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Abstract

The cause of shear locking in Mindlin–Reissner plate formulation is due to the inability of the numerical formulation

in representing pure bending mode without producing parasitic shear deformation (lack of Kirchhoff mode). To resolve

shear locking in meshfree formulation of Mindlin–Reissner plates, the following two issues are addressed: (1) con-

struction of approximation functions capable of reproducing Kirchhoff modes, and (2) formulation of domain inte-

gration of Galerkin weak form capable of producing exact solution under pure bending condition. In this study, we first

identify the Kirchhoff mode reproducing conditions (KMRC), and show that the employment of a second order

monomial basis in the reproducing kernel or moving least-square approximation of translational and rotational degrees

of freedom is an effective means to meet KMRC. Next, the integration constraints that fulfill bending exactness (BE) in

the Galerkin meshfree discretization of Mindlin–Reissner plate are derived. A nodal integration with curvature

smoothing stabilization that fulfills BE is then formulated for Mindlin–Reissner plate. The curvature smoothing sta-

bilization is introduced in the nodally integrated Galerkin weak form. The resulting meshfree formulation is stable and

free of shear locking in the limit of thin plate. Both computational efficiency and accuracy are achieved in the proposed

meshfree Mindlin–Reissner plate formulation.

� 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Meshfree methods developed in recent years allow sufficient flexibility in customizing the approximation

functions for desired smoothness, accuracy, or special characteristics of particular engineering and scientific

problems. The Kirchhoff plate problem is one typical example where the C1 continuity can be easily

achieved using moving least-squares approximation [15,16]. Despite of these attractive features, several

authors have reported locking difficulties in constrained problems using standard meshfree methods. For
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example, the constraint ratios in the reproducing kernel approximation with linear basis are far from
optimum for incompressible problems [5]. The study of the fundamental modes and their corresponding

energy further identified that the locking can never be completely suppressed simply by increasing the

support size of approximation function [11]. A pressure projection method [4,5] and selective reduced

integration method [8] have been proposed to resolve incompressible locking. In Mindlin–Reissner plate,

employing approximation function for rotational degrees of freedom as the derivatives of the approxi-

mation function for translational degrees of freedom has also been introduced to resolve shear locking

[9,14]. In [10], higher order basis functions have been employed in h-p cloud method to relieve the shear

locking.
Locking can also be relived by using a nodal integration or collocation techniques, but they often are

suffered by the rank deficiency and thus produce kinematic modes [1]. A stabilized conforming nodal

integration (SCNI) has been proposed as a stabilization mechanism for nodal integration [6,7] of meshfree

Galerkin weak form. In this approach, the strain smoothing stabilization has been introduced in SCNI to

meet integration constraints and thus fulfills the linear exactness in the Galerkin approximation of the

second order partial differential equations. This approach also significantly reduces computation time due

to the nature of nodal integration.

The cause of shear locking in Mindlin–Reissner plate formulation is due to (1) inability in the
approximation functions to reproduce Kirchhoff mode, and (2) the incapability of the numerical method to

achieve pure bending exactness (BE) in the Galerkin approximation. The first condition is related to the

approximation of kinematic variables, and the second condition is associated with both the approximation

of kinematic variables and the integration of weak form. In this study, the reproducibility of Krichhoff

mode, termed Kirchhoff mode reproducing conditions (KMRC), is first analyzed for Mindlin–Reissner

plate. The approximation functions of displacement and rotations are constructed to meet KMRC. The

conditions for vanishing parasitic shear deformation under pure bending are obtained. Next, the integra-

tion constraints for achieving BE are derived, and a curvature smoothing is proposed to meet bending
integration constraints and to provide stability to the nodally integrated weak form.

This paper is organized as follows. The basic equations of Mindlin–Reissner plate and meshfree

approximation are reviewed in Section 2. The KMRC and bending integration constraints for BE in

Mindlin–Reissner plate theory are derived, and reproducing kernel shape functions that meet KMRC are

presented in Section 3. In Section 4, a curvature smoothing stabilization and the corresponding discrete

meshfree equation formulated via an assumed strain method to fulfill BE are introduced. Some numerical

examples are presented in Section 5. Concluding remarks are drawn in Section 6.
2. Basic equations

2.1. Kinematics of Mindlin–Reissner plate

Consider a plate occupying a domainB ¼ X� ð�t=2; t=2Þ, where X � R2 represents the mid-plane of the

plate with boundary C and t is the plate thickness. In Mindlin–Reissner plate theory, the in-plane dis-

placements u and v are assumed to vary linearly with section rotations h1 and h2 through the plate thickness
t. In addition, the normal stress r33 is assumed to be zero. The sign conventions adopted in this paper are

shown in Fig. 1.

The displacement field can be expressed as

u1
u2
u3

0
@

1
A ¼

u
v
w

0
@

1
A ¼

�zh1ðx; yÞ
�zh2ðx; yÞ
wðx; yÞ

0
@

1
A: ð2:1Þ
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Fig. 1. Sign conventions for Mindlin–Reissner plate.
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Accordingly, curvature and shear strain are presented as follows:

ebab ¼ �zjab; ð2:2Þ

jab ¼
1

2
ðha;b þ hb;aÞ; ð2:3Þ

cb ¼ w;b �hb; ð2:4Þ

where the subscripts a and b range from 1 to 2.

The weak form of Mindlin–Reissner plate is stated as follows:Z
X
djabDb

abgnjgn dXþ
Z
X
dcaD

s
abcb dXþ

Z
Ch
dha �ma dC�

Z
X
dwqdX ¼ 0; ð2:5Þ

ui ¼ �ui on Cg; ð2:6Þ
where a and b range from 1 to 2, i ranges from 1 to 3, q is the applied transverse loading per unit area, �ma

and �ui are the prescribed boundary moments and deflection or rotation on Ch and Cg, respectively, and

Db
abgn and Ds

ab are bending and shear elasticity tensors, respectively:

Db
abgn ¼

h3

12
½�kdabdgn þ lðdagdbn þ dandbgÞ�; �k ¼ mE

1� m2
; ð2:7Þ

Ds
ab ¼ ktldab: ð2:8Þ

In the above equation, E, m and l are Young�s modulus, Poisson�s ratio, and shear modulus respectively,

and k ¼ 5=6 is the shear correction factor.

For convenience, the corresponding matrix form of Eq. (2.5) is written asZ
X
djTDbjdXþ

Z
X
dcTDscdXþ

Z
Ch
dhT �mdC�

Z
X
dwqdX ¼ 0: ð2:9Þ

The matrices are defined as follows:

Db ¼ Et3

12ð1� m2Þ

1 m 0

m 1 0

0 0 ð1� mÞ=2

0
@

1
A; ð2:10Þ

Ds ¼ tkl
1 0

0 1

� �
; ð2:11Þ
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j ¼
j11

j22

2j12

0
@

1
A ¼

oh1
ox1
oh2
ox2

oh1
ox2

þ oh2
ox1

0
BBBBB@

1
CCCCCA; ð2:12Þ

c ¼ c1
c2

� �
¼ w;1 � h1

w;2 � h2

� �
; ð2:13Þ

h ¼ h1
h2

� �
: ð2:14Þ

The moment vector m is related to curvature j via

m ¼
m1

m2

m12

0
@

1
A ¼ �Dbj: ð2:15Þ
2.2. MLS/RK approximation

To construct the meshfree approximation of kinematic variables in the Mindlin–Reissner plate, the

moving-least squares (MLS) [18] (used in Element Free Galerkin [2,3]) and reproducing kernel (RK)
approximation [19–21] are reviewed in this sub-section. Consider a domain X which is discretized by a set of

nodes xI , I ¼ 1; . . . ;NP, the MLS or RK approximation of a variable uðxÞ, denoted by uhðxÞ, can be ex-

pressed as

uhðxÞ ¼
XNP

I¼1

WIðxÞdI ; ð2:16Þ

where

WIðxÞ ¼ HTðx� xIÞbðxÞ/aI ðx� xIÞ: ð2:17Þ

HereWI and dI are the shape function and nodal parameter associated with node I , respectively, /aI ðx� xIÞ
is the kernel function which centers at xI and has a compact support aI , and HTðx� xIÞ is a vector of nth
order monomial basis

HTðx� xIÞ ¼ 1 x1 � xI1 x2 � xI2 � � � ðx1 � xI1Þn � � � ðx2 � xI2Þn½ �: ð2:18Þ
The coefficient vector bTðxÞ ¼ b00ðxÞ b10ðxÞ b01ðxÞ � � � bn0ðxÞ � � � b0nðxÞ½ � is obtained by imposing

the following nth order reproducing conditions:XNP

I¼1

WIðxÞxiI1x
j
I1 ¼ xi1x

j
2; 06 iþ j6 n: ð2:19Þ

Equivalently,XNP

I¼1

WIðxÞðx1 � xI1Þiðx2 � xI2Þj ¼ di0dj0; 06 iþ j6 n; ð2:20Þ

or XNP

I¼1

WIðxÞHðx� xIÞ ¼ Hð0Þ: ð2:21Þ
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Obtaining bðxÞ from Eq. (2.21) yields the following MSL/RK shape function:

WIðxÞ ¼ HTð0ÞM�1ðxÞHðx� xIÞ/aI ðx� xIÞ; ð2:22Þ
where

MðxÞ ¼
XNP

I¼1

Hðx� xIÞHTðx� xIÞ/aI ðx� xIÞ: ð2:23Þ

From the reproducing conditions (2.19), it can be easily shown the following properties:

XNP

I¼1

orþs½WIðxÞ�
oxr1ox

s
2

xi1x
j
2 ¼

i!j!
ði� rÞ!ðj� sÞ! x

i�r
1 xj�s

2 ; 06 ðiþ jÞ; ðr þ sÞ6 n: ð2:24Þ
3. Integration constraints for plate bending

In this section, we first construct shape functions that can reproduce Kirchhoff modes in shear

deformable plates under pure bending. The bending integration constraints are then derived to achieve

bending exactness in the Galerkin meshfree formulation of Mindlin–Reissner plate.

3.1. Kirchhoff mode reproducing conditions

Let the transverse deflection and rotations be approximated by MLS/RK shape functions as

uh ¼
wh

hh1
hh2

0
B@

1
CA ¼

XNP

I¼1

WI

wI

h1I
h2I

0
@

1
A ¼

XNP

I¼1

WIðxÞd I : ð3:1Þ

The corresponding approximation of shear strain c and curvature j are

ch ¼ ch1
ch2

� �
¼
XNP

I¼1

WI ;1wI �WIh1I
WI ;2wI �WIh2I

� �
¼
XNP

I¼1

Bs
Id I ; ð3:2Þ

jh ¼
jh
11

jh
22

2jh
12

0
B@

1
CA ¼

ohh1
ox1
ohh2
ox2

ohh1
ox2

þ ohh2
ox1

0
BBBBBB@

1
CCCCCCA

¼
XNP

I¼1

WI ;1h1I
WI ;2h2I

WI;2h1I þWI;2h1I

0
@

1
A ¼

XNP

I¼1

Bb
I d I ; ð3:3Þ

Bb
I ¼

0 WI;x 0

0 0 WI ;y

0 WI;y WI ;x

0
@

1
A; ð3:4Þ

Bs
I ¼

WI;x �WI 0

WI;y 0 �WI

� �
; ð3:5Þ

d I ¼
wI

h1I
h2I

0
@

1
A: ð3:6Þ
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We define the Kirchhoff mode reproducing conditions (KMRC) as follows:

Let db
I be the nodal-valued vector of a pure bending deformation, then the following conditions should

be satisfied:

XNP

I¼1

Bs
Id

b
I ¼ 0; ð3:7Þ

XNP

I¼1

Bb
I d

b
I ¼ const: ð3:8Þ

Let db
I be the nodal-valued vector of a pure bending deformation:

db
I ¼

P2

pþq¼0 cpqx
p
1I x

q
2IP2

pþq¼1 cpqpx
p�1
1I xq2IP2

pþq¼1 cpqqx
p
1I x

q�1
2I

0
B@

1
CA: ð3:9Þ

Substituting Eq. (3.9) into Eqs. (3.7) and (3.8) leads to the following requirements for KMRC:

XNP

I¼1

WI ;1

X2
pþq¼0

cpqx
p
1I x

q
2I

 !
�
XNP

I¼1

WI

X2
pþq¼1

cpqpx
p�1
1I xq2I

 !
¼ 0; ð3:10aÞ

XNP

I¼1

WI ;2

X2
pþq¼0

cpqx
p
1I x

q
2I

 !
�
XNP

I¼1

WI

X2
pþq¼1

cpqqx
p
1I x

q�1
2I

 !
¼ 0; ð3:10bÞ

XNP

I¼1

WI ;1

X2
pþq¼1

cpqpx
p�1
1I xq2I

 !
¼ const; ð3:10cÞ

XNP

I¼1

WI ;2

X2
pþq¼1

cpqqx
p
1I x

q�1
2I

 !
¼ const; ð3:10dÞ

XNP

I¼1

WI;1

X2
pþq¼1

cpqqx
p
1I x

q�1
2I

 ! 
þWI ;2

X2
pþq¼1

cpqpx
p�1
1I xq2I

 !!
¼ const: ð3:10eÞ

Eqs. (3.10a) and (3.10b) can be reduced to

XNP

I¼1

WI ;i ¼ 0; ð3:11aÞ

XNP

I¼1

WI ;ix
p
1I x

q
2I �

XNP

I¼1

WI ½ðxp1x
q
2Þ;i�I ¼ 0 for p þ q ¼ 1; 2: ð3:11bÞ

It can be easily shown that for meeting Eqs. (3.11a) and (3.11b), the shape functions have to hold the

following properties:

XNP

I¼1

WI x
p
1I x

q
2I ¼ xp1x

q
2 for p þ q ¼ 0; 1; 2; ð3:12Þ
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and it follows that

XNP

I¼1

WI ;ix
p
1I x

q
2I ¼ ðxp1x

q
2Þ;i and

XNP

I¼1

WI ½ðxp1x
q
2Þ;i�I ¼ ðxp1x

q
2Þ;i for p þ q ¼ 0; 1; 2: ð3:13Þ

An straightforward extension of Eq. (3.13) is

XNP

I¼1

WI ;i½ðxp1x
q
2Þ;j�I ¼ ðxp1x

q
2Þ;ij ¼ const: for p þ q ¼ 0; 1; 2 ð3:14Þ

and this satisfies the conditions in Eqs. (3.10c)–(3.10e).

It is thus concluded that KMRC holds if the MLS/RK shape functions meet Eq. (3.12), and this can be

achieved by employing quadratic basis in the MLS/RK shape functions in Eq. (2.22):

HTðxÞ ¼ 1 x1 x2 x21 x1x2 x22
� �

: ð3:15Þ
3.2. Integration constraints

In this section, we identify the criteria for Galerkin method to fulfill bending exactness (BE) in the

Mindlin–Reissner plate. The requirements for yielding an exact solution in the Galerkin meshfree dis-

cretization of Mindlin–Reissner plate formulation under pure bending condition can be realized by
enforcing a pure bending deformation to satisfy the discrete equilibrium equation corresponding to the

weak form of the Mindlin–Reissner problem subjected to essential and natural boundary conditions that

are consistent with the pure bending deformation.

Introducing a pure bending vector db of Eq. (3.9) into weak from of Eq. (3.2), it can be seen immediately

that the shear strain vector ch ¼
PNP

I¼1 B
s
Id

b
I ¼ 0 if shape functions meet KMRC for a pure bending vector db

of Eq. (3.9). Further taking shear force q ¼ 0 for pure bending we have the following reduced weak form

for pure bending:Z
X
djhTDbjh dX ¼ �

Z
Ch
dhh

T

�mb dC: ð3:16Þ

The discrete form of the above equation is

f intI ¼ f extI ; ð3:17Þ

f intI ¼
Z
X
ðBb

I Þ
T
DbBbdb dX; ð3:18Þ

f extI ¼ �
Z
Ch
NT

I �m
b dC; ð3:19Þ

where

NT
I ¼

0 0 0

0 WI 0

0 0 WI

0
@

1
A ð3:20Þ

and �mb is the applied boundary bending moment vector consistent with a pure bending deformation.

Satisfaction of KMRC yields a constant curvature vector Bbdb ¼ jb and thus a constant moment vector

mb ¼ �Dbjb. Hence the internal force in Eq. (3.18) corresponding to a pure bending deformation reads
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f int
I ¼ �

Z
X
ðBb

I Þ
T
mb dX ¼ �

Z
X
ðBb

I Þ
T
dXmb: ð3:21Þ

Further, the kinematically consistent applied moment corresponding to the pure bending deformation is

�mb ¼ �mb
1

�mb
2

 !
¼ n1 0 n2

0 n2 n1

� �
mb ð3:22Þ

and thus the associated external force of Eq. (3.19) can be rewritten as

f ext
I ¼ �

Z
Ch
ET

I dCmb; ð3:23Þ

where

ET
I ¼

0 0 0

WI n1 0 WI n2
0 WI n2 WI n1

0
@

1
A: ð3:24Þ

For discrete equilibrium f intI ¼ f ext
I , we haveZ

X
ðBb

I Þ
T
dXmb ¼

Z
Ch
ET

I dCm
b: ð3:25Þ

Since mb ¼ �Dbjb is a constant vector with arbitrary coefficients c20, c11, c02 in jb of Eq. (3.9), Eq. (3.25)

yieldsZ
X
ðBb

I Þ
T
dX ¼

Z
Ch
ET

I dC: ð3:26Þ

Thus, for obtaining exact solution in pure bending, the numerical integration used to integrate the weak
form must meet Eq. (3.26), i.e.,

XNint

K¼1

Bb
I ðxKÞwK ¼ 0 for nodes fI j suppðWIÞ \ C ¼ ;g; ð3:27Þ

XNint

K¼1

Bb
J ðxKÞwK ¼

XNbint

L¼1

EJ ð�xLÞ�wL for nodes fJ j suppðWJ Þ \ Ch 6¼ ;g; ð3:28Þ

where Nint and Nbint are the total number of integration points for domain and boundary integrations,

respectively, xK is the domain integration point, �xL is the boundary integration point, and wK and �wL are the

corresponding integration weights for domain and boundary integrations, respectively.
4. Stabilized conforming nodal integration in Mindlin–Reissner plate

4.1. Curvature smoothing

The integration constraints identified in Eqs. (3.27) and (3.28) are the criteria for meshfree method to

fulfill BE in the Galerkin approximation of Mindlin–Reissner plate. An SCNI is proposed here (1) to

stabilize numerical instability in the nodally integrated weak form, and (2) to satisfy bending integration

constraints and thus fulfill BE. This is achieved by introducing the following curvature smoothing at nodal
point xK :
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~jabðxKÞ ¼
1

Ak XK

jabðxÞdX ¼ 1

2AK XK

ðha;b þ hb;aÞdX; ð4:1Þ

where AK is the nodal representative area that can be obtained from, for example, Voronoi diagram shown

in Fig. 2. To meet integration constraints for nodal integration, we further employ the divergence theorem

in Eq. (4.1) to yield

~jabðxKÞ ¼
1

2AK

Z
CK

ðhanb þ hbnaÞdC; ð4:2Þ

where CK is the boundary of representative domain XK and n is the outward normal of boundary CK as

shown in Fig. 2. Introducing MLS/RK approximation of ha in Eq. (3.1) into Eq. (4.2) gives

~jhðxKÞ ¼
XNP

I¼1

~Bb
I ðxKÞd I ; ð4:3Þ

~Bb
I ðxKÞ ¼

0 ~r1WIðxKÞ 0

0 0 ~r2WIðxKÞ
0 ~r2WIðxKÞ ~r1WIðxKÞ

0
@

1
A; ð4:4Þ

~raWIðxKÞ ¼
1

AK

Z
CK

WIðxÞnaðxÞdC: ð4:5Þ

Following the derivation in [6], it can be shown that
PNP

K¼1
~raWIðxKÞAK ¼ 0 for fI j suppðWIÞ \ C ¼ ;g, andPNP

K¼1
~raWIðxKÞAK ¼

PNP

K¼1

R
CK

WIðxÞnaðxÞdC ¼
R
Ch WI na dC for fJ j suppðWJ Þ \ Ch 6¼ ;g. This follows

immediately that the integration constraints in Eqs. (3.27) and (3.28) are satisfied as long as the same

numerical boundary integration is used for
R
CK

WIðxÞnaðxÞdC in Eq. (4.5) and in the external force vector

associated with the applied bending moment in Eq. (3.23).

4.2. Discretization of weak form

The smoothed curvature and the MLS/RK approximation are incorporated into the nodally integrated

weak form of Mindlin–Reissner plate by an assumed strain method [23] as follows:
Fig. 2. Two-dimensional nodal representative domain.
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XNP

K¼1

ðd~jhTðxKÞDb~jhðxKÞ þ dch
TðxKÞDschðxKÞÞAK ¼

XNP

I¼1

dwhðxKÞqðxKÞAK �
XNbint

K¼1

ðdhhTð�xKÞ�mð�xKÞÞ�wK ;

ð4:6Þ
where xK is nodal point coordinate, AK is the nodal representative area used in the curvature smoothing of

Eq. (4.1), �xK and �wK are the integration points and weight for boundary integral that are consistent with the

boundary integral of smoothed strain in Eq. (4.5), Nbint is the number of boundary integration points, and
~jhðxKÞ and chðxKÞ are approximated by

~jhðxKÞ ¼
XNP

I¼1

~Bb
I ðxKÞd I ; ð4:7Þ

chðxKÞ ¼
XNP

I¼1

Bs
IðxKÞd I ; ð4:8Þ

where ~Bb
I ðxKÞ and Bs

I are given in Eqs. (4.4) and (3.5), respectively. The resulting discrete equation reads

Kd ¼ f ; ð4:9Þ

K ¼ Kb þ K s; ð4:10Þ
where

Kb
IJ ¼

XNP

K¼1

~BbT

I ðxKÞDb ~Bb
J ðxKÞAK ; ð4:11Þ

K s
IJ ¼

XNP

K¼1

BsT

I ðxKÞDsBs
J ðxKÞAK ; ð4:12Þ

f I ¼
XNbint

K¼1

WIð�xKÞ
0

��m1ð�xKÞ
��m2ð�xKÞ

0
@

1
A�wK þ

XNP

K¼1

WIðxKÞ
qðxKÞ
0

0

0
@

1
AAK : ð4:13Þ
5. Numerical examples

5.1. Timoshenko beam

Since Timoshenko beam is a one-dimensional degeneration of Mindlin–Reissner plate, this problem is

first analyzed to examine the effectiveness of proposed method in lower dimension. Shape functions with

quadratic basis functions that meet KMRC are employed. In this study, direct nodal integration (DNI),

Gauss integration (GI) with 5-point quadrature rule, and SCNI (SCNI) are employed to integrate the

discrete equilibrium equation for comparison. A normalized support size (support size divided by the

averaged nodal distance) is 2.5 through out this study.

5.1.1. Pure bending

The geometry and material properties of a Timoshenko beam subjected to a tip unit moment as shown in

Fig. 3 are given as: length L ¼ 10, thickness t ¼ 0:1, Young�s modulus E ¼ 2� 106. The analytical solution

for this problem is



Fig. 3. Beam under pure bending.
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wðxÞ ¼ Mx2=2EI ; ð5:1Þ

hðxÞ ¼ Mx=EI : ð5:2Þ
A non-uniform point distribution shown as solid circles in Fig. 4 is used to discretize the beam. The errors

of numerical solutions are normalized with respect to the analytical solution. The numerical results for pure

bending in Fig. 4 show an unstable solution in DNI. The GI with 5-point quadrature rule also generates

noticeable error. On the other hand, the proposed SCNI leads to an exact solution regardless of non-

uniform discretization.

5.1.2. Clamped–clamped beam subjected to center point load

A clamped–clamped beam is subjected to a point load P ¼ 1 at the middle point as shown in Fig. 5. The
geometry and material properties are: length L ¼ 10, Young�s modulus E ¼ 2� 106. Due to the symmetry

only half span is modeled. The analytical solution of beam deflection is

wðxÞ ¼ P
EI

ðx3=12� Lx2=16Þ: ð5:3Þ

The L2 error norms of w solved using DNI, GI and SCNI for length to thickness ratio of 1000 are shown in

Fig. 6. The results demonstrate the superior convergence behavior of SCNI compared to GI and DNI. Fig.

7 presents a locking test using a 6-node discretization for half beam, and the numerical solution of mid-

point deflection is normalized by the analytical solution. The results show a significant locking in GI,

whereas the proposed SCNI provides a locking-free solution. The transverse displacement and moment

distributions for a non-uniform discretization are plotted in Figs. 8 and 9, respectively (solid circles denote

the nodal locations). The numerical results show that SCNI solution is stable and most accurate compared

with DNI and GI.
Fig. 4. Solution errors in beam subjected to a pure bending: (a) tip deflection of beam subjected to a pure bending; (b) tip rotation.



Fig. 5. Clamped–clamped beam subjected to a center point load.

Fig. 6. L2 error norm of deflection in clamped–clamped beam problem.

Fig. 7. Locking test in the clamped–clamped beam problem.
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5.2. Mindlin–Reissner plate

In the following examples, Mindlin–Reissner plate problems are analyzed using shape functions with

quadratic bases that meet KMRC, and cubic B-spline function is employed as the kernel function. Solu-



Fig. 8. Clamped–clamped beam solved by non-uniform discretization.

Fig. 9. Moment distribution of irregular discretization in clamped–clamped beam.
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tions are obtained using DNI, GI with 5 · 5 quadrature rule, and SCNI for the integration of weak form. A

normalized support size of 2.5 is used through out this study.

5.2.1. Pure bending in plate

A pure bending problem is analyzed to verify bending exactness using different integration methods.

Consider a square plate with dimension L ¼ 10, thickness t ¼ 0:1, Young�s modulus E ¼ 2� 106, and

Poisson�s ratio m ¼ 0:3. The following pure bending deformation is imposed on the boundaries of the plate:

w ¼ x2 þ xy þ y2

1000
; ð5:4Þ
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hx ¼
ow
ox

¼ 2xþ y
1000

; ð5:5Þ

hy ¼
ow
oy

¼ xþ 2y
1000

: ð5:6Þ

The discretization of the plate is shown in Fig. 10. The solutions obtained using SCNI are exact in w, hx, hy
up to machine precision. On the other hand, the solution of DNI presents noticeable errors in the order of

10% at some points, and the error of GI solution is of the order of 1%.

5.2.2. Circular plate subjected to point load

A circular clamped plate subjected to a concentrated load P at the plate centroid is analyzed Figs. 11 and

12. The material and geometry parameters are Young�s modulus E ¼ 3� 106, Poisson�s ratio m ¼ 0:3, plate
radius R ¼ 10, thickness t ¼ 0:2. The analytical deflection is given by

wðrÞ ¼ PR2

16pD
1

�
� r

R

� �2
þ 2

r
R

� �2
ln

r
R

�
; ð5:7Þ

D ¼ Et3

12ð1� m2Þ ; ð5:8Þ

where r is the distance measured from the plate center. Note that the analytical solution of a Mindlin–

Reissner plate exhibits a singularity at the point load location, and thus the numerical solutions are nor-

malized with the analytical solution evaluated at r ¼ 10�4R. In Fig. 13, the solution of meshfree method

using SCNI is compared favorably with the solutions of a heterosis element (QHS) [12,13] and a serendipity

finite element using reduced integration (QSR) [22]. The L2 error norms of meshfree solutions of a plate

with thickness of 0.02 using DNI, GI and SCNI are also shown in Fig. 14, and superior performance of

SCNI over DNI and GI is observed.

5.2.3. Clamped square plate subjected to a point load

A clamped square plate subjected to a center unit point load is analyzed as shown in Fig. 15. The

geometry and material parameters are: Young�s modulus E ¼ 3� 106, Poisson�s ratio m ¼ 0:3, dimension
Fig. 10. Non-uniform discretization of plate under pure bending.



P = 1

R

Fig. 11. Clamped circular plate subjected to a center point load.

Fig. 12. Discretization of a quarter circular plate.

Fig. 13. Convergence comparison in a circulate plate problem.
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Fig. 14. L2 error comparison in a circulate plate problem.

P

a
a

Fig. 15. Clamped plate subjected to a center point load.

Fig. 16. A discretization of quarter plate with 25 nodes.
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a ¼ b ¼ 80, thickness t ¼ 0:8. The analytical solution for this problem can be found in [24], where the

deflection at the plate centroid is

wo ¼ c
Pa2

D
: ð5:9Þ
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The coefficient c is a function of the dimension ratio a=b (see [24]) and D is the flexural rigidity of plate in

Eq. (5.8).

Due to symmetry, only one quarter of the plate is modeled. A 25-node discretization is shown in Fig. 16.

Note that the analytical solution of a Mindlin–Reissner plate exhibits a singularity at the point load

location, and thus the numerical solutions are normalized with the analytical solution evaluated at a dis-

tance d ¼ 10�4a. The SCNI meshfree solution is compared favorably with the solutions of Non-conforming

Quadratic Heterosis element (NC-QH) [17], the serendipity finite element using reduced integration (QSR)

[22], and the heterosis element (QHS) [12,13] in Fig. 17. The locking-free performance of the proposed
SCNI method is also shown in the locking test in Fig. 18, where GI solution exhibits a severe locking.
Fig. 17. Convergence comparison in a clamped square plate problem.

Fig. 18. Locking test in a clamped square plate problem.



Fig. 19. Discretization of a quarter of a clamped square plate.
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The numerical performance using a non-uniform discretization as shown in Fig. 19 is also studied for the

case thickness t ¼ 0:08. The normalized center deflection solution obtained by SCNI is 99.9%, compared to

the accuracy of 90% from DNI, and a severe locking of 16% accuracy using GI. This study shows that the

shear locking difficulty in the meshfree solution of Mindlin–Reissner plate theory in the limit of thin plate

can be corrected by SCNI for both uniform and non-uniform discretizations.
6. Conclusion

The ability to represent pure bending mode without producing parasitic shear mode is critical to the

performance of numerical method for solving shear deformable Mindlin–Reissner plate problems. In this

paper, this requirement has been achieved by introducing Kirchhoff mode reproducing conditions (KMRC)

in the construction of shape functions for the translational and rotational degrees of freedom of the plate.
To further eliminate shear locking in the Mindlin–Reissner plate, the bending integration constraints for

achieving bending exactness in the Galerkin approximation of Mindlin–Reissner plate have been derived.

An SCNI that employs curvature smoothing stabilization in the nodally integrated weak form to meet the

bending integration constraints and thus fulfill the bending exactness has been proposed.

In this paper, the numerical results obtained by the proposed SCNI method have been compared with

those obtained by using direct nodal integration (DNI) and Gauss integration (GI) with 5 · 5 quadrature

rule. It has been shown that SCNI produces exact solutions with arbitrary node discretization in Timo-

shenko beam as well as Mindlin–Reissner plate subjected to pure bending. On the other hand, noticeable
errors existed in the pure bending tests using GI, and significant discrepancy appeared using DNI. In the

limit of thin plate, SCNI showed no sign of shear locking for both uniform and non-uniform discretiza-

tions, whereas GI method led to a severe shear locking in both cases. The SCNI method also demonstrated

superior convergence rates over those of GI and DNI. Particularly, DNI results showed instabilities and

poor accuracy in both shear deformable beams and plates.
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