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Abstract

An extended meshfree method is presented for treating boundary value problems, where the total solution is ex-

pressed by a combination of particular and homogeneous solutions, each of which is assigned a specific role. The

particular solution is any analytical (or numerical) expression satisfying the governing differential equation containing

the source term but not necessarily the boundary conditions. A general method is presented for constructing this

solution. Thus, the problem is reduced to a homogeneous equation where the original boundary conditions are modified

by the particular solution. Herein, the meshfree method is used to solve this homogeneous equation, which involves a

lower order behavior so that a relatively coarse discretization is acceptable. Several boundary value problems from

potential theory as well as from shear deformable plate theory are solved, where linear exactness [Int. J. Numer.

Methods Engrg. 50 (2001) 435; Int. J. Numer. Methods Engrg. 53 (2002) 2587] and bending exactness [Comput.

Methods Appl. Mech. Engrg. 193 (2004) 1065], respectively, are imposed in their meshfree approximation fields.

Numerical results demonstrate that this extended meshfree approach significantly improves the solution accuracy with

commensurately less computational effort compared to the conventional meshfree formulation.
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1. Introduction

Finite element methods and meshfree methods have been widely used for numerical solution of

boundary value problems. However, the solution accuracy in these methods is often impaired when there is

a localized source term in the partial differential equation (PDE). More specifically, source terms can in-

crease the order of the nonlinear behavior in the solution and thus require a higher order approximation or

a finer discretization for an acceptable accuracy.

The unstructured and conforming properties of the meshfree method [2,4,8,14,15] offer tremendous
flexibility for enhancement of the local and global solution accuracy. Under the partition of unity
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framework [8,15], special enrichment basis functions can be embedded within the Galerkin formulation to
better approximate the local behavior. In [1,7] an extended finite element method with enriched basis

functions was used to effectively model crack tip characteristics. In [16] a similar approach was employed in

thermal and phase change problem. Hierarchical enrichment [12,13,19], coupling between FEM and

meshfree methods [9,11,13] and interface enrichment [10,21] were also developed for enhancement of local

solutions. These applications attest to the benefit of enriching the trial basis. Enrichment functions for non-

localized problems have also been proposed. The work in [17] used a particular solution to satisfy the strong

form of the non-homogeneous PDE together with a homogeneous solution using a lower order finite

element basis functions. Since lower order finite element basis functions satisfy the differential operator
identically, the approximation in the weak form only involves boundary terms after integration-by-parts.

This approach possesses the combined advantages of boundary element like features and lower order finite

element efficiency.

In this paper, the unknown field variables are decomposed into particular solution and homogeneous

solution. We present a general, straightforward approach for constructing the particular solution by

employing a fundamental solution that captures the behavior due to the source term in the governing

equation without necessarily satisfying the boundary conditions. Consequently, only a homogeneous

governing equation with auxiliary boundary conditions remains, which is solved by a meshfree method. By
this procedure, the homogeneous solution has a lower order behavior, which can be effectively treated by a

stabilized conforming nodal integration (SCNI) [5,6,20] that meets the linear and bending exactness criteria

in the Galerkin approximation for potential problem and shear deformable plate problems, respectively. In

this study, this version of the extended meshfree method is demonstrated on several boundary value

problems from these two problem areas.

This paper is organized as follows. The properties of reproducing kernel approximation and the moti-

vation of this work via a one-dimensional example are summarized in Section 2. In Section 3, a general

solution decomposition procedure is presented for a class of boundary values problems. Application of this
procedure to Poisson�s equation using SCNI for homogeneous solution is presented in Section 4. In Section

5, the proposed method is applied to shear deformable plate problems. Finally, conclusions are drawn in

Section 6.
2. Properties of reproducing kernel approximation

The reproducing kernel (RK) approximation [14] is employed herein for the meshfree approximation of
the dependent variables in PDEs. The problem domain X is first discretized into a set of particles

fx1; x2; . . . ; xNPg, where xI is the location of node I and NP denotes the total number of particles. The

unknown variable uðxÞ of a PDE is approximated by

uhðxÞ ¼
XNP

I¼1

WIðxÞdI ; ð2:1Þ

where uhðxÞ is the approximation of uðxÞ,WI and dI are the shape functions and their associated coefficients,

respectively. In RK approximation [14], a shape function WIðxÞ has the form:

WIðxÞ ¼ cðx; x� xIÞ/aðx� xIÞ; ð2:2Þ
where cðx; x� xIÞ is the correction function expressed as a linear combination of an nth order monomial

basis:

cðx; x� xIÞ ¼ HTðx� xIÞbðxÞ ð2:3Þ
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with vector Hðx� xIÞ containing the basis functions:

HTðx� xIÞ ¼ 1 x1 � xI1 x2 � xI2 ðx1 � xI1Þ2 � � � ðx2 � xI2Þn
� �

: ð2:4Þ

In Eq. (2.2), /aðx� xIÞ is a kernel function that defines the smoothness and locality of the approximation

with a compact support measured by �a�. A commonly used kernel function is the cubic spline function:

/aðrÞ ¼

2

3
� 4r2 þ 4r3; 06 r6

1

2
;

4

3
� 4r þ 4r2 � 4

3
r3;

1

2
6 r6 1;

0; r > 1;

8>>>><
>>>>:

ð2:5Þ

where r ¼ kx� xIk=a. The coefficient vector bðxÞ in Eq. (2.3) is obtained by satisfying the following nth
order reproducing conditions:

XNP

I¼1

WIðxÞxaI1x
b
I2 ¼ xa1x

b
2 ; aþ b ¼ 0; 1; 2; . . . ; n: ð2:6Þ

The solution for coefficient vector bðxÞ is obtained by substituting Eq. (2.2) into Eq. (2.6) to yield:

MðxÞbðxÞ ¼ Hð0Þ; ð2:7Þ

MðxÞ ¼
XNP

I¼1

Hðx� xIÞHTðx� xIÞ/aI ðx� xIÞ: ð2:8Þ

Upon solving for bðxÞ ¼ M�1ðxÞHð0Þ, the RK shape functions take the form:

WIðxÞ ¼ HTð0ÞM�1ðxÞHðx� xIÞ/aðx� xIÞ: ð2:9Þ
The reproducing kernel particle method (RKPM) is formulated by introducing the above approximation of

unknown into the weak form of the governing equation L½u� þ b ¼ 0 where L is the differential operator

and b is the source term. The order of the solution is greatly dependent upon the nature of source term and
Fig. 1. Exact and meshfree solutions in 1D with localization.
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the differential operator. The following problem illustrates the property of the conventional Galerkin

meshfree method using the reproducing kernel approximation with linear basis and 20-node discretization

in representing the behavior of a localized high-gradient source term:

u;xx þ bðxÞ ¼ 0 in ð0; 1Þ;

bðxÞ ¼ f2a2 � 4½a2ðx� 0:5Þ�2g expf�½aðx� 0:5Þ�2g for 0:426 x6 0:58;

0 otherwise;

(

uð0Þ ¼ 0; uð1Þ ¼ 1; a ¼ 50:

ð2:10Þ

A comparison of the numerical and exact solutions in Fig. 1 shows very significant differences in the vicinity
of the localized source term.
3. Extended meshfree method

To illustrate the extended meshfree method, consider the following one-dimensional model problem:

u;xx þ bðxÞ ¼ 0 in ða; bÞ;
uðaÞ ¼ �ua; uðbÞ ¼ �ub:

ð3:1Þ

The solution can be expressed by means of Green�s function as uðxÞ ¼
R b
a g

_ðx; yÞbðyÞdy þ ½ðb� xÞ�ua þ
ðx� aÞ�ub�=ðb� aÞ, where Green�s function g

_ðx; yÞ satisfies g
_

;xx þ dðx� yÞ ¼ 0 in ða; bÞ, and boundary

conditions g
_ða; yÞ ¼ 0, g

_ðb; yÞ ¼ 0. However, a Green�s function may not always be available in general

problems. Rather than seeking a Green�s function, consider an alternate function g that satisfies governing

equation (3.1) in an infinite domain but perhaps not the boundary conditions. Such a fundamental solution
can be easily constructed. For governing equation (3.1), let g satisfy the following equation in an infinite

domain:

g;xx þ dðx� �xÞ ¼ 0: ð3:2Þ
The solution of (3.2) has the form

gðx;�xÞ ¼ x; x6�x;
�x; x > �x:

�
ð3:3Þ

With this form of gðx;�xÞ, a particular solution to Eq. (3.1) can be obtained by

upðxÞ ¼
Z b

a
gðx; yÞbðyÞdy; ð3:4Þ

where upðxÞ does not generally satisfy the boundary conditions in Eq. (3.1). With upðxÞ given by Eq. (3.4),

the total solution can then be taken as

uðxÞ ¼ u0ðxÞ þ upðxÞ; ð3:5Þ
where u0ðxÞ is the homogeneous solution satisfying the following homogeneous equation with boundary

conditions modified by the particular solution:

u0;xx ¼ 0 in ða; bÞ;
u0ðaÞ ¼ �ua � upðaÞ; u0ðbÞ ¼ �ub � upðbÞ:

ð3:6Þ

The variable u0ðxÞ of Eq. (3.6) without a source term involves a lower order behavior compared to the

original problem, and its analysis can be treated numerically with greater ease.
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This approach can be generalized to treat a multi-dimensional boundary value problems with mixed
boundary conditions. Consider the problem:

L½u� þ bðxÞ ¼ 0 in X;

u ¼ p on ouX;

ou
on

¼ h on ohX:

ð3:7Þ

Let gðx; �xÞ be the fundamental solution that satisfies

L½g� þ dðx� �xÞ ¼ 0; ð3:8Þ
where dðx� �xÞ is a multi-dimensional delta function. Then a particular solution is given by the integral:

upðxÞ ¼
Z
X
gðx; yÞbðyÞdy: ð3:9Þ

The homogeneous solution u0ðxÞ is then obtained from the homogeneous equation with boundary con-

ditions modified by upðxÞ:

L½u0� ¼ 0 in X;

u0 ¼ p � up � p0 on ouX;

ou0

on
¼ h� hp � h0 on ohX;

ð3:10Þ

where hpðxÞ ¼ oup

on ¼
R
X

ogðx;yÞ
on bðyÞdy, x 2 ohX. Specific solution procedures for Poisson�s equation as well as

plate bending problems are discussed in the following two sections.
4. Poisson’s equation

4.1. Model problem and fundamental solution

Consider the following Poisson equation in two dimensions:

r2uþ bðxÞ ¼ 0 in X;

u ¼ p on ouX;
ou
on

¼ h on ohX;
ð4:1Þ

where ouX and ohX denote the essential and natural boundaries, respectively, ouX [ ohX ¼ oX,
ouX \ ohX ¼ ;, and n denotes the outward normal to the boundary. The fundamental solution satisfies

r2g þ dðx� �xÞ ¼ 0 ð4:2Þ
and its solution is [3,22]

gðx; �xÞ ¼ � 1

2p
ln r; r ¼ k�x� xk ¼ ½ð�x� xÞ2 þ ð�y � yÞ2�1=2: ð4:3Þ

The particular solution that accounts for bðxÞ is obtained by Eq. (3.9).

4.2. Linear exactness in approximation of homogeneous solution

The homogeneous solution must satisfy the following equation and boundary conditions:
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r2u0 ¼ 0 in X;

u0 ¼ p � up � p0 on ouX;

ou0

on
¼ h� oup

on
� h0 on ohX:

ð4:4Þ

The weak form of (4.4) isZ
X
$du0 � $u0 dA ¼

Z
ohX

du0h0 dC: ð4:5Þ

Following [5,6], the necessary conditions for achieving linear exactness in the Galerkin approximation of

this second order differential equation are: (1) shape functions WI for approximation of the unknown

u0
hðxÞ ¼

P
IWIðxÞd0

I are linearly complete, and (2) integration of the weak form meets integration con-

straints.
These requirements are met by employing linear basis functions in the reproducing kernel approximation

and by satisfying integration constraints given in [5] as

Int
X
ð$WIÞ ¼

Z
ohX

WIndC for fI : suppðWIÞ \ ouX ¼ ;g; ð4:6Þ

where Int
X
ð�Þ denotes numerical integration over domain X. A SCNI has been proposed to stabilize the

nodal integration of the weak form and fulfill linear exactness in the Galerkin approximation of second
order differential equation [5]. In this approach, a smoothed nodal gradient of u0 at point xL is computed as

~$u0
hðxLÞ ¼

1

AL

Z
XL

$u0
h
dA ¼ 1

AL

Z
CL

nu0
h
dC ¼

X
I

~$WIðxLÞd0
I ; ð4:7Þ

where

~$WIðxLÞ ¼
1

AL

Z
CL

WIðxÞnðxÞdC: ð4:8Þ

Here XL and CL are the representative domain and boundary associated with the node L as shown in Fig. 2,

and AL is the area of XL. It can be easily shown that this smoothed gradient meets the integration con-

straints for nodal integration:
Fig. 2. Nodal representative domain obtained by Voronoi diagram.
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XNP

I¼1

~$WIðxKÞAK ¼
Z
ohX

WIndC for fI : suppðWIÞ \ ouX ¼ ;g: ð4:9Þ

Introducing a nodal integration of weak form in Eq. (4.5) with assumed gradient field yields

XNP

L¼1

~$du0ðxLÞ~$u0ðxLÞAL ¼
XNBint

K¼1

du0ð�xKÞh0ð�xKÞ-K ; ð4:10Þ

where NP and NBint are, respectively, the numbers of nodal points and boundary integration points, and �xK

and -K are the integration points and weights for boundary integration, respectively, that are consistent

with the boundary integration for gradient smoothing term
R
CL
WIðxÞnðxÞdC in Eq. (4.8). By substituting

the meshfree approximation for u0 in Eq. (2.1) into Eq. (4.7), we obtain the following discrete homogeneous

equation:
Kd0 ¼ f 0; ð4:11Þ

KIJ ¼
XNP

L¼1

~$WIðxLÞ � ~$WJ ðxLÞAL; ð4:12Þ

f 0
I ¼

XNBint

K¼1

WIð�xKÞh0ð�xKÞ-K : ð4:13Þ
4.3. Numerical examples

In this subsection, the solutions obtained using RKPM and the proposed extended reproducing kernel

particle method (Extended-RKPM) are compared. Both methods employ SCNI for enhanced solution

accuracy. For Poisson�s equation, reproducing kernel with linear basis is used.
4.3.1. One-dimensional problem

Problem (2.10) is reconsidered by the extended meshfree method, where the discretization used for the

homogeneous problem with modified boundary conditions is the same as before. The particular solution in

this case is carried out by three integration zones with 6-point quadrature rule in the small domain where

bðxÞ 6¼ 0, and the homogeneous solution is obtained by RKPM with SCNI. Note that this homogeneous

solution solved by RKPM with SCNI is exact with arbitrary discretization (3-node discretization is used

herein). The comparison of the results in Fig. 3 shows a remarkable improvement in solution accuracy with

the Extended-RKPM.

4.3.2. Two-dimensional problem

Poisson�s equation (4.1) with the following source term is analyzed to study the convergence behavior of

proposed formulation:

bðxÞ ¼ �1� 3yþf2ða2 þ b2Þ � 4½a2ðx� 0:5Þ�2 � 4½b2ðy� 0:5Þ�2g� expf�½aðx� 0:5Þ�2 � ½bðy� 0:5Þ�2g;
a¼ b¼ 20:

ð4:14Þ



Fig. 3. Extended-RKPM solution of problem (2.10).
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The boundary conditions are prescribed as follows:

uðx ¼ 0; yÞ ¼ y2

2
þ exp

�
� a2

4
� ½bðy � 0:5Þ�2

�
; ð4:15Þ

uðx ¼ 1; yÞ ¼ 1þ y3

2
þ exp

�
� a2

4
� ½bðy � 0:5Þ�2

�
; ð4:16Þ

uðx; y ¼ 0Þ ¼ x2

2
þ exp

�
� ½aðx� 0:5Þ�2 � b2

4

�
; ð4:17Þ

uðx; y ¼ 1Þ ¼ x2 þ y3

2
þ exp

�
� ½aðx� 0:5Þ�2 � b2

4

�
: ð4:18Þ

The exact solution is given by the following equation and shown graphically in Fig. 4:
uðxÞ ¼ x2 þ y3

2
þ expf�½aðx� 0:5Þ�2 � ½bðy � 0:5Þ�2g: ð4:19Þ

Here, the particular solution was calculated using a 7 · 7 Gauss quadrature in the small domain where

bðxÞ 6¼ 0. The numerical solutions for both Extended-RKPM and RKPM, using both 5 · 5 and 9 · 9

discretizations, are plotted in Figs. 5 and 6, respectively. The comparison of these two figures shows that an

accurate solution can be obtained by the proposed Extended-RKPM even with a relatively coarse dis-

cretization. Moreover, the results using the conventional RKPM method do not compare well even with the

most refined 9 · 9 mesh. The L2 error norms in Fig. 7 demonstrate a significant improvement of accuracy
of the proposed method compared to the conventional method, although the rates of convergence of both

approaches are comparable.



Fig. 4. Exact solution of Poisson�s problem with localized source term.

Fig. 5. Solution comparison with 5 · 5 discretization: (a) RKPM; (b) Extended-RKPM in Poisson�s problem with localized source

term.

Fig. 6. Solution comparison with 9 · 9 discretization: (a) RKPM; (b) Extended-RKPM Poisson�s problem with localized source term.
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Fig. 7. L2 error norm comparison for Poisson�s problem with localized source term.

1094 J.-S. Chen et al. / Comput. Methods Appl. Mech. Engrg. 193 (2004) 1085–1103
5. Shear deformable plate

5.1. Model problem and fundamental solution

The governing equations for Mindlin–Reissner plate theory can be expressed in terms of the transverse
displacement w and bending rotations ha�s as

D
1� m
2

r2ha

�
þ 1þ m

2
hb;ba

�
þ Cðw;a � haÞ ¼ 0; ð5:1Þ

Cðr2w� ha;aÞ þ q ¼ 0; ð5:2Þ
where C ¼ 5

6
Et

2ð1þmÞ, D ¼ Et3

12ð1�m2Þ, E and m are Young�s modulus and Poisson�s ratio, t is the plate thickness, q is

transverse loading, and a and b range from 1 and 2. The sign convention of the rotations is shown in Fig. 8.

Consider a point load q ¼ dðx� �xÞ acting at point �x in an infinite domain (Fig. 9). The fundamental

solutions of Eq. (5.2) due to q ¼ dðx� �xÞ are [22]:

w�ðx; �xÞ ¼ 1

8pD
r2 ln r � 1

2pC
ln r; r ¼ k�x� xk ¼ ½ð�x� xÞ2 þ ð�y � yÞ2�1=2; ð5:3Þ
x

1θ

2θ

z

y

Fig. 8. Sign convention for Mindlin–Reissner plate.
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Fig. 9. Point load in an infinite domain.
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h�xðx; �xÞ ¼
1

8pD
rð2 ln r þ 1Þ cos b; ð5:4Þ

h�yðx; �xÞ ¼
1

8pD
rð2 ln r þ 1Þ sin b: ð5:5Þ
5.2. Bending exactness in homogeneous solution

Decompose the dependent variables by w ¼ wp þ w0, ha ¼ hpa þ h0a, where wp and hpa are the particular

solution given by wpðxÞ ¼
R
X w

�ðx; yÞqðyÞdy and hpaðxÞ ¼
R
X h

�
aðx; yÞqðyÞdy. Thus, only the homogeneous

solution remains where the governing equations are the same as Eqs. (5.1) and (5.2) except with the absence
of loading term q. The auxiliary boundary conditions can also be obtained with the same procedures as

discussed in the previous sections.

The weak form of this auxiliary Mindlin–Reissner plate problem can be expressed asZ
X
dj0TDbj0 dXþ

Z
X
dc0

T

Dsc0 dXþ
Z
Ch
dh0

T

M0 dC ¼ 0; ð5:6Þ

where M0 is the modified boundary bending moment and other matrices are defined as follows:

Db ¼ Et3

12ð1� m2Þ

1 m 0

m 1 0

0 0 ð1� mÞ=2

0
@

1
A; Ds ¼ tkl

1 0

0 1

� �
; ð5:7Þ

j0 ¼
k011
k022
2k012

0
B@

1
CA ¼

oh01
ox1
oh02
ox2

oh01
ox2

þ oh02
ox1

0
BBBBBBB@

1
CCCCCCCA
; c0 ¼ c01

c02

� �
¼ w0

;1 � h01
w0

;2 � h02

 !
: ð5:8Þ
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To avoid shear locking in the limit as t ! 0, the homogeneous system of equations must be solved using

a reproducing kernel approximation of unknowns that meet (1) Krichhoff mode reproducing condi-

tions (KMRC), and (2) the bending exactness (BE) in the Galerkin approximation ofMindlin–Reissner plate

[20]. To satisfy KMRC, a reproducing kernel approximation with quadratic basis for w0 and h0a is em-

ployed:

u0
h ¼

w0h

h0
h

1

h0
h

2

0
B@

1
CA ¼

XNP

I¼1

WI

w0
I

h01I
h02I

0
B@

1
CA ¼

XNP

I¼1

WIðxÞd0
I ; ð5:9Þ

where WI is the RK shape function constructed with second order basis functions. The corresponding

approximation of shear strain and curvature are

c0
h ¼ c0

h

1

c0
h

2

 !
¼
XNP

I¼1

WI ;1w0
I �WIh

0
1I

WI ;2w0
I �WIh

0
2I

 !
¼
XNP

I¼1

Bs
Id

0
I ; ð5:10Þ

j0h ¼
j0h

11

j0h

22

2j0h

12

0
B@

1
CA ¼

oh0
h

1

ox1
oh0

h

2

ox2
oh0

h

1

ox2
þ oh0

h

2

ox1

0
BBBBBBBB@

1
CCCCCCCCA

¼
XNP

I¼1

WI ;1h
0
1I

WI ;2h
0
2I

WI ;2h
0
1I þWI;1h

0
2I

0
B@

1
CA ¼

XNP

I¼1

Bb
I d

0
I ; ð5:11Þ

where

Bb
I ¼

0 WI;x 0

0 0 WI;y

0 WI ;y WI ;x

0
@

1
A; Bs

I ¼
WI;x �WI 0

WI;y 0 �WI

� �
: ð5:12Þ

To fulfill BE, numerical integration for the weak form must satisfy the following integration constraint:Z
X
BbT

I dX ¼
Z
Ch
ET

I dC for fI : suppðWIÞ \ ouX ¼ ;g; ð5:13Þ

where ouX is the essential boundary of the plate, and

EI ¼
0 WI n1 0

0 0 WI n2
0 WI n2 WI n1

0
@

1
A: ð5:14Þ

To meet integration constraint and provide stability to the nodally integrated weak form, a curvature

smoothing at the nodal point is introduced:

~j0
abðxLÞ ¼

1

AL

Z
XL

j0
abðxÞdA ¼ 1

2AL

Z
XL

ðh0a;b þ h0b;aÞdA ¼ 1

2AL

Z
CL

ðh0anb þ h0bnaÞdC; ð5:15Þ

j0ðxLÞ ¼
XNP

I¼1

~Bb
I ðxLÞd0

I ;
~Bb
I ðxLÞ ¼

0 ~WI;1ðxLÞ 0

0 0 ~WI;2ðxLÞ
0 ~WI;2ðxLÞ ~WI;1ðxLÞ

0
B@

1
CA; ~WI ;aðxLÞ ¼

1

AL

Z
CL

WIðxÞnaðxÞdC:

ð5:16Þ
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By performing nodal integration of weak form with the above smoothed curvature, we have

XNP

K¼1

ðd~k0TðxLÞDb~j0ðxLÞ þ dc0
TðxLÞDsc0ðxLÞÞAL ¼ �

XNBint

K¼1

ðdh0Tð�xKÞM0ð�xKÞÞ-K : ð5:17Þ

This leads to the following discrete equation:

ðKb þ K sÞd0 ¼ f 0; ð5:18Þ
where

Kb
IJ ¼

XNP

K¼1

~BbT

I ðxLÞDb ~Bb
J ðxLÞAL; ð5:19Þ

K s
IJ ¼

XNP

K¼1

BsT

I ðxLÞDsBs
J ðxLÞAL; ð5:20Þ

f 0I ¼
XNBint

K¼1

WIð�xKÞ
0

�M0
x ð�xKÞ

�M0
y ð�xKÞ

0
@

1
A-K ; ð5:21Þ

where Kb and K s denote the bending and shear stiffnesses, respectively, NBint is the number of boundary

integration points, and �xK and -K are the integration points and weight of boundary integration, respec-

tively.

5.3. Numerical examples

In this section, results for the Mindlin–Reissner plate problem by RKPM and Extended-RKPM, both

using SCNI, are compared. Reproducing kernel approximation with quadratic basis is employed to pre-

serve Kirchhoff mode so that shear locking is avoided.

5.3.1. Clamped circular plate

A clamped circular plate subjected to a unit concentrated load P at the plate centroid is analyzed (Fig.
10). The relevant plate properties are Poisson�s ratio m ¼ 0:3 and thickness/radius ratio t=R ¼ 0:02. Due to

axisymmetry, a quarter model is used, whose discretization and corresponding nodes for performing sta-

bilized conforming nodal integration are shown in Fig. 11. Since the source term is due to a point load, the

particular solution is the fundamental solution. To study the numerical solution accuracy, it is noted that a

singularity exists in the Mindlin–Reissner analytical solution, whereas Kirchhoff analytical solution exhibits

no singularity under a point load. In the case of thin plate with t=R ¼ 0:02 in Fig 12, Kirchhoff and

Mindlin–Reissner solutions are almost identical except within r=R < 10�6 as shown in Fig. 13. Good
Fig. 10. Clamped plate subjected to a point load.



Fig. 11. Discretization of a quarter of circular plate.

Fig. 12. Deflection of clamped circular plate with t=R ¼ 0:02.
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accuracy of extended-RKPM Mindlin-Reeissner solution is shown not only in Fig. 12, but also in the

vencinity of point load shown in Fig. 13 where the singularity of the Mindlin–Reissner solution is well

captured. To avoid evaluation at a singular point, the normalized deflection of RKPM and proposed

Extended-RKPM are computed at r ¼ 10�4R and the results are shown in Fig. 14. The results clearly

demonstrate the superior performance of the proposed approach over the conventional meshfree method.

For the thick plate case with t=R ¼ 0:2 as shown in Fig. 15, Mindlin–Reissner plate analytical solution
is substantially different from the Kirchhoff analytical solution. Again, the Extended-RKPM Mindlin–

Reissner solution agrees with the Mindlin–Reissner analytical solution much better than that of the con-

ventional RKPM. A dramatic enhancement in Extended-RKPM over RKPM in capturing the highly



Fig. 13. Deflection of clamped circular plate near plate centroid (zoom-in plot).

Fig. 14. Center deflection of clamped circular plate.
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nonlinear moment distribution in the radial direction is shown in Fig. 16. The improved accuracy in the

proposed method can also be observed in the L2 error norm plot in Fig. 17.

5.3.2. Clamped square plate

Consider a clamped square plate of side dimension a under a point force P at the center as shown in Fig.

18. The relevant plate properties for this example are Poisson�s ratio m ¼ 0:3 and thickness/side ratio
t=a ¼ 0:01. Again, no numerical integration is needed for the particular solution as the fundamental

solution represents the response due to the point load. Similar to the circular plate problem, to avoid the



Fig. 15. Deflection of clamped circular plate with t=R ¼ 0:2.

Fig. 16. Comparison of moment distribution along radial direction in clamped circular plate.
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evaluation of singularity in the Mindlin–Reissner analytical solution and the extended-RKPM solution, the
results are compared at a small distance d ¼ 10�4a away from the plate centroid. The comparison of the

center deflection obtained with 4 · 4, 7 · 7, and 9 · 9 particles shown in Fig. 19 again demonstrates that a

coarse mesh can be used in the proposed method to achieve accurate results. A non-uniform discretization

of quarter plate with 36 nodes shown in Fig. 20 is also employed. The normalized center deflections ob-

tained using RKPM and Extended-RKPM with respect to the analytical solutions [18] are 0.930 and 0.995,

respectively. This calculation demonstrates that the extended RKPM suffers no apparent degradation using

non-uniform discretization.



Fig. 17. Error comparison in camped circular plate problem.

Fig. 18. Clamped square plate subjected to a point load.

Fig. 19. Center deflection comparison in clamped square plate problem.
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Fig. 20. Non uniform discretization of a quarter of square plate.
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6. Conclusions

In this work, an extended meshfree method was presented whose solution consisted of a pair of par-
ticular and homogeneous solutions. For the particular solution, an infinite domain was considered. This

solution was obtained by integrating the product of a fundamental solution and source term, so that the

strong form of the governing equation is satisfied. The original problem is thus reduced to a homogeneous

differential equation with boundary conditions modified by the particular solution and its solution was

obtained with high precision by the meshfree method when proper reproducing conditions in the meshfree

approximation and integration constraints are employed in integrating its weak form. By this separation of

the total solution into these two parts, it is possible to effectively solve the homogeneous problem with a

fairly coarse discretization of the domain.
Examples on Poisson�s equation and the Mindlin–Reissner plate problem were discussed in this paper. For

Poisson�s equation, the homogeneous solution was solved by introducing a linear basis in the reproducing

kernel approximation in conjunction with a stabilized conforming nodal integration to fulfill the linear

exactness in the Galerkin approximation of the auxiliary homogeneous problem. In the case of Mindlin–

Reissner plate problem, Kirchhoff mode reproducing conditions (KMRC) were introduced in the construction

of shape functions for the translational and rotational degrees of freedom of the plate. A stabilized conforming

nodal integration that employs curvature smoothing stabilization on the nodally integrated weak form tomeet

the bending exactness was employed to obtain homogeneous solution of the Mindlin–Reissner plate.
By the proposed method, a significantly enhanced solution accuracy was achieved over the conventional

meshfree method in the examples considered. The improvement in accuracy is most dramatic when the

source term is localized. Since the particular solution satisfies the strong form, the homogeneous problem

enjoys greater computational efficiency since a lower order behavior is involved where a coarse discreti-

zation suffices.
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