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ABSTRACT

It is shown that the parabolic variation of saturation ion current
with probe potential observed in dense plasmas is fortuitous and is
unrelated to the effects of orbital motion. Agreement between meas~
ured and computed saturation ion characteristics is illustrated. The
discussion is in the framework of collisionless, magnetic-field-free
theories; they apply to the experiments only if the ion Larmor radius

is much larger than the probe radius.



In dense plasmas for which the. Debye length h is less than the
probe radius rp , it is often found that the saturation ion flux Ii to a
Léngmuir probewaries a.s‘. (\-‘V,p)%’,. w'hvere‘VpTiS;th_e (negative) probe voltage.
This is the dependence expected for cylindrical probes drawing orbital-
motion-limited current. In the experiment of Gardner et al. ,1 however,
a linear Ii2 - Vp dependence was observed even though rp/h was of
order 10 and the probe current was almost certainly space charge
limited. That such a relationship sometimes holds even for thin sheaths
was pointed out by Langmu.ir2 himself; he also pointed out that the

erroneous application of the orbital theory to such a case would lead

to a spurious value of the space potential.

Gardner et aLl.1 conjectured that a linear Ii2 - Vp relation might
come about because the potential at the sheath edge might be proportional
to Vp » S0 that orbital motion limitation might occur in the quasi-neutral
region. However, it is more useful to think of the sheath edge potential
as being constant and that the radius of the sheath edge increases with
probe potential to give the increase in ion current. The reason is that
if the absorption radius T is defined as the effective collection radius
of the probe, or the radius within which all ions are collected, then for
a cylindrical probe n(ro) is a universal constant equal to €n2 , where
= -eV/kTe - This has been shown recently by Lam3 and previously

by Wenzl4 for a monoenergetic ion distribution.. The result for a



Maxwellian distribution cannot be much different because of the insensi-

tivity of the theory to kTi .

We now wigh to present numerical results which show that the
linear dependence of Ii2 on Vp is fortuitous but is approximately true
for certain ranges of parameters. In Figs. 1 and 2 are shown log-log
plots of 'r]p versus dimensionless current J or J&p for spherical
and cylindrical probes, respectively, for various values of §p = rp/h .
It is seen that J2 varies approximately as np only for large np
and small ﬁp . These curves were computed by the method of Allen,
Boyd, and Reynolds, 3 which is valid for S = kTi/kTe = 0. For
cylinders, this method yields a different result from the 8 = 0 limit
of a finite-f theory. The reason is that the angular momentum L is
assumed to be zero at r = © in this theory, while L is finite in the
B = 0 limit of a finite-B theory because of non-uniform convergence.

In Figs. 3 and 4 we show similar curves for 8 = 0.1, for
spheres and cylinders, respectively. Again one finds that the Jz -7
relation holds only for certain values of §p and np . These curves
were computed by the method of Bernstein and Rabinowitz, 6 which is
valid for monoenergetic ion distributions, The variation of these results

with B is not great.



In the limit of large §p , that is, of dense plasmas, the shape of
the Ii - Vp curve can be expressed in terms of a single universal
function by proper scaling of the variables. This result was obtained
by Lam3 in a rigorous boundary-layer analysis of the Bernstein-
Rabinowitz equations. Results of the theory of Lam are summarized
in Figs. 5 and 6, which show normalized Ii2 as a function of normalized
Vp for both cylinders and spheres. Here T is in/IB , where IB is
the current predicted by Bohm7 by neglecting the sheath thickness;
and A is essentially a constant but has a weak dependence on f. One
sees that the Ii2 - Vp relation can be approximated by a straight line
in all cases except for spherical probes under large voltages. The
good fit of the cylindrical probe curve in Fig. 6 to a straight line is
entirely accidental; the curve actually has an inflection point in this
range of the variables. In terms of normal variables, the equations for

the dotted straight lines give the following useful approximate formulas:

2
d(el.) 2 :
Sphere: i amp  _ -20 Z | 2 2/3
low V -dv volt - % 610 N [;n rp(kTe) :}
P p eV
d(el )2 7
Cylinder: i’  amp -2l Z 2 2/3
low V -dV_ volt 3.3 x10 N [n I'p(kTe)
P P ev -
d(el )2 1
Cylinder: i amp -21 Z 2 2/3
high V -dV_ volt 2.6 %10 N [n rp(kTe)
P P ev -

Here Z and N are respectively the charge number and atomic weight

of the ions, and Ii is the ion flux per cm length in the cylindrical case.
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In Figs. 7 and 8 we show the comparison of LLam's theoretical
curves with some cylindrical probe measurements made by Kuckes
in a thermally-ionized cesium plasma. Since the magnetic field was
about 10 kG in this experiment, the ratio of T to rp was only 3
or 4. In spite of this, it is seen that an excellent fit with theory is obtained
for large £p ‘For £ p‘t A 8.the'theory isnot expectédto be veryaccourate,: and
indeed one can discern a difference in slope between theory and experi-
ment in Fig. 7. The value of Ep found from the fit with theory yields

a value of the plasma density n . In both cases this value was within

18% of that found by ordinary microwave interferometry.

In Fig. 9 we show the data of Gardner et al. ,1 taken from
Fig. 8 of Ref. 1. In reducing the data to dimensionless form we have
assumed rp = 9,><1O.'3 cm, ip = 0.32 cm, kTe = 9 eV, and Vs = 30 v,
where lp is the probe length and Vs the space potential relative to
the anode. The ratio rL/rp was of order 102 in this case. Also
shown in Fig. 9 are four points from Kuckes' data of Fig. 7 and
theoretical curves from Bernstein and Rabinowitz6 (BR) for B8 = 0.1
and from La.m3 for B =1. The expe;imental value of B was about 1
in both cases. The theory of Lam is not very accurate for such low
values of §p ; on the other hand, BR calculations for 8 =1 are not

available. Both theories suffer from the neglect of a spread in ion

energies, an effect which should become noticeable at 3 = 1.
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Although the absolute magnitude of n , about 3 X 101‘2 cm_3 , obtained

from the Gardner data is in good agreement with microwave measure-
ments, the slope of the IiZ - Vp curve seems to be steeper than theory
would predict. This discrepancy cannot be removed by adjustments of
the parameters assumed unless the conditions of the experiment were
completely different from what one could infer from Ref. 1. For
instance, the value of Vs that we took was probably high, but even
the drastic assumption VS = Vf (floating potential), does not remove
the discrepancy. 'Other data given in Ref. 1 give greater disagreement.
The very small intercept shown by the data at np = 0 is indicative of
a larger sheath-to-probe radius ratio than should have been present.
Part of this discrepancy may be due to the neglect of the spread in ion
energies, but the agreement between the two sets of theoretical curves
shown for different values of 8 would indicate that the ion distribution

probably does not have a great effect.

We are indebted to Dr. A.F. Kuckes for access to his data, to
Prof. S. H. Lam for helpful conversations, to Mr. H. Fishman for
some of the numerical computations, and to Mr. K. P. Mann for help
with the drawings. Further numerically computed ion probe charac-

teristics may be found in another report.
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Fig. 1.
Fig. 2.
Fig. 3.
Fig. 4.
Fig. 5.
Fig. 6.

FIGURE CAPTIONS

Curves of log 'pr vs. log J for various values of

gp = rp/h , for spherical probes and zero ion temperature.
1

Here J is defined by J = Ii(ez/kTe)(n:xi/?.Zk'I‘(_:)a R

2 . .2
b = -eV /KT , and h by h® = kT /41ne
n, by M, /%7, y b7 = kT

Curves of log np vs. log Jgp for various values of §p )
for cylindrical probes, zero ion temperature, and zero ion
angular momentum. Here JEP is equal to Iirp(e/kTe)z

1
(.Zmik'I'e/Z)z , Z Dbeing the ion charge number.

Curves of log J vs. log 77p for spherical probes and

finite ion energies Ei = BkTe . Symbols are as in Fig. 1.

Curves of log J§ b vs. log 77p for cylindrical probes and

finite ion energies E. = BkTe . Symbols are as in Fig. 2.

Curves of -r2 vs. Agp-4/3 np , from the theory of Lam

(Ref. 3), which is valid for large §p. For spheres,
2 31
TR Ii/[l. 57 r, B (ZZkTe/mi)z]. For cylinders,

1
T R Ii/[l. 9 rpn (ZZkTe/mi)z] . A range of T corresponding

to relatively thin sheaths is covered.

The extension of the curves of Fig. 5 to a range of

corresponding to thick sheaths.



Fig. 7.
Fig. 8.
Fig. 9.

Normalized Ii2 - Vp curves compared with experimental

measurements, for a low-~density plasma.

Normalized Ii2 - VP curves compared with experiment,

for a high-density plasma.

Normalized Ii2 - Vp curves compared with the experiments

of Gardner et al. (Ref. 1) and of Kuckes (Ref. 8).
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