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Abstract Reproducing kernel, with its intrinsic feature of
moving averaging, can be utilized as a low-pass filter with
scale decomposition capability. The discrete convolution
of two nth order reproducing kernels with arbitrary
support size in each kernel results in a filtered reproducing
kernel function that has the same reproducing order. This
property is utilized to separate the numerical solution into
an unfiltered lower order portion and a filtered higher
order portion. As such, the corresponding high-pass filter
of this reproducing kernel filter can be used to identify the
locations of high gradient, and consequently serves as an
operator for error indication in meshfree analysis. In
conjunction with the naturally conforming property of the
reproducing kernel approximation, a meshfree adaptivity
method is also proposed.

Keywords Filter kernel, Error indicator, Adaptive
analysis, Reproducing kernel, Meshfree

1
Introduction
Filters are useful tools in signal processing, separating a
given signal f ðtÞ into different frequency bands. Its ap-
plication ranges from noise and echo reduction, to audio/
video compression and synthesis, and to medical imaging
(Blinchikoff and Zverev, 1976; Shenoi, 1995; Kalouptsidis,
1996; Smith, 1997). These applications utilize a filter’s
ability to decompose the low and high frequency compo-
nents of a signal. Filters can be generally classified as low-
pass filter and high-pass filter according to their pass-band
and stop-band characteristics. A low-pass filter is designed
to block all frequencies above the cut-off frequency (the
stop-band), while passing all frequencies below the cut-off
frequency (pass-band). In contrast, a high-pass filter
passes all high frequencies while substantially filtering
smooth data.

An important family of filters, frequently employed in
recent years, is the family of wavelet functions (Chui, 1992;

Daubechies, 1992; Strang, 1996). In multi-resolution
studies, the scaling function is applied as a low-pass filter
to various scales, with increasing resolution (increasing
range of pass-band) as the scale increases. The wavelet
functions form a sequence of filters that yield a band-pass
decomposition of high frequencies. The advantage of
wavelet filters is that a given signal can be decomposed
into a sequence of consecutive frequency bands corre-
sponding to the intrinsic scales of the wavelet functions
(Chui, 1992; Strang, 1996). The analogy between the signal
in time domain and the response in spatial domain can be
easily demonstrated. Liu et al. (1995a) first proposed the
concept of multiple-scale reproducing kernel particle
method (RKPM) based on the wavelet theory. Liu et al.
(1995b, 1996, 1997a, 1997b) and Li et al. (1996, 1999)
conducted several studies with respect to multi-resolution
analysis using reproducing kernels for edge detection and
aliasing control.

A study of the relationship between the filter kernel and
the reproducing kernel is conducted in this paper. The
order of reproducing condition and the support size are
the two control parameters in the construction of repro-
ducing kernel as a low-pass filter. It is shown that the
discrete convolution of two nth order reproducing kernels
with arbitrary support size in each kernel results in a
filtered reproducing kernel function that has the same
reproducing order. This property, in conjunction with the
intrinsic scale feature of the reproducing kernel function,
provides a unique capability to locate the regions of high
gradient in the meshfree analysis. The output of the high-
pass filter is proposed as the error indicator for adaptive
meshfree analysis.

The layout of the paper is as follows. The basic concept of
filters and the filter kernels are explained in Sect. 2. Section 3
reviews the reproducing kernel approximation in continu-
ous and discrete forms. A study on the reproducing kernel as
low-pass filter kernel is conducted in Sect. 4, together with
the formulation of a two-scale decomposition of a dis-
placement field. Based on the discussion in Sect. 4, an error
indicator is proposed in Sect. 5, and an adaptive meshfree
formulation is also introduced. Numerical experiments are
shown in Sect. 6 to illustrate the performance of the error
indicator and the adaptive meshfree method. Concluding
remarks are given in Sect. 7.

2
Low and high-pass filters
Filters provide two basic functions: separation of signals
that have been combined (de-noising) and restoration of
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signals that have been distorted in some way. Each filter
has a pass-band (the unaltered frequency range after fil-
tering), a stop-band (the excluded frequency range), and a
transition-band (the frequency range in between). For a
filter with fast roll-off property, the transition-band is
narrow enough to be ignored.

One simple example of a low-pass filter and a high-
pass filter is given herein in discrete domain. Signals are
expressed as x½tn�, where ftng1n¼	1 is the set of discrete
time used for representing the data. The simplest low-
pass filter is defined by its operation on the input signal
as:

y½tn� ¼
x½tn� þ x½tn	1�

2
; ð2:1Þ

and the high-pass filter is in a similar way:

z½tn� ¼
x½tn� 	 x½tn	1�

2
: ð2:2Þ

The above low-pass filter is actually a moving average
operation involving the point x½tn� and its previous point
x½tn	1� with an equal weight 1

2. The high-pass filter is a
moving difference operation involving the same set of
information.

A filter is classified by its impulse response f ðtÞ, also
called the filter kernel, which is the output signal produced
given by unit impulse as the input. The output signal yðtÞ
of a general input signal xðtÞ can be obtained through the
convolution of xðtÞ and the filter kernel f ðtÞ:

yðtÞ ¼ xðtÞ � f ðtÞ ¼
Z1
	1

xðsÞf ðt 	 sÞds ; ð2:3Þ

or in the discrete form

y½tn� ¼ x½t� �̂� f ½t� ¼
X1

k¼	1
x½tk� f ½tn	k� : ð2:4Þ

For this filtering transformation to be valid, the input
signal xðtÞ and the output signal yðtÞ should belong to the
same function space, e.g., the Lp space. A well-posedness
statement provides a requirement for the kernel function
f ðtÞ:

For each input signal xðtÞ in Lp, the output signal
yðtÞ ¼ xðtÞ � f ðtÞ is well defined and belongs to Lp if
the filter kernel function f ðtÞ is absolutely integrable, that
is:Z

j f ðtÞjdt < 1 or f ðtÞ 2 L1 : ð2:5Þ

The discrete well-posedness statement is:
For each input signal x½tn� in lp, the output signal

y½tn� ¼ x½t� �̂� f ½t� is well defined and belongs to lp if the
filter kernel function f ½tn� is absolutely summable, i.e.X

j f ðtnÞj < 1 or f ½tn� 2 l1 : ð2:6Þ
The spectral responses of both the input and output
signals can be analyzed using Fourier analysis. The
convolution formula of Fourier transform implies

FyðxÞ ¼ FxðxÞFf ðxÞ ; ð2:7Þ

where Ff ðxÞ ¼
R1
	1 f ðtÞe	ixt dt is the spectral response of

f ðtÞ. For a low-pass filter kernel f ðtÞ, its spectral response
ranges from 0 to xc. This range is the pass-band of f ðtÞ.
Hence the spectral response FyðxÞ of the output yðtÞ will
also be inside this pass-band, i.e., the frequency compo-
nent of the input xðtÞ outside the pass-band is removed.
An analogous argument can be made for high-pass filter
kernels.

An important family of filters is the family of wavelet
functions (Chui, 1992; Daubechies, 1992; Strang et al.,
1996). In wavelet multi-resolution construction, the scaling
functions um;kðxÞ ¼ 2m=2uð2mx 	 kÞ are used as a low-
pass filter on various scales, with increasing resolution
(increasing range of the pass-band) as the scale m in-
creases. The wavelet functions wm;kðxÞ ¼ 2m=2wð2mx 	 kÞ
form a sequence of filters that yield a band-pass decom-
position of high frequencies. With wavelet filters, a given
signal can be decomposed into a sequence of consecutive
frequency bands corresponding to the intrinsic scales of
the wavelet functions. Figure 1 illustrates some common
low-pass filter kernels and their spectral responses.

3
Reproducing kernels
Reproducing kernel can be used as a filter kernel with
special properties. For a given function uðxÞ in a domain
X, the convolution of uðxÞ and the reproducing kernel
UaðxÞ is

uRðxÞ ¼ uðxÞ � Ua
nðxÞ ¼

Z
X

uð~xxÞUa
nðx; x 	 ~xxÞd~xx ;

ð3:1Þ
where the function Ua

n is the nth order reproducing kernel
which meets nth order reproducing conditions, and ‘‘a’’
denotes the kernel support size. Substituting Taylor series
expansion of a function uð~xxÞ at point x into Eq. (3.1) leads
to

Fig. 1. Low-pass filters and their spectral responses
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uRðxÞ ¼ uðxÞm0ðxÞ þ uð1ÞðxÞm1ðxÞ þ
1

2!
uð2ÞðxÞm2ðxÞ

þ � � � þ 1

n!
uðnÞðxÞmnðxÞ

þ 1

ðn þ 1Þ! uðnþ1ÞðnÞmnþ1ðxÞ ð3:2Þ

where mkðxÞ ¼
R

Xðx 	 ~xxÞkUa
nðx; x 	 ~xxÞd~xx, and

uðkÞ ¼ dku=dxk. Reproduction of a polynomial up to
degree n requires

mkðxÞ ¼ dk0; k ¼ 0; 1; 2; . . . ; n : ð3:3Þ
To meet the n-th order reproducing conditions in Eq.
(3.3), the reproducing kernel Ua

n is expressed as (Liu et al.,
1995c)

Ua
nðx; x 	 ~xxÞ ¼ PTðx 	 ~xxÞbðxÞ/aðx 	 ~xxÞ ð3:4Þ

PTðxÞ ¼ ½1; x; . . . ; xn�;
bðxÞ ¼ ½b0ðxÞ; b1ðxÞ; . . . ; bnðxÞ�T ;

ð3:5Þ

and /a is a kernel function, for instance, a B-spline
function or a truncated Gauss function, with compact
support a. The coefficient bðxÞ can be obtained by
solving the equation of reproducing conditions in
Eq. (3.3) to yield

bðxÞ ¼ M	1ðxÞPð0Þ ð3:6Þ

MðxÞ ¼
Z
X

Pðx 	 ~xxÞPTðx 	 ~xxÞ/aðx 	 ~xxÞd~xx : ð3:7Þ

The reproducing kernel convolution of Eq. (3.1) is thus
rewritten as

uRðxÞ ¼ PTð0Þ
Z
X

M	1ðxÞPðx 	 ~xxÞ/aðx 	 ~xxÞuð~xxÞd~xx :

ð3:8Þ
The discrete reproduction of a function uðxÞ, denoted by
uhðxÞ, with a reproducing kernel is defined as

uhðxÞ ¼
XNP

I¼1

Ua
nðx; x 	 xIÞuI ; ð3:9Þ

where NP is the number of discrete points, the superscript
n refers to the reproducing order in this approximation,
and Ua

nðx; x 	 xIÞ is the discrete reproducing kernel that is
formed similar to the continuous case:

Ua
nðx; x 	 xIÞ ¼ PTðx 	 xIÞbðxÞ/aðx 	 xIÞ : ð3:10Þ

By enforcing the discrete nth order reproducing
conditions:

xk �̂� Ua
nðxÞ ¼

XNP

I¼1

Ua
nðx; x 	 xIÞxk

I ¼ xk;

k ¼ 0; 1; . . . ; n ; ð3:11Þ
the coefficient vector bðxÞ is obtained:

bðxÞ ¼ M	1ðxÞPð0Þ ð3:12Þ

MðxÞ ¼
XNP

I¼1

Pðx 	 xIÞPTðx 	 xIÞ/aðx 	 xIÞ : ð3:13Þ

Finally, the discrete reproducing kernel approximation
yields

uhðxÞ ¼
XNP

I¼1

PTð0ÞM	1ðxÞPðx 	 xIÞ/aðx 	 xIÞuI

¼
XNP

I¼1

Ua
nðx; x 	 xIÞuI : ð3:14Þ

The extension to multi-dimension is straightforward:
simply by including complete multi-dimensional
monomial bases in the P vector and employing the multi-
dimensional kernel function /aðx 	 xIÞ. The multi-
dimensional nth order reproducing kernel meets the
following reproducing conditions:

xi
1x

j
2xk

3 �̂� Ua
nðxÞ ¼ xi

1x
j
2xk

3; i þ j þ k ¼ 0; 1; . . . ; n :

ð3:15Þ
The meshfree solution of the partial differential equation is
obtained by employing the Galerkin approximation in
conjunction with the reproducing kernel approximation in
Eq. (3.14), see Liu et al. (1995a–c, 1996) and Chen et al.
(1996, 2000, 2001).

4
Reproducing kernel as a low-pass filter

4.1
Reproducing kernel filter
The build-in features of the nth order reproducing kernel
can be utilized to form a special low-pass filter with the
properties in which the polynomials of degree less than
n þ 1 are completely retained. Since the reproducing
kernels are continuous with compact support, it is easy
to see that Ua

nðxÞ 2 L1. Hence the well-posedness condition
is satisfied in the reproducing kernels.

The order of reproducing condition and the support
size are the two control parameters in the construction of
reproducing kernels. Figure 2 illustrates the spectral re-
sponses of reproducing kernels with different reproducing
orders while keeping the same support size. It is observed
that the pass-band expands as the reproducing order of the
kernel function increases. Thus, the reproducing kernel
functions provide higher resolution as the reproducing
order increases. The sequence fUa

1ðxÞ, Ua
2ðxÞ; . . . ;

Ua
nðxÞ; . . .g, in which n denotes the reproducing order,

forms a family of low-pass filters with an expanding
pass-band.

Next, the spectral responses of the reproducing kernels
Ua

1;U
2a
1 ;U3a

1 ;U4a
1 with a ¼ 1:1 are presented in Fig. 3. It is

shown that the pass-bands diminish as the support size
increases. The functions fUa

mðxÞ;U2a
m ðxÞ; . . . ;UðxÞ2na

m ; . . .g
form a sequence of low-pass filters with shrinking pass-
bands. In Fig. 4, the 1st order reproducing kernels with
different support sizes are used to approximate a step
function. The reproducing kernel with smaller support size
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better captures a step function due to its wider frequency
band.

To this end, we define reproducing kernel as a low-pass
filter,

lðxÞ ¼ Ua
nðxÞ : ð4:1Þ

A corresponding high-pass filter is defined as

hðxÞ ¼ dðxÞ 	 lðxÞ ; ð4:2Þ
where dðxÞ is the Dirac delta function. Note that the
spectral response of dðxÞ covers all frequency,

FðxÞ ¼
Z1
	1

dðxÞe	ixx dx ¼ 1 : ð4:3Þ

The spectral response of the high-pass filter kernel hðxÞ is
exactly the complement of that of the low-pass filter kernel
lðxÞ, as shown in Fig. 5.

Together, the two filters form a two-scale decomposi-
tion of the given function:

uðxÞ ¼ uðxÞ � lðxÞ þ uðxÞ � hðxÞ
¼ uðxÞ � lðxÞ þ uðxÞ � ðdðxÞ 	 lðxÞÞ : ð4:4Þ

An example is used to illustrate the reproducing kernel
two-scale decomposition. Given a function uðxÞ ¼ x2 in
[0, 1] that has been blurred by a noise 0:1 sinð20pxÞ, as
shown in Fig. 6. A 2nd-order reproducing kernel com-
pletely filters out the noise. Conversely, the noise can be
isolated using the corresponding high-pass filter. This
property does not always exist in other filter kernels, such
as B-spline shown in Fig. 7, where errors exist near the
boundaries.

4.2
Error indicator
The reproducing kernels have been used as the approxi-
mation functions in obtaining the meshfree solution of
partial differential equations. Let uaðxÞ be the meshfree

Fig. 2. Reproducing kernels and their spectral responses

Fig. 3. Spectral response of Ua
1;U

2a
1 ;U3a

1 ;U4a
1

Fig. 4. RK approximation of a step function with
Ua

1;U
2a
1 ;U3a

1 ;U4a
1

Fig. 5. Low-pass and high-pass filter kernels and their spectral
responses
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solution of a partial differential equation obtained
using reproducing kernel fUa

nðx 	 xIÞgNP
I¼1 of scale-a as the

shape functions in the discretization of the Galerkin
approximation. We write uaðxÞ as

uaðxÞ ¼
XNP

I¼1

Ua
nðx 	 xIÞua

I ; ð4:5Þ

where ua
I are the coefficients of approximation obtained

from meshfree solution of a partial differential equation.
For convenience, we use Ua

nðx 	 xIÞ � Ua
nðx; x 	 xIÞ to

denote the discrete counterpart of Ua
nðxÞ. The scale-2a

reproducing kernel filtering of uaðxÞ is

~uu2aðxÞ ¼ uaðxÞ �̂�U2a
n ðxÞ ¼

XNP

I¼1

~UU2a
n ðx 	 xIÞua

I ð4:6Þ

where

~UU2a
n ðx 	 xIÞ ¼ Ua

nðx 	 xIÞ �̂�U2a
n ðxÞ

¼
XNP

J¼1

Ua
nðxJ 	 xIÞU2a

n ðx 	 xJÞ ð4:7Þ

We call ~UU2a
n ðxÞ the filtered reproducing kernel function.

The reproducing conditions of Ua
nðxÞ and U2a

n ðxÞ give

XNP

I¼1

Ua
nðx 	 xIÞxi

1Ix
j
2Ix

k
3I ¼ xi

1x
j
2xk

3;

XNP

I¼1

U2a
n ðx 	 xIÞxi

1Ix
j
2Ix

k
3I ¼ xi

1x
j
2xk

3

for 0 � i þ j þ k � n :

ð4:8Þ

It can be shown that the filtered reproducing kernel
function ~UU2a

n ðxÞ also satisfies the nth order reproducing
condition as follows:

XNP

I¼1

~UU2a
n ðx 	 xIÞxi

1Ix
j
2Ix

k
3I

¼
XNP

I¼1

XNP

J¼1

Ua
nðxJ 	 xIÞU2a

n ðx 	 xJÞ
 !

xi
1Ix

j
2Ix

k
3I

¼
XNP

J¼1

XNP

I¼1

Ua
nðxJ 	 xIÞxi

1Ix
j
2Ix

k
3I

 !
U2a

n ðx 	 xJÞ

¼
XNP

J¼1

xi
1Jx

j
2Jx

k
3JU

2a
n ðx 	 xJÞ ¼ xi

1x
j
2xk

3 ð4:9Þ

The above property shows that the discrete convolution of
two nth order reproducing kernels generates another nth
order reproducing kernel. Following similar procedures, it
also can be shown that the reproducing order of
Ua

mðx 	 xIÞ �̂�U2a
n ðxÞ is minðm; nÞ.

The meshfree solution uaðxÞ can be decomposed into
the output of low-pass and high-pass filters as

uaðxÞ ¼ uaðxÞ �̂�U2a
n ðxÞ þ uaðxÞ �̂� ½dðxÞ 	 U2a

n ðxÞ�

¼
XNP

I¼1

~UU2a
n ðx 	 xIÞua

I

þ
XNP

I¼1

Ua
nðx 	 xIÞ 	 ~UU2a

n ðx 	 xIÞ
� �

ua
I

¼ ~uu2aðxÞ þ ~ww2aðxÞ ð4:10Þ
where ~uu2aðxÞ is the output of uaðxÞ after it has been filtered
through the low-pass filter U2a

n ðxÞ of scale-2a. The term
~ww2aðxÞ is the output of uaðxÞ through the high-pass filter
kernel dðxÞ 	 U2a

n ðxÞ, and can be used as the high gradient
indicator for adaptive analysis described in the next
section. Note that the above decomposition degenerates
to Liu et al. (1995b, 1996) if ~UU2a

n is replaced by U2a
n .

To illustrate, uaðxÞ is expressed in the following form:

uaðxÞ ¼ ua
LðxÞ þ ua

HðxÞ ; ð4:11Þ

Fig. 6. Filtering of x2 þ 0:1 sinð20pxÞ through a 2nd order
reproducing kernel

Fig. 7. Filtering through a cubic B-spline kernel
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where ua
LðxÞ is the lower order component of uaðxÞ by

Taylor expansion up to nth order, and ua
HðxÞ is the re-

mainder that contains the higher order component of
uaðxÞ. By substituting Eq. (4.11) into Eq. (4.6) and using
the reproducing properties of U2a

n , it can be shown that the
reproducing kernel filtering only alters the higher order
component of uaðxÞ, i.e.,

~uu2aðxÞ ¼ ua
LðxÞ þ ~uu2a

H ðxÞ ; ð4:12Þ
where

~uu2a
H ðxÞ ¼ ua

HðxÞ �̂�U2a
n ðxÞ : ð4:13Þ

Thus, the output of the high-pass filter ~ww2aðxÞ in Eq. (4.10)
serves as an indicator of the higher order component of
uaðxÞ:
~ww2aðxÞ ¼ uaðxÞ 	 ~uu2aðxÞ ¼ ua

HðxÞ 	 ua
HðxÞ �̂�U2a

n ðxÞ :

ð4:14Þ

5
Adaptive meshfree method
Adaptive method is an effective approach to achieve
accuracy and efficiency simultaneously. The naturally
conforming property of meshfree approximation offers
considerable advantages in adaptive analysis. It allows
arbitrary insertion and deletion of particles without the
burden of compatibility requirement.

5.1
Error indicator in energy norm
As discussed in the previous section, the pass-band of
reproducing kernel approximation can be adjusted by
choosing the different reproducing order and support size.
The sequence fUa

1ðxÞ;Ua
2ðxÞ; . . . ;Ua

nðxÞ; . . .g forms a
family of low-pass filters with an expanding pass-band,

and the sequence fUa
nðxÞ;U2a

n ðxÞ; . . . ;UðxÞ2ma
n ; . . .g forms a

set of low-pass filters with shrinking pass-band. It is also
shown in Sect. 4 that the location of high gradient in the
numerical solution uaðxÞ can be identified by examining
the output of uaðxÞ passing through the high-pass filter of
reproducing kernel. Similar procedures can be applied to
stress. The output of stress raðxÞ after filtering through the
low-pass filter Ua

nðxÞ reads

~rr2aðxÞ ¼ raðxÞ �̂�U2a
n ðxÞ : ð5:1Þ

The error indication of er ¼ r 	 ra, denoted as e�r, is
obtained from the high-pass filter:

e�rðxÞ ¼ raðxÞ �̂� ½dðxÞ 	 U2a
n ðxÞ� ¼ raðxÞ 	 ~rr2aðxÞ :

ð5:2Þ
The relative error in energy norm g� and the nodal energy
error density q�

I are defined as

g� ¼ e�r
�� ��

E

	
rak kE ð5:3Þ

e�r
�� ��

E
¼ 1

2

X
I¼1

e�rðxIÞTC	1e�rðxIÞAI

( )1=2

ð5:4Þ

rak kE¼
1

2

X
I¼1

raTðxIÞC	1raðxIÞAI

( )1=2

ð5:5Þ

q�
I ¼ 1

2
e�rðxIÞTC	1e�rðxIÞ

� 
1=2

ð5:6Þ

where AI is the nodal area obtained from the Voronoi
diagram.

5.2
Adaptive refinement
Adaptive procedures have been proposed in meshfree
analysis, for example, Lu and Chen (2002) and Liu and Tu
(2002). The adaptive procedures using Voronoi cell as a
reference for node insertion introduced by Lu and Chen
(2002) is employed in this work.

Given a set S of NP distinct particles in Rd, a Voronoi
diagram is the partition of Rd into NP polyhedral regions
VðPIÞ, PI 2 S. Each region VðPIÞ, called the Voronoi cell of
PI , is defined as the set of points in Rd which are closer to
PI than to any other points in S, i.e.

VðPIÞ ¼ x 2 Rdjdistðx; PIÞ � distðx;QIÞ
�
8QI 2 S 	 PIg : ð5:7Þ

The topology of Voronoi diagram is used as a reference for
inserting particles. Using the properties of Voronoi cell
boundary which is the perpendicular bisector hyper-plane
of a line connecting any two particles, new particles are
added at the vertices of the Voronoi cell as shown in Fig. 8.
Multi-level adaptive refinements for initially uniform and
non-uniform particles are shown in Figs. 9 and 10.

5.3
Shape function update
In response to the newly added or deleted particles, the
M(x) matrix in the reproducing kernel (Eq. (3.13)) of the
existing particles must be reconstructed locally to main-
tain the reproducing order in the reproducing kernel ap-
proximation as follows:

MðxÞ ¼ MoldðxÞ �
XNPnew

I¼1

Pðx 	 xIÞPTðx 	 xIÞ/aðx 	 xIÞ :

ð5:8Þ
Note that at x, the moment matrix M(x) changes only
when x is in a region covered by the kernels /a associated
with the adaptive particles. In Fig. 11, inserting a particle
between particles 6 and 7 requires reconstruction of the
reproducing kernels of particles 4, 5, 6, 7, 8, 9 and the new

Fig. 8. Insertion of particles based on a Voronoi diagram
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reproducing kernel of the new particle 12. Figure 12 shows
the local reproducing kernels that require modification
according to Eq. (5.8) in response to the newly added
particle.

In adaptive refinement, the reproducing kernel support
sizes need to be properly determined. This can be done by
using the Voronoi cell information. Using the Voronoi
diagram, we first identify and group the neighboring
particles of particle I as BI as shown in Fig. 13 below.

BI ¼ fPJ : VðPJÞ \ VðPIÞ 6¼ ;g : ð5:9Þ
The support size aI of particle PI is selected as

aI ¼ aI � max dJ : dJ ¼ PIPJ ; 8 PJ 2 BI

� �
: ð5:10Þ

In practice, aI is chosen between 1.0 and 2.0 (Lu and Chen,
2002).

6
Numerical examples
The error indicators described in Sects. 4 and 5 are used
herein for meshfree adaptive analysis. Reproducing kernel
shape functions with linear basis and cubic B-spline kernel
function are employed to obtain the meshfree solution. We
employ reproducing kernel filter with reproducing order
identical to that of the reproducing kernel shape function
in meshfree analysis.

6.1
Problem with high gradient
We analyze a one-dimensional ordinary differential
equation with boundary conditions given below:

u00ðxÞ þ gðxÞ ¼ 0; on ð	1; 1Þ

gðxÞ ¼ 2 � 106x

ð1 þ 104x2Þ2

uð	1Þ ¼ arctanð	100Þ
uð1Þ ¼ arctanð100Þ

ð6:1Þ

The exact solution of this example, uðxÞ ¼ arctanð100xÞ,
has a high gradient around point x ¼ 0. The true error and
error indicator of the numerical solution for coarse model
with 11 particles and normalized support size a ¼ 1:1 are
plotted in Fig. 14. Based on the error indicator that cor-
rectly locates the region of high gradient, it is possible to
construct the adaptive model by inserting two particles at
x ¼ 	0:05 and x ¼ 0:05. The true error and error indica-
tor of the 13-particle adaptive model are illustrated in
Fig. 15a showing improved solution. We use a uniformly
refined model with 41 particles for comparison with the

Fig. 9. Multi-level adaptive re-
finements on a set of uniformly
distributed particles

Fig. 10. Multi-level adaptive
refinements on a set of non-
uniformly distributed particles

Fig. 11a, b. Local reconstruction of shape function: a before
adaptivity, b after adaptivity

Fig. 12. Particles influenced by the newly inserted particle in
adaptive refinement
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adaptive model as shown in Fig. 15b. The adaptive model
with two additional particles provides nearly as much
solution accuracy as the uniformly refined model.

6.2
Problem with near-singularity
Consider the following problem:

u00 ¼ gðxÞ ¼ 	 2

a2
	 4ðx 	 0:5Þ2

a4

 !

� exp 	 x 	 0:5

a

� 
2
 !

; in ð0; 1Þ

uð0Þ ¼ exp 	 0:5

a

� 
2
 !

u0ð1Þ ¼ 	2
1 	 0:5

a2

� 

exp 	 1 	 0:5

a

� 
2
 !

ð6:2Þ

The exact solution of this problem, uðxÞ ¼ expð	ðx	0:5
a Þ2Þ,

exhibits nearly singular behavior at point x ¼ 0:5 that is
characterized by the small value for a. The numerical
solution of the coarse model using 11 particles and

normalized support size 1.1 is illustrated in Fig. 16, and
the error indicator shown in the figure has properly
detected the location with larger errors.

Several levels of adaptive models with 13, 17, and 25
particles are generated based on the error indicator. The
solution of adaptive models and the corresponding true
error and error indicators are shown in Fig. 17a–c. The
solutions of uniformly refined models with 21, 41, and 81
particles and the corresponding true errors and error in-
dicators also are plotted in Fig. 17a–c for comparison. The
convergence of the true error norm and the error indicator
norm is plotted in Fig. 18 for adaptive and uniformly re-
fined models. The results show that the adaptive method
reduces the solution error very effectively.

6.3
Adaptive analysis of plate with a hole
An infinite plate with a central circular hole is subjected to
an unit traction in the x direction as shown in Fig. 19.
Plane strain conditions were assumed with Young’s
modulus E ¼ 2:11 � 102 and Poisson’s ratio m ¼ 0:3. Due
to two-fold symmetry, only the upper right quadrant is

Fig. 13. Determination of shape function support size

Fig. 14. The true error and error indicator of the numerical
solution for a coarse model

Fig. 15a, b. Comparison of the results of: a adaptive model,
b full refinement model
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modeled in Fig. 19. For comparison with the solution of
adaptive models, we generate three uniformly refined
models as shown in Fig. 20. Three levels of adaptive re-
finements constructed based on the energy error density
indicator are shown in Fig. 21. The energy error density
indicator agrees with the true energy error density given in
Fig. 22. The stress distributions obtained by uniformly
refined (493 particles) and adaptively refined (153 parti-
cles) models are compared in Fig. 22a. The energy error
norms shown in Fig. 22b demonstrate how an adaptive
method can achieve the same level of accuracy with much
fewer particles compared to the uniformly refined method.

7
Conclusion
The reproducing kernel offers several useful properties
when used as a filter kernel. The order of the reproducing
condition and the support size of the kernel function are
the two control parameters in the construction of repro-
ducing kernel as a low-pass filter. We showed that the

Fig. 16. The true error and error indicator of the numerical so-
lution for a model with 11 particles

Fig. 17a–c. a First level adaptive and uniform refinements,
b second level adaptive and uniform refinements and c third
level adaptive and uniform refinements

Fig.17. (Contd.)
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pass-band expands as the reproducing order of the kernel
function increases. On the other hand, increasing the
support size while keeping the reproducing order fixed
leads to a shrinking pass-band in its spectrum.

The build-in features of the reproducing kernel result in a
special low-pass filter where the polynomials of degree less
than or equal to the reproducing order are completely
retained. We showed that the nth order reproducing kernel
approximation filtered through an mth order reproducing
kernel low-pass filter results in a filtered reproducing kernel
approximation with reproducing order of minðm; nÞ. Thus
by passing the reproducing kernel meshfree solution
through the reproducing kernel low-pass filter, only the
higher order component of the meshfree solution is partially

Fig. 17. (Contd.)

Fig. 18. The comparison of true error norm and the error
indicator norm

Fig. 19. Problem description of for plate with a hole

Fig. 20. Uniformly refined models

Fig. 21a–c. a Adaptive refinement, b corresponding energy error
density indicator and c true energy error density indicator
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filtered. Consequently the output of the corresponding
high-pass filter captures the higher order portion of the
numerical solution. This property is utilized in the repro-
ducing kernel meshfree analysis to form an error indicator.

In conjunction with the reproducing kernel error indi-
cator, an adaptive meshfree method was introduced. The
naturally conforming property of the reproducing kernel
approximation presents considerable advantages in
meshfree adaptive analysis. It allows arbitrary particle
insertion and deletion in the adaptive refinement without
the burden of the compatibility requirement in the finite
element adaptivity procedures. Adaptive refinement based
on the Voronoi diagram provides a natural way for particle
insertion. Some numerical examples were presented to
demonstrate the effectiveness of the proposed error
indicator and the adaptive meshfree method.
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