 = 0 »4at‘§ = o
: . ' ' (6.3-23)
to give the complex function ?)1(5 ).  The d'iéplaéemeﬁt current is then

=pu +pru .

. o _ .
essentially 7, (0) and the ion current JI,(0), where -J, =¥ u 1%

We have not deemed it worthwhile to make th‘ifs tedious computation. 'Instead,
we shall be content with some physiéal insighté §btain§ble¥r'om an. evez; more .
simplified model.

This is to use the Child-Langmuir approximation of neglecting the
exponential term in lEq.‘ (6. 3-9) representing tl}ev electron density in the
sheath. Since the asymptotic behavior'of n .ijs ruined by this assumption,
;.sheath edge must be imposed at § = ‘;’s . E:ﬁrthermore, u will be

assumed to vanish at § = £s , while the current Joo entering the sheath
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remains finite; hence | Vo is infinite at Es (ag integrable singularity). Note Vthat
in the plane casé a natural definition §f the sheath edge does not ariiAleb from

the buukduwn o[ ‘L[u. qua-n neutral sx)lul.lon. as it do« s in tho s‘ph.cric;ﬂ and

' cyl1ndr1ca1 ca.ses be.cause the quas1-neutra1 equanon, wmch is es’sen‘t‘iia-lly

qu (6. 3-18) with 'no =0, A does not contain the coordmate & exphmtly, ,

The zero-order equations (6. 3-16), ib 3- 17). and (6 3- 12) now become

.-

vu =-J I S (6.3-24)

Q © 00 - o e )

u, =74 = SRR e ' (6'_3'25/) i
L ' SR AR ‘6  6
M =Y T I/t e (6. 3-26)

/4. 354 BT AT A
where , | gs = %J;:’ 'qp3/4 . - ' :" ‘ | - '(6.‘ 3-28)

This is just the Chil;l.;Laﬂgmuir equation (2. 2-5). The _v#lue of oo is .
unspecified; from the sheath criterion we know it is Appfo‘ximately 1/\/—

If np is variedﬁ slowly compared to the transit time of an iog, it is clear
that the steady curreét Jo will flow to the probe while & . merely shifts
back and forth aréund the equ111b1:-mm position. If 17 is varied very fast,
it'is clear that the ions cannot re3pond to the ac potential, and only the
displacement current will be measured. In an intermediate fr%quenc‘y range,
where  in Eqs.( (6. 3-21) and (6. 3-22) is of the order of v tgaxjd v, given
above, there will be a phase shift between the ion ‘motion and the probe potential;
and an ac copduct?on current;, will be seen) by the prpbg. ' We would expect a

4

I

resonance for Q s l‘.
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Although the Child-Langmuir approximation is known to be accurate for
the equilibrium solution, it is éntirdly too crude for the perturbation. For
instance, if we neglect the exponehtial term in Eq. (6.3-20), Eqs. (6.3-20)

~and (6.3-22) give

1 ti S
3 = ien, . | | | (6. 3-29)

: . ) .
- At some new position '§sl. of the sheath edge, we require '171 to vanish.

" Since the prdbe potential is not felt beyond this point, only the curi‘eht Joo
"'is incident 'a‘t £ s1° hence .'I1 vanishes there. With this b_bundary‘ ‘condition,

Eq. (6. 3-29) can be ihtégfated from 0 to - 6l to give |
Jl(O)‘ = - if) 17-1 © .. L (6. 3-30)

One can easily verify that this i_s‘ just the negative ‘o_f' the displacemént current,

‘ giV'en by Eq. (6. 3—.6). at all frequencieé. Henceii;hé e’l;_fire-effe.ct‘: ipust clbme from
‘theA boundary, where the electron density is finite. It is just .thivs.re.gion which
‘is difficult to treat, since the boundary-layer methods used in Chaptex" 3 are

no longer useful.

If one procceds to neglect the electron density in Eq. (6.3-20), one can
obtain a fairly simple equation for the oscillating potential in the interior of the

is eliminated using

sheath. Equation (6. 3-22) is integrated as above, and u

Eq. (6. 3-21). When the zero-order quantities given by Eqs. (6. 3-24 to 28) are
substituted into the resultfng third-order equation for M, . one notes that a

scaling of £ with  is possible. Thus one introduces
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E=43 I, Q@ (& -8 | (6. 3-31)
to obtain the c¢quation "‘e
A

At T S P (e 1/3 i)- 3 §-4/3] My =0, (6.3-32)

where the primes now denote d/df . This equa.tion does not contain ) ; however,
. Q determines the position of the sheath edge C ~ The bdundary, condition
- at § = 0. is 17'1 dn , but the bounﬁary conchtxon at C ' 19 'xipt"eas'ily formu-~

‘lated, for, among other thin_gs, the zero-order dens;ty is discontinubus at §s .

The Child-Langmuir solution is useful nonetheless for estimating the
relative importance of the displacement and'cqnduction‘cuifrerits. The total
charge of ions that flows transiently to the probe when it is pulsed from V1 to

v, (Fig. 6.10) is given by

Substituting for v, from Eqs. (6. 3-26) and (6. 3~ 27) and integrating, we obtain

1

- 2 % '
q, = 2en hJ7 A(np ) . ‘, (6. 3-34)

The integral of the displacement current e‘jd over time is found fro;'n Eq. (6. 3-6)
to te
1 k'I‘ -
a = - 5 --.- An ©) - » (6. 3-35)
1 \ . ‘ v . v
Using the value of 77 from the differential of Eq. (6. 3-27), we find that
éd = q - Thus jd and ji differ only because the charges Y and q; flow

at different rates. In the experiment of Kamke and Rose discussed in Sec. 4.5.4

it is not clear whether q; or q; + a4 was actually being measured.

Qi _ en A (f V. it ) cen . 3}_‘33})' R

Y
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Experurxentally, Oskam et al:.ioha.ve Qbserved a fast pulse of Jd as a
ncgatwe probe was given a square pulse. The ion current was apparentlyvtoo v
"small to be observcd A carcfully sinelded probe had to. be used to eliminate
the capacxtance between the probe lead and the plasma. | Phase measurerﬁients
 at different frequencies showed only the effect of the sheath capacxtance when
the probe was in the saturation ion reg_ion. No measurements of the
"resonance prob‘e“ type, showmg a peak of J ne'ar or below wpi . are.

available; nor is a solutmn of Eqs. (6. 3- ZO to 22) W1th proper boundary conditxons.

'6.3.3 Saturation Electr_on Ctirrent

Consider 'now the case of a probev biased positively to vdra;w saturation -

. electron currept. The probe curr_e‘nt,'_gccordiAng te.Eq. (3,'1p1), will ‘be given
approximately by Ie = AS jr » where' jAs is 'th'e area of the sheath‘s‘urfavce

and J is the. random current.  The ion“s will have a Maxwell rlisrr;ibutiqn;, ,

and the electron density and the potentxa.l will agam be given approxxmetely by
the Child-Langmuir law. When the probe is pulsed further positive, these
distributions are shown in the initial and final states by the solid curves of

Fig. 3.10, with the subscripts i and e interchanged and -V replaced by V..
The ions, being massrve, take time 'ro move out of the space between 8 ang

s . Before the ions have had a chance to move, the electron distribution must

2 " ) .

adjust to the new probe potential wi:thout the benefit of a change in the ion
distribution. A little thought will i}eveal that this causes some difficulty in
the strictly plane case. Furthermore, since the entire random curre‘nt is
collected anyway, and AS cannot increase in the plane case, there can be

no change in je , the current of electrons }?eing conserved even in the transient
istate because of their negligible inertia. T]o explain vthe observed results we

must zo to ﬁni‘,te»-g'eozrxbbtry and the case of spherical 'Ox_"'i'cAylindrical probes.

g Ry ¥



Fig- 6- 12

In Fig. 6.12 the solid curves represent the initial distributions about a
gpherical or cylindrical probe. Whén the probe is pulsed from Vl to VZ '
. the electron dens‘it'y for r > 8 caz;not bé below n, ; otherwise, the ellectricv
ficld would be in a direction to d"rive the ions toward the probe. If the geometry
were planar, n.e could alsb not be' larger than n-i‘ , since this would reguire
deceleration of ellectrons,Y aga.inAby field in the .‘wx.ri-‘.ong direction. However, in
finite geometry n_ can be laiger than n, ‘e_‘vejn._v'(hén. the .ele':ctrom.s are
accelerated, because of geometrical’ compres‘sién.: “Thus the"derisity and
potential distributions in the transient state can be somewhat as‘dépicted by
the dashed'cﬁrves in Fig. 6.12. The transiént s‘heAath radius 5, is obvicsusly

greater than s, , because of the presence of ions interior to 8, in fact,

2
s, must bé éomparable té the probe radius in o'rder'for gedmé.ti-i’cal e'f_feAct‘s-

to be felt. Therefore the transient value of je is 1avrger‘ than the final value,
and an overshéot in je ., as shown m Fig. 6. 13, would be expected. Its duration
would be of order wpi-l ) thé time it takes the ions to move from 8 to 5, -
The reader can easily convince himself that the transient sheath radiué upon

pulsing back to V1 cannot be smaller than 8) and therefore no overshoot

on the downward side is expected.

Fig. 6.13
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A current response like that in Fig. 6. 13_hé.s been observed by

Bills et al. ( 29 ) with a cylindrical %robe in 5 low'-’press'ore‘ meroury éis:
charge with densities of order 10 uy é -3 . ,Since th‘e overshbot does not appear .
unless thero 1sAan electron sheath around the probe ‘the o.ppoarance of tfxo o
overshoot as the probe potential is iocroased is a good ipdicati.on of the ‘spa.co
‘potential. The overshoot has also been observod by Bol and Fujita (31 ) in
a strong ma;gnetic" field. . Here the gheath must grow at 1east,partAiall'y"a_crosts -
the magnctic field to give the increase in curront. The overshootpwas ob.svervcd .'
for heavy gases but not for H and 'I-Ie. Becausé..t}ie plasvma deh"sity‘wa;s above
1013 cm-3, the probe response time Awa,s comparatively fast, and‘,an essentiall; .
dc probe characteristic could be obtained in a few tenths bof microseconds.
To work oﬁt a theory for this phenomenon would obviously be more
difficult than for the negative pulsedl probe, since both the n, and n, torms"
in Eq. (6. 3- 1) are 1mportant, and the full set of equations (6 3-1) to. (6 3- 3)
must be used. _Furthermore, since the electrons are normally hoti;er than.
the ions, for aocufaoy it would be nécessary to integrafe over toe distribution
of electron velocitie,.s. We can, however, estimate the relative importance of
the displacement current. Since the Child- Langmoir potentia.l distribution is
independent of mass, and jd is,spociﬁed by 7 '(0)' , the total displacement

charge Q7 can be found from Eq. (6. 3-34):
\

. | _3/4 C
N o= . 3= e

Q4 Zeno.Aphnp R . (6 3 3.6)1' K

where ‘Ap is the probe area. The total charge Qe contained in the overshoot

in je is given by the random electron current times the excess sheath area

'l!

A A during the overshoot times the duration of the overshoot. If A A= A.P

wé have.' ,approx1mately



. L
~ i ) = .Y - . a Ve T . o "
Qe .8 Ap Jr/("'pi - enoAph(M/Zam) Coo e e (6 3 3

Therefore qd/q is of order (m/\/lif ’ and the d1sp1acement current is

L neghgxble for a pulsed positive probb.

6.3.4 Effect of Colhsxons

In contrast to the results of~§1113 et al. ( 2.9 ). Oskam et al. (30) dxd
not observe an overshoot m the curt‘«ent to a posxtive pulsed probe, inatea.d
the electron cur.r4ent rose slowly to tbe new equzhbrmm value. The dxfference
may be caused by colhsmns.. The experiment of B;lls et al. was done in a
low-pressure (10~ -3 torr), clngh-current (1 amp) dncharga. whxle that of Oskam
et al. was performed in a. hlgh-pressure (1 tort) lowmcurrent (1 ma) chscharge.
When a p081t1ve probe is p.xlsed at high pressuies the current cannot rise fast
‘because it is hmz;ed by colhsmns» in the gu:a.‘sx-;}e\)ztiral‘4r¢_g;9;_x§;. ‘lf.nl_’stead. the
current lagé u»ntiliions in thé en"t'iré‘. pertu;bed qﬂasx-neutral regzon moveto
set up the gradients neceséary tﬁ) supply:ﬁth;‘im:vr‘easéd eléétr’on ‘cﬁ‘x"re.ptv"py
diffusion. From this pict‘ure, one wouldri eé_:pect that the time Iit takers. to reach |
equilibrium would be inversely. proportiénél to the ic'_m“m;bility “i ;i iﬁdeed, by
varying the ion mass and the neutral density, Oskam et al. ( 30)'verified that
the response time had the proper depende.ncé‘. _ | '

In the continuum limit, an estimate of the respénse time can easily be

N
made, since the ion velocity is now a linear function af the potential:

v, = -y.i vv _.' - ' (6. 3-38)
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Combining this with Péissdn"s .eq\iation (6. 3-1) and the ion equation of motion

{6.3-3), we obtain the equation

D ni/D t+4n “i e n,i(ni - ne) = 0 . (6. 3-39)

in which D= 8/6t+ vy « V¥ is the derivative in the rest {rame of the ions.
The electron density’ n, is a'répid function of time.; but if we consider only

highly negative probes, n'e can be neglected. The solution is then

-!;T ——n——- = %pi.et . X _ (6‘ 3-40)
i o '

Thus in the continuum limit the response time of an ion sheath is indeed

proportional to pi’l ; at least in the ion frame of reference.

6.3.5 The Transition Region

When a probe biased m fhe transition regipn is.~.pulsed~. the change in .
e}ectron conduction curr.exitl is usually so large that it ma‘sks. both the displacéq
ment current and the ion ‘curi'er;t' due to a change in shea'th thickness. There- |
- fore, in a collisionless plasma a _probe behé.ves as p;'edicted by the dc theory

[}

(Secs. 3.2 and 6.1) up to fzf'equénci?sinea.r wpe , where the theory of the
\resonance probe taltles over. This has bﬁen verified by Bills et al.,( 29) and
. by the various a.uthor.s‘ir‘n'r\“est'igavtiég resonance probes. Whgx:m the plasma is
céllision-dominatgd. h;QeVér. an ’iﬂcrease in ‘electron. current cannot take
plé.ce until the proper .ngadiept;é‘_are set up in thg diffusion region to supply this

current. Consequently, Oskam et al. (30) report a long delay before a

‘positively-puised probe in the. 't:an_sitién region reaches equilibrium. When the
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probe is given a ﬂega‘,ﬁve’ puiie, however, the lofxg delay does not appear,
Fecause the electron current can easily arrest itself by building up a negative
[ ) : :

space charge cloud.

6.3.6 Experimental Observations ,

In the work ‘qf Bills' et al. (29 ), a 2 usec squafe pulse was pui; on a
probe in an essentiauy'colliéionless pla;ma with n & 10]'1 ci'n-3 . ;I‘he time
for a probe in the sa.tu:'a:,ti‘dn elec_trén ;'e.gion to reach equilibrium was about
0.5 usec. In the saturation ion ;rggion ox"xly the fast displacement current
was observable. Betau;é the transient ion current is 'soA small, pfobes
collecting ions have an ‘a.ppa:rently better frequency response than probes
collecting electrons, contza;'y to one's first inclination. In t;.he transition
region the response time Qa; below 10-8 sec, as expe.éted. "Probe

_cl';aractex;iatics taken w‘itﬁ "the‘ pulsed probe yielded values-: of | kTe and n
»10% higher than with dé methodé; no explanation could l;e given. From these
 data it is clear th'at' a '-'dc"'- probe _characteri?tic cannot be taken with a sawtooth

voita.ge in less than several microseconds.

~

The extensive investigations of Oskam et al. (30 ) were carried out at
“higher pressure's. ‘where ;:olii'siona were important. A number of methods
~ were used, including squaré imlses and Liss;jous ﬁg‘ures obtained with sine |
| ‘waves. In the sat;\xz;ation eie_qtrdn ?egion the delay in reaching equilibrium ..
was of order ‘1‘ usec. In l;hg s'aturatién ion region th;. displécement current
spike lals.ted about 0 4 péec. '..I_n the traﬂsition region the delay for a positive-

‘going probe was as long as 10 usec. I n was increased, the delays were -
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'dg:;:reased and the d{spgacexnent .current increased, as one would expect fronx
v

tl;,{e decrease in Debye length Comparuon of pro'be characteristics taken by
the dc and pulsed metl’lods showed the largest discrepancy near the space
potential, where the xneasured gielays were greatest.

The low-frequencf lirnit of the theory of sec. 6.3.2 was investigated. -
by Butler and Kino ( 9 ). In tnls ex'periment both square waves and sine
‘waves were capacxtxvely coupled to a ring on the inner wall of the discharge
tube. The frequencies. were 8o low that ion mertza could be neglected and
the sheath could be de5cribed'by the ‘Child-La.ngmuir approximation at all
times.' The displacement'(:urrent wae calculated from the shift in the position
of the sheath edge, wlnch amounts to the same thing as Eq. (6.3-35), and to '
. this was added a larger ion current term due to the change in sheath area.
This was essentially a de ion current, unrelated to that discussed is Sec. 6. 3.. 2.
' The calculated time reaponse of the voltage on the ring agreed extremely well
with experzment in spxte of the fact that.the plane sheath equation was used
rwhen the lack of saturatron of ion current ‘showed that the sheath was not
planar . The reason is that the maJor part of the' observed effect was the change

in J » which was measured frorn the dc probe charactensuc, thus the only

quantity that was calculated ,Was the small correction due to the displacement

current. .

C e
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; Pulsed probes !&;Ve a’iio be;n usedb by Wayrnouth (32 ) ; thje p\‘zls'e 1engtl; ‘
w;s 10 psec, long eno;gh' to‘adhie'veleq'uilibrium.‘ The work by Kamke and -
Rése ( 33 ) on ion current wa.; 'discussed i;'x Sec. 4.5.4. In addition to these '
wgrks, inve st;gatxona u} tune-va.rymg plasmas by Koch { 34. ). Beck (35 ), i

'Ba;ues (36 ), and Ledrua (31 ) have some bearing on this problem, at
" leagt in .regard to circuitry and the ¢omparison of dc and _pulsed probe
characteristics. Add_itional. references can be found in .Sec. 8.1, on

probe contamination.
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p 6.4 i:?é'ajiurement .of Random Fluctuations

6,'4. 1 Introduction . f‘ o
| The use of electz;c;static probes to detect plasma waves is commonplace.

quvinstance, ion ac_ous;:ig waves have be.en detected by Alexeff and Neidigh (398 ),
loﬁgifﬁdinal eleétron w#vés ‘by“‘. Efiéiran_t and Perulli (39), and ioﬁ cyciotron |
waves by'Motléy and D'Anééio (4»0 ). . We wish to consider here the meas-
urement of rax;dom ﬂuctuationg; vor. iow-frequency noise, in plasmas. Such
fluctuations, ‘in. both dé#sity and potential, are often encountered in discharges
which are sufficiently highly ionized that collisions bef;veen ions and neutrals.
do not play an important fole'iﬁ damping. An example of a continum'zs spectrum
- of such oscillations in a’.'gtro,.x.xg. magnetic field i8¢ shown .in Fig. 6.14. Very’
similar spectra afe obse;.'ved in entirely different types of discharges in
magnétic fields; morééver, continuous specfra are also observed in the absence
of a malgnetic field. | ‘Sinc.e .such fluctuations are thought to be cc;nnecté;i with .
anomalously fagt tfansporf of i:}asma a.cr;)ss ma.gngtic fields, it is wo:th'Wile ,
to try to understahd their‘»detgilea statistical prépe_rties. For such studiev's
Langmuir probes are _th_e»mo‘st. suitable diagnostic tool because of their fine |
| spatial resolution. Note that the épéctrum of Fig. 6.14 cuts off well before

the j.on cyclgtron or plasma frequen;:f. 80 that transient effects need not be

considered in using probes to measure fluctuations in v, and n by observing
" the fluctuations in v f_and Ii' . re‘spectively.

. | . ... . Fig. 6.14
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The use of corrgla.tion techniques in studying turbulence u'Q hydro- ,

,Ag.

. dgxarmcs is a wen knoyn procedure (‘H ). In wind-tupnels, for instance. the

statzstzcally va.rymg qua.ntxties are the Veloc1ty components of the gas. In a

plasma the nature of the turbulence is not the sa.me. and the quantttzes of

interest are rather the locsl density and electric field oz potenth.l. The use

of correlation techxuques in dense plasma.s was suggested by Spitzer (4-?.),

the first measurements were apparently made by Batten, Smith, and Early (43 )
in a cold-cathode reﬂex dxscharge. Subsequently. Crawford (44 , 45 ) has
measured the frequency spectrum ef ﬂuctuatxons in mercury dxscharges, _W1th _ |
and without magnetic ﬁelds. Rusbndge et al. (46) have studied the fluctuating

electnc field in high~ current toroidal discharges by means of double probes.

Chen et al. (47, 48) hsve stuched both the spectrum and the correlation
* function of oscillations in reﬂe:t"arc's; and Rothman et al. (49) have measured

. the spectrum of densi_ty fluctuations in a weakly-ionized aerodynamic jet. The

most extensive use of correlation techniques in plasmas, however, has been

made in a dc stellarator ( 50) by Bol ($1), whose approach we follow here.

6. 4.2 Theory of Correlatlons ’

We w1sh here to outline thh no attempt at rigor, the general prmcxples

" involved in the measurement_~of correlations. Consider a fluctuating quantity -

of interest V(:&,t) with zero ,sverage'; this could be, for instance, the local
plasma potential or the local density. Let V be defined in a time interval T,

long compared with the 'osciilsti_ou p'er'iod‘invo-lved; then the time behavior of - :

~ V at a given position can b‘el_descvribed by a Fourier snslysis in time:



.

" where T | |
B 2m/T ., SR . . (6.4-2)
o . . > ' , '
and v ) ' . . o o ) R 3 !
T -1 ¢! |
a = | V(it)e B ar . " (6.4-3)
. T : R ' ' ,
7 o _
The nth Fourier component is then given by |
x Wt -iw_t
V. = ae +a_e . , (6. 4-4)
'n "n . -n '

and the power spectrum P(w ) is defined by

P(wH) = < V2> =< 2a_a _> . ' (6. 4-5)
: n , n n -n

_The averaée < > ‘mdicé.ﬁéd above is to be taken over an ensemble of systems;
‘wl.zich could be, for instance, seiaara,te pulses or parts of pulses of a repetitive
diséhérge. Since we. sh‘a.llzconsider, systems which are statistically unifor.r.n
in timé. the‘ ensemble, a‘.vera.g'vq can l;ie regarded as a .ti.me average; and fhe _secoxid
gr'acket < > inEq. (6. '4-5)' may be removed, the Fourier amplitudes a,

being, of course, indéj)éndent.of ﬁme.

The autocorrelation. fun;:fio;z‘ R(T), or autocovariance, is defined as

©OR(¥) =< V() Vit+T) > . T (6. 4-6)

Again, statistical pm_‘ifb‘rmity in time means that a time average inay be taken
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' %EQ- (6. 4-6). and R(I) is mdependent of time. Inserting Eq.:(6. 4-1)

ngakmg use of the orthtgoyahty propertzes of the exponential, we obtam.

¢ (o | ) v
- ‘.(0 iWw r -‘(0 T .
Rm=§aa n’ . Rim Ro e ® +e %), (6.4-7)
n=-¢o n_ K n=1. . )

since P(wn) is symniqtfic and wn is antisymmetric' in n.

We thus have
R(7) = ? Plw)cosw T . (6. 4-8).

In the limit 'I‘ ~ o, the sum goes int§ an integral, and we recdver the
. Wiener-Khinchine théorem; -\;ireli knoﬁrn in the theory of communications ( 52 ).
R{r) and P(wn) are ' cl'éaf?l; Fouri;: tgapsforms c.>£ each other, and ti:e same
information is contained’in'e‘ither R() or P(wn)‘ .

We can make a simil#;-‘ anaiysis of the spatial dependence of V(x,t)
if it is statisticé.lly uniform 'oiver ‘a:r‘egion of space of dixlnensions L much
larger than_the relevant waﬁel’ength#. Consi’&ering only one. sé‘atial dimensio#

- for brevity, we may decompose V(x,t) into partial waves and define a "‘mode

spectrum' P(k ,W_) as follows: ~ .
_ m' a R :
T e w i(k_x - @ t)
m on .
Vix,t) = 23”' Za e o (6. 4-9)
Pk w) =< VE > =2<a _a_ > ,(6.4-10)
S Vm' T’ T T Tmn o mn -me-n S

P4

where k_ = 2rm/L.- The ;ross-corfelation function R(§,7) is defined as
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Ve ek,

- RIE,T) =< VX, ) Vx+E L t+T)> (6. 4-11)
*. . v . | . .

- ' :

’u; whmh the ensemble average may be taken as an average over spa.ce and time

if ébe turbulance is homogeneous. Inserting the expression (6. 4-9) for V and

‘ .
: performmg the averagmg as before, we obtain, with the use of Eq. (6.4-10),

. . o 0 ) i(km£ - wn-r) ,
R(E,7)= I .?w'%P(krh, w)e , -(6.4-12)

Note that P(k_ ,Ww ) is equ.:a;ljto_ P(k , W ) but not'necessarily equal to
U m’ T n : -m’ =n

_P(k_m.wn) . For positive' valties of k and W , we ce.n break the summand '
of (6.4-12) into four terms and obtain
| o0’ 00 ’ '
.R(f.-r)=22[P(k w)coe(k 5-0) )+ Pk ,W )cos(k & +w 7)].
) 11 _ n m n
(6. 4-13)

In the limit T —® , L — % , this turns into a double integral over dk and
dw . The two terms in the summand obviously correspond to waves with the

same |w| and |k| .propegafing in opposite directions. A normalized

correlation function, or correlation coefficient, R({,T) can be defined as

~

R, v) = - = : . (6. 4-14)
R(0.9) R <'v2(x,t) > :

Even when the turbulence is homogeneous the actual signals V1 and V 2‘

from two probes may differ in rms magmtude because of differences in probe |

area or gain; in such a case the correlatxon coefﬁcmnt is defined as

-

R(&.-r)= <V1 >/[<1V12><V22> 1%, (6. 4-15)
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wf’; The problem a%hmd is to determme the mode spectrum P(k,w) of

. t,he turbulence. If the fluctuations are truly random, one would expect P(k, w)

1
to fill the (w,k) plane v'uruform:lly'. If, on the other hand, the continuous
- spectrum of Fig. 6.14 w\ere due toa superposition of waves with a continuous
rahge of k but with a defmzte dxspernon relation between w and k, P(k w)
would consist of narrow bands in the (w k) pla.ne. - A convenient way to measure
P(k,w) is to measure _R (.{.. t) by mearis of two probes spacedé £ cm apart,
whose signals suffer a relative delay of T sec.' ‘ In fact, a great deal can be
learned by setting T = O and fzxmg W by passing the signals through a ﬁlter.
- We shall give sunple examples of how R(.E 0) might behave.
With w ﬁxed and r=z0, Eqs. (6. 4-13) and (6 4-14) become, in

integral form,

R(£,0) =| [ P(k,w) + P(-k,w)] cos ki dk /[ [ Pk, w) + P(-k,w)] dk . (6. 4-16)

‘ ° - o o ‘
If the dispersion relation k(w)' allows only one value of k ‘for each value of
W , we would observe a smgle wave at the given value of W . The correlation

3

coefficient as a functxon of probe separatzon is then a simple cosine:
[ J

R(£.0) = cos ke § (641D

~

Byrneasuring the intercept‘s at 'R = 0’ for various @ , one can obtain the
' dispersion relation k(w) If. on the other hand, all values of k between :
0 and K. are equally probable for a glven W, we may set P = 1 in Eq. (6 4-16) ‘

a.nd, obtain
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' v_ﬁ('&.‘o) =K-1‘/’ cos ki dk = (KE) > sinKE . (6. 4-18)

o

This the transform of a bax‘z'd‘éf white noise and is shown in-Fié. 6.15. |

. Fig. 6.15

If P(k,w) is-a Gaussian peaked around k  with a half-width Ak, its

transform is also a Gaussian. Putting _" \

S k- kg esw® |
 Plk,w) = Ae o | o (6.e-19)

into Eq. (6. 4-16), ope,fihds L

T ' 2,2
. R,(E,.O) = cos kwﬁ e-(Ak) ¢ . (6. 4-20)

This is shown in F1g 6. 1:5 f_qf',t'wd‘value's of Ak . For alarge spread Ak,

R falls monotonicaliy: with a "éoﬁrfel@tien length" (Ak)-Jf . For small spreads

Ak, R is a damped cosine wave, whose intercepts give the value of ko;’ ~and
whose envelope gives an _':".d‘ea' ‘of.tl'aé correlation distance. Finally, if for each
W there can be only one value of k but a range of k' exists because of the !

finite width of the filter characteristic, then P(k,w) might take the form

T pw) | AlLe2/a0f k- )AL (64e2)
for = Ak << k,, , one b‘finds‘ that R(£,0) is an exponentially damped cosine: |

- N

g ;R(E . OA).:_=‘co‘s k6 'e-gAk/Z . T (6.4 22)



| ) Suppose now th}t for a. given w the magnitude of k is ﬁxed by the
'q,;spersxon relation but that wa.ves in opposite d1rect1ons can exist s1mu1taneously.
I-;rom Eq. (6. 4-16) we see tha.t each wave would have the same value-of R(g 0)
given by Eq. (6. 4-17). To mea.aure the standmg wave ratio, we must introduce

a delay v . Letus denote’ P(k w) by P and P( k, w) by P . Then if we
have a propagatmg wave cuce tj.hat . -P . 1, P. = 0, the correletion coefficient
is given by | o | : |

1‘:*(15.17):= cos (kwfg -Wr) . _. : (6. 4-23)

~

From this it is clea.:.-f that by varying v one can always bring itl.he value of R
up to unity at"a.ny _'Vg- . On :t}':e vo:ther'hand, _if P+'= P =1, 8o that there is e. .
standing wave, tﬁe’ correlet{en cdefficient is | |
;{(5 »T) = 'cosv kwE cos Wt . | | . (6.4-24)

By varying T one can on.];yvdiminis'h lla?.] below the value for + = 0. Obviously,
all points in a s'tan&ing ﬁeve peétern already vib;-ate in phase, and a phase
change can only decrease the "c'orre'llvation. Similarly. if P+ has the Ga.ussia:‘: ..
 form exp[- (k + kw)z/( ZAk)%] _+ it can easily be verified tl;t Eqs. ('6. 4-23)
| end ((e. 4- 24) must merely be multiplied by exp[ - (Ak) Z£ 2] . Therefore, for a ‘
damped ceaine,changing‘the deley T can bring 1‘{ up to the envelope .of the

= 0 curve if -‘the waves are unidifecti,pnal; but it can only decrease l‘i if
there‘ are standing wave‘s..v | The effect of introducing = is.illustratec; in
Fig. 6.16, . S -

‘' Fig. 6.16
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" Sometimeslfoxv' ';xﬂéfMen‘tal_reaaons it is not possible to z;1easure
1;(5 »0) beyond the ﬁrsilz'ez:;. ' Wh;éher this zero corresponds.to a true loss
of ;:oherence or merely :to the first ;ero of a damped cosine cén be resolved
by introducing a d»eléy‘ T .oi’bzf;lg: /2w . This would raise i to the ampliﬁz&e
of };he énvelope in the éas; of a ‘diamz‘:ed, cosine but would do nothiﬁg if the signais
arej uncorrelated, or if tj.he:}.'e::is:-aT stgnding wave i)atfern. To disti.nguish the | :
latter two poss.ibilities one ca'n..c‘heck whether or not the individual signal
amplitudes vary with position. B

The results obtained above are valid if the sanripling time is infinitely -

long. Clearly, if the leﬂgth of the samples is comparable to }:he per.iod of the
lowest frequency m;asuréd, a corr;ction must Be ma.delto the apparent value

of R. Less obvious is the effect of the bandwidth Af of the frequency selector.

To get a meaningful time ‘ave!ra'ge. the sample length must be long compared

+ .
-

with (Af)-l ; therefore, a weakly damped cosine for R(£) can be obtained

only with very narrow bapdwidth_s and very long samples. .

6. 4.3 Experimental Details

‘&

The correlation coefficient R{{,T) can be measured conveniently by -

N

.

L :'ta,'king the average mean équéres' of the sum and difference of thé two probe

signals 'V, and v, Let
<vi-vyis o <v?s

< (v + V'Z)z >. : < V.%>

(6.4:25)



The correlation ‘coefﬁ.’%iént of Eq. (6.4-15) can then be written
oo |
&1 p Q‘% _,_Q-% |
?’ " ‘HP. 2 (6.4-26) °

I the gains are ad;usted 80 that Vl and . Vz are approximately equial‘in
ma.gmtude, the effect of the Q ‘terms in Eq. (6. 4- 26) is slxght. R can then

'be computed readﬂy from P ; or one can use the'graph of Fig. 6.17.

L] . >l
W -
! R e

.‘Fig'. 6.17
" . Fig. 6.18

To measure. ‘P. Bol ( 5) ) uses the circuit of Fig. 6. 18. It is possible
to malee correlation met.qurements oi epaoe potential b); making Vl and V 2
tﬁe floating pote.ntiale of two px;'obes. In this casethe sou‘lrce" impedance is
‘high, and good frequency response ie not always eaey to obtain. One can also
make correlations of the Iplasin-a. oeneity by making Vl and 'VZ lthe voltages '
across current-measurmg reszstors of probes biased to draw saturation ion
current. This is the eituatmn deplcted in Fzg. 6.18. After passing through
' oroad filters to remove oozsve outslde the frequenczes of interest and through’
a variable d'elay 1:;.ne which introduces T , the signals are fed to the inpute
of a differential amphﬁer. \vlnch can be the preamplifier of an oscilloscope.
By inverting the polarity oi one signal. the output can be made V1 + VZ or

Vl-VZ.

This passes through an accurate attenuator and then goes to a

communications receiver"to select a frequency W. It makes no difference



. &0

L o

.
wether the frequency@nalysxs is performed before or after the sxgnals are

e

gdded‘ therefore, only\;one receiver is required. The output of the if strip

7

is.then power a.mphﬁed to drwe a thermocouple, which is a.frequency insensitive

' squarmg device. The ngvanometer reading is then a measure of < (V + Vz) > .
This reading is kept constant by the calibrated attenuator, the a.ttenuator

readings for the two poetta_.,ons of the polanty switch then give the va.lue of P.
. Fig. 6.19 ‘

Typical resultts obta'.i.n'e‘d in this lma.nner by Bol ( 'S\V) are 'shown in
Fig. 6.19. Since the'petturbe.tions" Were fouhd to propagate primarily in the
azimuthal direction, ;( yvae reeasufed as a function of the ‘pro'be separation
‘ AO . It is seen that ;{ ts itz tl.:e' torm of a damped‘cosi?.e. from which k(w)
’a.nd the correlation distancel' ‘c'oulcvl be obtained. \‘I‘he open circles in Fig. 6.19
are measures of the envelope of R(AG) obtained by dnndmg R. by cos k | Al ,
with k , found from the mtercepts at R= 0 [c. f. Eq. (6.4-22)] . The maximum
value of R (A8, T ).obtamed py yarymg T is mdxcated by the horizontal bars;
s\ince this falls on thle' env'élope, the waves arevunidir'ectiona.l. From these
curves it is seen tima.t‘wa;eiongth - A decreases with increasing. @ ; but not
linearly. The waves -apl;ereotly are. carried ‘with the maicroscopic rotation of

the Iola.sma. column but also ha.ve. a velocity relative to the column.

Fig. 6.20

In Fig. 6.20 a're,( ehon; data taken by Chen and Cooper ( 48 ) on

correlation coe‘fficiente"alon'g'the magnetic field B . Although the discharge



s

was considerably. di.ffe}eht from that used by Bol, the nature of the turbulence
a‘:‘. high magnetic fields was very similar. Since the correlation function was
) A » o ‘ :
5‘ strong function of probe separation across B , to measure the longitudinal

-

- [

cprrelation it was necessary to align the probes accurately along B by means

of an electron beam. fxom“.tf{esé da.fa iﬁ is seen that at ﬂigh fields the oscilla-
"tions are essentially in ph'a.sg a.ll aiéng the plasrha col@n. At higher frequencies
" than those shqu. R(g ) falls monotonically to zero, indicating a {arge'spre.ad
in k_ for each im.‘lu"é_of w. '."I'hi's is what would be expe_éted from drift
insté.bilitieé. for wh1ch vw‘ ,is";determined pri:marily by k.l. rather than k% .
These data render unhkely thle:' hypd_thesis that the turbulence arises from
A.ifvén waves or ion’ a;.c}.ustic waves. |

From the ‘p<.>int of view ‘lofl anomalous diffusion, it would be desirable
to measure the correlé.tion m e1e<.:tri.c field E directly by means of two pai;s
of probes, or, even bett',ef.,:t'he correlation between E and density n Aby
means of two floating p;mbga;s'j and a negatively-biased probe.‘ However, becausé
the presence of s0 many pr.ob'e‘s‘ te;xids to disturb the plasma, this has not yet"

.« :
been achieved.
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Fig. 6.4,
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4. FIGURE CAPTIONS
oW

The shift of the In I -V curve due to-an oscillétion in probe

potential. Note that the slope, which gives the temperature, is

unchanged. ‘Gar‘qphadden and Emeléua, Ref. | ).

The‘ vari;j:ion_ of a;vera.g.; e1_ecfron current in the transition regiqn
wit':h ampiiﬁ;de‘ 'of si:;usoi&al signal og the probe, illustrating the |
o

I dependence predicted by theory. (Cairns, Ref. G ).

Theoretical and experimental curves of average negative probe

- current for probes %r{ith'a superimposed sinusoidal voltage of

amplitude - 67 kT e/e ;ex'tend_ing into the saturation ion current

region of the Ch;réctgristic. (Boschi and Magistrelli, Ref. 3 ).

Typical re;sénance'prbbe curves of dc electron current vs.
frequency of signal applied to the probe, for various amplitudes of
signal. The plasma was a weak Hg discharge at’ 10"% torr and

a few mA of discharge current. (Ichikawa and Ikegami, Ref. |\ ).

Dielectric slab mdde_l of a plasma and sheath, used for computing

the current to a resonance probe.

Equiva.lent circuit of a resonance probe system.

]

RF and dc components of the current to a plane resonance probe

‘in a low-deﬁsity' plasma, verifyi.ng'the predictions of the dielectric

v

slab model.‘ ’ (ﬁré;:noto et al ._.R.éf. 7).



Fig. 6.8.

Figo 60 90
] .

'
R

Fig. 6.10.

| Fig. 6.12.

Fig. 6.11.

i
b

Calculated and measured rf field amplitude in the neighborhood"

of an o.s.cilla_t'ing plane p.robe,' for two values of the frequency. .

a8

(Harp et al.,' Refo lﬁ )o

The relative »f signal transmitted betwee;: two probes as a function
of frequenéy, showing a sharp minimum which gives the value of
W, - " (Levitskii and Shashurin, Ref, 14 ).

Schematic of the sheath poi;ential distributions (a) and ion and’
electron density 'distributiéns' (b) in the initial '(1) and final (2)

states when a ne'gati‘vé probe is pulsed further negative. The

‘shaded region in (b) represents the number of ions which must

flow to the prdbe._‘ The dashed curve (3) in (a) shows a i:otential
. ‘ ', :"' ' . - r . '
profile during the transient state. The dotted curve (4) shows a

transient state wﬁgn the probe is pulsed back from 'VZ to Vl .

Schematic of the variation in time of the displacement current j d°
the ion conduction current j;i » and the total probe current j ¢

1 2 _
"may be higher than that

when the probe poi:énti_al'is pulsed from V. to. V. and back again.

2

at Vl if the sheath area changes because of finite geometry.

Note that the equilibrium current at V

Schematic of the density and potential distributions in the initial

" {solid) and transient (da'shed) states of the sheath around a

spherical or cylindrica.l‘ imlsed positive probe.
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Fig. 6. 13. Schematic gf the r}e‘sponse of a positive probe to a square pulse
: of probe potential. |
? i .
F}g. 6.14. Example of the frequency spectrum of oscillations in floating
| _’potent‘ia.l of  a p‘rp_bé in a, discharge in a strong magngtic field. -
The data w?re fake;z in ; hot-cathode reflex discharge in 5 microns
of He and 2000 'gau'_se':;'v‘the plasma density wﬁs of order 2 X 10'% em™3.
Note that the vertical scale is logarithric. (Chéx; etal., Refs. 47
and 48). o

-~

Fig. 6.15. Exampl;a_s of ‘fhé'ir;a;.r‘ia'tic.m of the correlation coefficients R({,0)

with probe .sq’paratio,n 3 for frequency-selected signals. The
| curves are nfpr.different} disti'.ibutions of wave number k: (a) ‘a :

si.ngle value of k. ,(b) a uniform distribution of k between 0 and
k ; (é) a Gau‘ssvian‘dist’ribution of k about k, ‘with spread Ak =" 0.1k ;
(d) a r‘esonance-‘typ.e; distribution with Ak = 0.2k ; (e) a Gauséién :
distribution wiﬁh Ak = k ; and (f) a resonance-type di.stribution '
with Ak = k.-

-~

Fig. 6. 16. The effect of a tip_de-deléy + on the correlation coefficient R(£,7)

for (A) unidirectional waves and (B) standing waves.

Fig. 6.17. The fﬁnqtién R= - P)/(1 + P) u@ed for computing the correlation
coefficienf; from 'rﬁeadu:ed ratios of the mean square sum and

difference .sigqals‘..‘ |



Fig. 6.18. Block diag’raﬁ; of éizcd,it used for measuring coirelitiqn coefficients

for density ﬂixétuatioﬁ_s.' (Bol, Ref. §1 ).

Fig. 6. 19 Typical fesul%:a“for azimuthai correlation measuremen'ts in a
stellara@t:di’si;’hﬁé in 1'0»'3 tofr of He. The b.a.rs indicate
the maxunum ‘vhue of 1‘;{(5 » ) obtainable by varying T ata
given value of : £' '; the fa& that this value falls on the envelope |
of i(f .0) 'i:idi‘cfatq‘»s tha.t the waves are uqit_iirectional. , |

(Bbl, ﬁef. 51 )

Fig. 6. 20. Typical results for -lb'ngitudina,l correlation measurements in a
reflex arc in 1,0-Z torr of He . This shows that at high magnetic
fields the ﬂuctﬁations in density are well-correlated along the

field, (Chen and Cooper, Ref. 48 ).
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