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Abstract

The macroscopic mechanical, thermal, and electromagnetic properties of materials are essentially determined by the

microstructures of polycrystalline materials. This paper presents a multi-scale mathematical and computational

framework for analyzing the global and local behavior of stressed grain growth. This is achieved by introducing an

asymptotic expansion of field variables into the variational equation based on the principle of virtual power. The

expanded variational equation gives rise to multi-scale Euler equations describing evolution processes at different scales,

the scale-coupling relation, as well as the homogenized material properties. The multi-scale characteristics of grain

boundary migration triggered by the multi-scale property of strain energy density jump across the grain boundaries are

also discussed. A stressed grain growth example is analyzed to demonstrate multi-scale behavior of grain deformation

and grain structure evolution under mechanical loading.
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1. Introduction

The microstructure of materials has been observed to have profound influence on a variety of properties

of the material, such as the mechanical strength, toughness, electrical conductivity, magnetic susceptibility,

etc. [5,10]. In recent years, various types of computer simulation methods have been developed for simu-
lation of grain boundary migration.

The term ‘‘multi-scale analysis’’ has been used in the study of grain boundary migration, in which

atomic-level simulation was employed to quantitatively capture the key grain boundary mechanisms and

kinetics as the input for meso-scale grain boundary migration simulation [11]. For example, first principle

calculations combined with a disclination-structural units model (DSUM) has been introduced for pre-

dicting grain boundary energies [21]. A work by coupling atomic simulation and finite element method [21]
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has been presented for prediction of both short and long-period coincidence-site-lattice grain boundary
energies. Molecular dynamic (MD) simulation has been used to determine the mechanism of grain growth

in a nanocrystalline fcc metal [11]. It has been shown how first principle atomistics may be brought together

with a continuum phase-field model, with the mixed-space cluster expansion (MSCE) serving as an

intermediate tool to bridge from angstroms to microns [24]. In other applications where both atomic and

continuum scales are to be resolved simultaneously, concurrent scale bridging becomes a critical issue to be

addressed. Quasicontinuum method [12,22,23] has been proposed for problems requiring the simultaneous

resolution of continuum and atomistic length scales in a unified manner. In this approach, the continuum

part is furnished by finite element method where mesh adaptivity is employed to provide multi-scale
analysis capabilities near lattice and other highly energetic regions, and proper weight distribution is

introduced for handshaking regions. A bridging scale scheme has been proposed to separate basis functions

of 2 scales in the handshaking region [26]. Based on the bridging scale technique and projection of the MD

solution onto the coarse scale shape functions, a coupling of molecular dynamics and continuum mechanics

simulations has been proposed [16,27]. In the context of multi-scale methods, a multi-resolution analysis by

utilizing wavelet-like functions in the framework of meshfree method has also been introduced to construct

hierarchical coarse–fine decomposition [14,15,30].

An effective multi-scale approach for solving problems with co-existing coarse and fine features is to
construct a coarse scale problem that contains fine scale effects [8,9]. In [8,9], this is achieved by first

decomposing coarse and fine scale problems, and expressing the fine scale solution in terms of the coarse

solution. Then the fine scale solution is replaced by the coarse solution in the original problem, leading to a

coarse scale problem that contains fine scale features. In one-dimension, an analytical relation between

coarse and fine scale solutions can be derived [8]. In multi-dimensional case, certain assumptions were made

to obtain the element level coarse–fine scale relation numerically [9]. These methods have been applied to

the solution of strain localization problems. Analysis of heterogeneous materials represents another type of

problems that exhibit multi-scale nature. Error estimate has been developed for identifying the error be-
tween the coarse scale solution using homogenized properties and the fine scale solution of the hetero-

geneous material with microstructures [18]. In the sub-domain with larger error, a local boundary value

problem is solved, and this method was called the Homogenized Dirichlet Projection Method (HDPM).

This approach was further extended to a hierarchical modeling of heterogeneous materials where the most

essential scales of the problem can be adaptively selected in the discretization [19].

A systematic asymptotic expansion approach [1,3,20] for analyzing multiple physical processes inter-

acting at multiple spatial scales has been introduced. In this approach, a series of rapidly varying spatial

scales are introduced to capture the effects of spatial fluctuations induced by spatial heterogeneities. These
spatial scales are introduced to the unknown variable through an asymptotic expansion. Consequently, the

original differential equation can be separated into several leading order equations representing coarse and

fine scale responses as well as scale-coupling relationship. The asymptotic expansion approach has been

applied to homogenization of composites [6], multi-grid based method [7], and multi-physics problems with

multiple spatial and temporal scales [29]. These works introduced asymptotic expansion directly to the

differential equations (strong form) for scale decomposition.

The length scale of interest in this work is between an evolving meso-scale grain structure and a macro-

scale continuum solid. In this paper, we introduce asymptotic expansion method to the variational equation
of a stressed grain growth problem to obtain the multi-scale grain structure evolution equations as well as

the homogenized material properties of a grain network. The content of this paper is organized as follows.

The variational formulation for stressed grain growth based on principle of virtual power and the fun-

damental equations of asymptotic method are discussed in Section 2. Section 3 presents multi-scale

decomposition of variational equations based on asymptotic expansion of field variables. The multi-scale

Euler evolution equations for grain growth under the effect of external traction are presented in Section 4.

In Section 5, discretization and numerical procedure are presented. In Section 6, a numerical example to
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demonstrate the effectiveness of the proposed method and the multi-scale properties of the stressed grain
growth processes are presented. Concluding remarks given in Section 7.
2. Basic equations

The multi-scale hierarchy from a macro-scale continuum to a meso-scale grain network of polycrys-

talline material under consideration is shown in Fig. 1.

Let x-coordinate be the macro-scale coordinate system in the physical domain. A unit cell with domain X
and boundary C of a continuum in the physical domain is mapped to referential domain Xy and boundary

Cy measured by a meso-scale y-coordinate. The macro- and meso-scale coordinates are related through a

scaling parameter k by

dyi ¼
dxi
k

; ð2:1Þ

where k is a very small real number. Thus a given length measured in the y-coordinate is scaled by a factor

1=k by its true scale measured in the x-coordinate.
Consider a unit cell in the physical domain subjected to a surface traction h on boundary Ch as shown in

Fig. 2. The grain boundaries in the unit cell are denoted as Cgb. A variational equation for stressed grain

growth based on the principle of virtual power described in the x-coordinate [4] is as follows:

dPðv;�vÞ ¼ dPeðvÞ þ dPgbðv;�vÞ ¼ 0; ð2:2Þ

dPeðvÞ ¼
Z

X

1

2
dðr : _eÞdX �

Z
Ch

dv � hdC �
Z

X
dv � bdX; ð2:3Þ

dPgbðv;�vÞ ¼
Z

Cgb

1

2
ðrþ : eþ � r� : e�Þd�vn dC þ

Z
Cgb

c
od�vs
os

 
þ d�vn

R

!
dC þ

Z
Cgb

d�vn
l

�vn dC; ð2:4Þ

where dPe is the virtual power associated with grain deformation, dPgb is the virtual power associated with

driving forces acting on grain boundaries, v is the grain material velocity, �v is the grain boundary migration

velocity, �vn is the normal velocity pointing away from the center of curvature of the grain boundary, �vs is the
tangential velocity along the grain boundary, s is the coordinate along the grain boundary, c is the surface

tension (the boundary energy per unit area), R is the radius of curvature of the grain boundary, l is the

mobility representing the ease with which the grain boundary can migrate, h is the surface traction applied
Fig. 1. Length scale hierarchy of continuum and grain network.
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Fig. 2. Unit cell structure of stressed grain network.
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on the traction boundary Ch, b is body force, rþ, eþ are the stress and strain in the grain that gains virtual
area d�vn dC (grain A), respectively, and r�, e� are the stress and strain in the grain located on the other side

of the boundary (grain B), respectively, as shown in Fig. 3. The detail discussions can be found in [4]. We

assume the stress–strain relation follows an anisotropic creep law:

rij ¼ Cijkl _ekl: ð2:5Þ

To describe the multi-scale material behavior, the material velocity v is expressed in the following asymp-

totic expansion form

viðx; yÞ ¼ v½0�i ðx; yÞ þ kv½1�i ðx; yÞ þOðk2Þ; ð2:6Þ

where v½0�i and v½1�i are macro (coarse)-scale and meso (fine)-scale components of material velocity, respec-

tively, and the superscript ½n� denotes the level of scale.

For a function expressed in both coarse and fine scale coordinates, the following relationship can be

obtained,

o

oxi
¼ o

oxi

����
½y�
þ o

oyi

����
½x�

oyi
oxi

¼ o

oxi

����
½y�
þ 1

k
o

oyi

����
½x�
: ð2:7Þ

In the following derivation, we drop the subscripts ½x� and ½y� for notational simplicity. Using Eq. (2.7),

strain rate _eij is expressed as
Grain A 

Grain B 

nv n
,σ ε+ +

,σ ε− −

δ

Fig. 3. Strain energy change due to grain boundary migration.
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_eij ¼
1

2

ov½0�i

oxj

 
þ
ov½0�j

oxi

!
þ 1

2k
ov½0�i

oyj

 
þ
ov½0�j

oyi

!
þ k
2

ov½1�i

oxj

 
þ
ov½1�j

oxi

!
þ 1

2

ov½1�i

oyj

 
þ
ov½1�j

oyi

!

þ k2

2

ov½2�i

oxj

 
þ
ov½2�j

oxi

!
þ k
2

ov½2�i

oyj

 
þ
ov½2�j

oyi

!
þ � � � ð2:8Þ

We further define the following notations

_e½k��i�j ¼
1

2

ov½k�i

oxj

 
þ
ov½k�j

oxi

!
;

_e½k�
î̂j
¼ 1

2

ov½k�i

oyj

 
þ
ov½k�j

oyi

! ð2:9Þ

and re-express the strain rate expansion as

_eij ¼ k�1 _e½0�
î̂j
þ _e½0��i�j

�
þ _e½1�

î̂j

�
þ k _e½1��i�j

�
þ _e½2�

î̂j

�
þ k2 _e½2��i�j

�
þ _e½3�

î̂j

�
þ � � �

¼ k�1 _e½�1�
ij þ _e½0�ij þ k1 _e½1�ij þ k2 _e½2�ij þ � � � ; ð2:10Þ

where for convenience we have introduced the following notations:

_e½�1�
ij ¼ _e½0�

î̂j
¼ 1

2

ov½0�i

oyj

 
þ
ov½0�j

oyi

!
; ð2:11Þ

_e½k�ij ¼ _e½k��i�j

�
þ _e½kþ1�

î̂j

�
; 8kP 0; k 2 Z: ð2:12Þ

For a creep law with stress–strain relation in Eq. (2.5), the expansion of stress field is obtained as

rij ¼ k�1r½�1�
ij þ r½0�

ij þ kr½1�
ij þ k2r½2�

ij þ � � � ; ð2:13Þ

where

r½k�
ij ¼ Cijkl _e

½k�
kl : ð2:14Þ

3. Multi-scale variational formulation

The hierarchical decomposition of the variational formulation into its coarse and fine scale components

is obtained by introducing asymptotic expansions of material velocities, strain rates, and stress into Eq.

(2.2). First, consider multi-scale expression of strain energy density rate in dPe of Eq. (2.3) as follows:Z
X

1

2
dð_e : rÞdX ¼ k�2

Z
X

1

2
d _e½�1�

ij r½�1�
ij

� �
dX þ k�1

Z
X

1

2
d _e½�1�

ij r½0�
ij

�
þ _e½0�ij r½�1�

ij

�
dX

þ
Z

X

1

2
d _e½�1�

ij r½1�
ij

�
þ _e½0�ij r½0�

ij þ _e½1�ij r½�1�
ij

�
dX þ k1

Z
X

1

2
d _e½1�ij r½0�

ij

�
þ _e½0�ij r½1�

ij

�
dX þOðk2Þ:

ð3:1Þ

Similarly, the surface traction and body force terms of dPe are expanded asZ
Ch

dv � hdC ¼
Z

Ch

dv½0�i hi dC þ k
Z

Ch

dv½1�i hi dC þOðk2Þ ð3:2Þ
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and Z
X

dv � bdC ¼
Z

X
dv½0�i bi dC þ k

Z
X

dv½1�i bi dC þOðk2Þ: ð3:3Þ

Thus we have

dPeðv½0� þ kv½1�Þ ¼ k�2

Z
X

1

2
d _e½�1�

ij r½�1�
ij

� �
dX

� �
þ k�1

Z
X

1

2
d _e½�1�

ij r½0�
ij

��
þ _e½0�ij r½�1�

ij

�
dX

�

þ
Z

X

1

2
d _e½�1�

ij r½1�
ij

��
þ _e½0�ij r½0�

ij þ _e½1�ij r½�1�
ij

�
dX �

Z
Ch

dv½0� � hdC �
Z

X
dv½0� � bdX

�
þOðkÞ:

ð3:4Þ
The total virtual power takes the following decomposed form

dPðv½0� þ kv½1�;�vÞ ¼ k�2dP½�2� þ k�1dP½�1� þ dP½0� þOðkÞ ¼ 0; ð3:5Þ
where

dP½�2� ¼ dP½�2�
e ðvÞ ¼

Z
X

1

2
d _e½�1�

ij r½�1�
ij

� �
dX; ð3:6Þ

dP½�1� ¼ dP½�1�
e ðvÞ ¼

Z
X

1

2
d _e½�1�

ij r½0�
ij

�
þ _e½0�ij r½�1�

ij

�
dX; ð3:7Þ

dP½0� ¼ dP½0�ðv;�vÞ ¼ dP½0�
e ðvÞ þ dPgbðv;�vÞ; ð3:8Þ

dP½0�
e ðvÞ ¼

Z
X

1

2
d _e½�1�

ij r½1�
ij

�
þ _e½0�ij r½0�

ij þ _e½1�ij r½�1�
ij

�
dX �

Z
Ch

dv½0�i hi dC �
Z

X
dv½0�i bi dX; ð3:9Þ

Eq. (3.5) leads to dP½�2� ¼ dP½�1� ¼ dP½0� ¼ 0 when k ! 0. Further, since the terms dP½0�
e ðvÞ and dPgbðv;�vÞ

are associated with virtual material and grain boundary velocities, respectively, dP½0�ðvÞ ¼ 0 renders

dP½0�
e ðvÞ ¼ 0 and dPgbðv;�vÞ ¼ 0. In summary, we have

I1 ¼ dP½�2�
e ðvÞ ¼

Z
X

1

2
d _e½�1�

ij r½�1�
ij

� �
dX ¼ 0; ð3:10Þ

I2 ¼ dP½�1�
e ðvÞ ¼

Z
X

1

2
d _e½�1�

ij r½0�
ij

�
þ _e½0�ij r½�1�

ij

�
dX ¼ 0; ð3:11Þ

I3 ¼ dP½0�
e ðvÞ ¼

Z
X

1

2
d _e½�1�

ij r½1�
ij

�
þ _e½0�ij r½0�

ij þ _e½1�ij r½�1�
ij

�
dX �

Z
Ch

dv½0� � hdC �
Z

X
dv½0� � bdX ¼ 0; ð3:12Þ

I4 ¼ dPgbðv;�vÞ ¼
Z

Cgb

1

2
ðrþ

ij e
þ
ij � r�

ij e
�
ij Þd�vn dC þ

Z
Cgb

c
od�vs
os

 
þ d�vn

R

!
dC þ

Z
Cgb

d�vn
l

�vn dC ¼ 0: ð3:13Þ
4. Multi-scale evolution equations

In this section, the governing equations for different scales will be obtained using the decomposed

variational formulation discussed in Section 3.
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4.1. Coarse scale property of material velocity (I1 ¼ 0)

The first leading order equation (3.6) gives

I1 ¼
Z

X

1

2
d _e½�1�

ij r½�1�
ij

� �
dX ¼ 1

4

Z
X

odv½0�i

oyj

 
þ
odv½0�j

oyi

!
Cijkl _e

½�1�
kl dX; ð4:1Þ

where Cijkl is assumed to have minor symmetry. Further consider domain mapping, Eq. (4.1) can be ex-

pressed as

I1 ¼
1

4

Z
Xy

k2 odv½0�i

oyj

 
þ
odv½0�j

oyi

!
r½�1�
ij dX

¼ 1

4
k
Z

C
r½�1�
ij dv½0�i nj
�(

þ dv½0�j ni
�
dC �

Z
X

or½�1�
ij

oyj
dv½0�i dX �

Z
X

or½�1�
ij

oyi
dv½0�j dX

)

¼ � 1

4

Z
X

or½�1�
ij

oyi
dv½0�j

 
þ
or½�1�

ij

oyj
dv½0�i

!
dX: ð4:2Þ

Here we have used the property that the boundary term vanishes as k approaches zero. Further considering

symmetric stress tensor, one has

I1 ¼ � 1

2

Z
X

or½�1�
ij

oyi
dv½0�j dX ¼ 0: ð4:3Þ

Due to the arbitrariness of dv½0�j in X, Eq. (4.3) yields

or½�1�
ij

oyi
¼ 0 in X: ð4:4Þ

Consequently,

o

oyj
Cijke _e

½�1�
ke

� �
¼ 1

2

o

oyj
Cijke

ov½0�k

oye

  
þ ov½0�e

oyk

!!
¼ 0: ð4:5Þ

Recasting Eq. (4.5) in the weak form in reference domain Xy and using integration by parts gives rise toZ
Xy
v½0�i

1

2

o

oyj
Cijke

ov½0�k

oye

  
þ ov½0�e

oyk

!!
dX ¼ �

Z
Xy

ov½0�i

oyj

1

2
Cijke

ov½0�k

oye

  
þ ov½0�e

oyk

!!
dX

þ
Z

Cy
v½0�i Cijke _e

½�1�
ke nj

� �
dC ¼ 0: ð4:6Þ

By employing periodicity of the unit cell in Xy , the last integral vanishes. Since Cijke is assumed to be positive

definite, we have

ov½0�i

oyj
¼ 0 ) v½0�i ¼ v½0�i ðxÞ: ð4:7Þ

Hence the coarse scale component of the solution v½0�i is only function of x. This yields

_e½�1�
ij � _e½0�

î̂j
¼ 1

2

ov½0�i

oyj

 
þ
ov½0�j

oyi

!
¼ 0; r½�1�

ij ¼ Cijkl _e
½�1�
kl ¼ 0: ð4:8Þ
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4.2. Scale coupling in material velocity (I2 ¼ 0)

Similarly, for the next leading order term I2 ¼ 0, we have

I2 ¼
Z

X

1

2
d _e½�1�

ij r½0�
ij

�
þ _e½0�ij r½�1�

ij

�
dX ¼

Z
X

d _e½0�
î̂j
Cijkl _e½0��k�l

��
þ _e½1�

k̂l̂

��
dX: ð4:9Þ

By the major symmetry of Cijkl, Eq. (4.9) can be rewritten as

I2 ¼
Z

X
d_e½0�

î̂j
r½0�
ij

�
þ _e½0�

î̂j
Cijkl d_e½0��k�l

�
þ d_e½1�

k̂l̂

��
dX ¼

Z
X

d_e½0�
î̂j

r½0�
ij

�
þ d_e½0��k�l

�
þ d_e½1�

k̂l̂

�
r½�1�
kl

�
dX

¼ 1

2

Z
X

odv½0�i

oyj

  
þ
odv½0�j

oyi

!
r½0�
ij þ odv½0�i

oxj

  
þ
odv½0�j

oxi

!
þ odv½1�i

oyj

 
þ
odv½1�j

oyi

!!
r½�1�
ij

!
dX: ð4:10Þ

Further considering symmetry of r½k�
ij , and small parameter k ! 0, we have

I2 ¼
Z

X

odv½0�i

oyj
r½0�
ij dX þ

Z
X

odv½0�i

oxj

 
þ odv½1�i

oyj

!
r½�1�
ij dX

¼ k
Z

C
dv½0�i r½0�

ij nj dC

�
þ
Z

C
dv½1�i r½�1�

ij nj dC

�
þ
Z

C
dv½0�i r½�1�

ij nj dC

�
Z

X

or½0�
ij

oyj
dv½0�i dX �

Z
X

or½�1�
ij

oxj
dv½0�i dX �

Z
X

or½�1�
ij

oyj
dv½1�i dX

¼ �
Z

X

or½0�
ij

oyj

 
þ
or½�1�

ij

oxj

!
dv½0�i dX �

Z
X

or½�1�
ij

oyj
dv½1�i dX: ð4:11Þ

Substitution of Eq. (4.4) into Eq. (4.11) yields

I2 ¼ �
Z

X

or½0�
ij

oyj

 
þ
or½�1�

ij

oxj

!
dv½0�i dX ¼ 0: ð4:12Þ

The arbitrariness of dv½0�i in X yields

or½0�
ij

oyj
þ
or½�1�

ij

oxj
¼ 0 in X: ð4:13Þ

Further using results in Eq. (4.8), Eq. (4.13) leads to

or½0�
ij

oyj
¼ 0 ð4:14Þ

or

o

oyj
Cijkl _e½0��k�l

�h
þ _e½1�

k̂l̂

�i
¼ 0: ð4:15Þ
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It can be shown [3] that for Eq. (4.15) to hold, the coarse and fine scale material velocities should have the

following relation

v½1�k ¼ akmnðyÞ_e½0��m�nðxÞ: ð4:16Þ

The strain rate can be rewritten as

_e½1�
î̂j

¼ 1

2

ov½1�i

oyj

 
þ
ov½1�j

oyi

!
¼ _e½0��m�ngijmn; ð4:17Þ

where

gijmn ¼
1

2

oaimn

oyj

�
þ oajmn

oyi

�
: ð4:18Þ

Substitution of Eq. (4.17) into Eq. (4.15) gives

o

oyj
Cijkl _e½0��k�l

�h
þ _e½0��m�ngklmn

�i
¼ _e½0��m�n

o

oyj
½CijklðIklmn þ gklmnÞ� ¼ 0; 8_e½0��m�n; ð4:19Þ

where

Iklmn ¼ 1
2
ðdkmdln þ dkndlmÞ: ð4:20Þ

Eq. (4.19) leads to

o

oyj
½CijklðIklmn þ gklmnÞ� ¼ 0: ð4:21Þ

The coupling function akmnðyÞ involved in Eq. (4.21) can be obtained by a Galerkin approximation of the

following weak form:Z
Xy

bimn
o

oyj
½CijklðIklmn þ gklmnÞ�dX ¼ 0; ð4:22Þ

where bimn is a weight function. By integration by parts and periodicity, Eq. (4.22) can be expressed asZ
Xy

bimn;jCijklgklmn dX ¼ �
Z

Xy
bimn;jCijmn dX: ð4:23Þ
4.3. Coarse and fine scales of grain deformation (I3 ¼ 0)

Once the coupling function akmnðyÞ is solved from Eq. (4.23), the coarse scale and fine scale components

of material velocity can be obtained by using the equation I3 ¼ 0 as follows

I3 ¼ dP½0�
e ¼

Z
X

1

2
d _e½�1�

ij r½1�
ij

�
þ _e½0�ij r½0�

ij þ _e½1�ij r½�1�
ij

�
dX �

Z
C

dv½0�i hi dC �
Z

X
dv½0�i bi dX

¼ 1

2

Z
X

d 2_e½0�
î̂j
Cijkl _e½1��k�l

��
þ _e½2�

k̂l̂

�
þ _e½0��i�j

�
þ _e½1�

î̂j

�
Cijkl _e½0��k�l

�
þ _e½1�

k̂l̂

��
dX

�
Z

C
dv½0�i hi dC �

Z
X

dv½0�i bi dX ¼ 0: ð4:24Þ
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Using symmetric properties of Cijkl, we arrive the following equation:

I3 ¼ k
Z

C
dv½0�i r½1�

ij nj dC �
Z

X
dv½0�i

or½1�
ij

oyj
dX þ

Z
C

dv½1�i r½�1�
ij nj dC �

Z
X

dv½1�i

or½�1�
ij

oyj
dX

þ k
Z

C
dv½2�i r½�1�

ij nj dC �
Z

X
dv½2�i

or½�1�
ij

oyj
dX þ

Z
C

dv½0�i r½0�
ij nj dC �

Z
X

dv½0�i

or½0�
ij

oyj
dX

þ k
Z

C
dv½1�i r½0�

ij nj dC �
Z

X
dv½1�i

or½0�
ij

oyj
dX �

Z
Ch

dv½0�i hi dC �
Z

X
dv½0�i bi dX

¼ �
Z

X

or½1�
ij

oyj

 
þ
or½0�

ij

oxj

!
dv½0�i dX �

Z
X

or½�1�
ij

oxj

 
þ
or½0�

ij

oyj

!
dv½1�i dX �

Z
X

or½�1�
ij

oyj
dv½2�i dX

þ
Z

C
dv½0�i r½0�

ij nj dC þ
Z

C
dv½1�i r½�1�

ij nj dC �
Z

Ch

dv½0�i hi dC �
Z

X
dv½0�i bi dX ¼ 0: ð4:25Þ

Further considering Eqs. (4.8) and (4.13), Eq. (4.25) can be reduced to

I3 ¼ �
Z

X

or½1�
ij

oyj

 
þ
or½0�

ij

oxj
þ bi

!
dv½0�i dX þ

Z
Ch

dv½0�i ðr½0�
ij nj � hiÞdC ¼ 0: ð4:26Þ

This gives rise to the following equilibrium equation of the coarse scale problem and corresponding natural

boundary conditions

or½1�
ij

oyj
þ
or½0�

ij

oxj
þ bi ¼ 0 on X; ð4:27Þ

r½0�
ij nj � hi ¼ 0; on Ch: ð4:28Þ

By integrating both sides of Eq. (4.27) over the referential unit cell Xy and employing the periodicity of the

unit cell, we have

Z
Xy

or½0�
ij

oxj

 
þ
or½1�

ij

oyj
þ bi

!
dX ¼

Z
Xy

or½0�
ij

oxj
dX þ

Z
Cy
h

r½1�
ij nj dC þ Sbi ¼ 0; ð4:29Þ

where S is the area of the unit cell. Note that second integral on R.H.S. of Eq. (4.29) drops due to periodic

boundary conditions. Further introducing the coupling relation between coarse and fine scales in (4.17), Eq.

(4.29) can be recast to result in the following macroscopic problem

Cijkl
o_e½0��k�l

oxj
þ bi ¼ 0 in Xy ; ð4:30Þ

r½0�
ij nj � hi ¼ 0 on Cy

h; ð4:31Þ

where

Cijmn ¼
1

S

Z
Xy
CijklðIklmn þ gklmnÞdX: ð4:32Þ
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The term Cijkl represents the homogenized constitutive tensor of Cijkl based on grain structure. The weak

form of problem (4.30) and (4.31) reads

Z
Xy

owi

oxj
Cijkl _e

½0�
kl
dX �

Z
Cy
h

wihi dC �
Z

Xy
wibi dX ¼ 0; ð4:33Þ

where wi is the weight function.
4.4. Multi-scale grain boundary evolution (I4 ¼ 0)

Finally the grain boundary evolution equation is obtained using I4 ¼ 0 in Eq. (3.13). The grain boundary

velocity �v in response to the coarse and fine scale driving forces associated with the strain energy density

jump ðrþ : eþ � r� : e�Þ=2 across the grain boundary can be expressed as

�viðx; yÞ ¼ �v½0�i ðx; yÞ þ k�v½1�i ðx; yÞ þOðk2Þ; ð4:34Þ

where �v½0�i and �v½1�i are the components of �vi dictated by the coarse and fine scale components of the driving

force motivated by the strain energy density jump. Substituting expansion equations (4.34), (2.6), and the

expanded strain rate and stress in (2.10) and (2.13), into (3.13), together with the coarse scale relation (4.8),

we obtain the following decomposed grain boundary evolution equation

dPgbðv;�vÞ ¼
Z

Cy
gb

1

2
eþ½0�
ij rþ½0�

ij

h�
� e�½0�

ij r�½0�
ij

i
þ k eþ½0�

ij rþ½1�
ij

h
þ eþ½1�

ij rþ½0�
ij � e�½0�

ij r�½1�
ij � e�½1�

ij r�½0�
ij

i
þOðk2Þ

�


 d�v½0�n

�
þ kd�v½1�n þOðk2Þ

�
dC þ

Z
Cy
gb

c
o d�v½0�s þ kd�v½1�s þOðk2Þ
� �

os

0
@ þ

d�v½0�n þ kd�v½1�n þOðk2Þ
� �

R

1
AdC

þ
Z

Cy
gb

d�v½0�n þ kd�v½1�n þOðk2Þ
� �

l
�v½0�n

�
þ k�v½1�n þOðk2Þ

�
dC ¼ 0: ð4:35Þ

Note that in the above equation we have used the mapping relation
R

Cgb
ð�ÞdC ¼ k

R
Cy
gb

ð�ÞdC in Eq. (3.13).

The two leading order equations are:

Z
Xy

1

2
eþ½0�
ij rþ½0�

ij

h
� e�½0�

ij r�½0�
ij

i
d�v½0�n dC þ

Z
Cy
gb

c
od�v½0�s

os

 
þ d�v½0�n

R

!
dC þ

Z
Cy
gb

d�v½0�n

l
�v½0�n dC ¼ 0 ð4:36Þ

and

Z
Xy

1

2
eþ½0�
ij rþ½1�

ij

h
þ eþ½1�

ij rþ½0�
ij � e�½0�

ij r�½1�
ij � e�½1�

ij r�½0�
ij

i
d�v½1�n dC þ

Z
Cy
gb

d�v½1�n

l
�v½1�n dC ¼ 0: ð4:37Þ

These two equations will be used to solve coarse and fine scale components of the grain boundary migration
velocity. The multi-scale grain deformation and grain boundary migration equations discussed in Sections

4.1–4.4 are summarized in Box 1.
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Box 1: Multi-scale grain deformation and grain boundary migration equations
1. Grain deformation velocity

• Coupling equation

v½1�k ¼ akmnðyÞ_e½0��m�nðxÞ;Z
Xy

bimn;jCijklgklmn dX ¼ �
Z

Xy
bimn;jCijmn dX;

gijmn ¼
1

2

oaimn

oyj

�
þ oajmn

oyi

�
:

• Coarse scale equationZ
Xy

owi

oxj
Cijkl _e

½0�
kl
dX �

Z
Cy
h

wihi dC �
Z

Xy
wibi dX ¼ 0;

Cijmn ¼
1

S

Z
Xy
CijklðIklmn þ gklmnÞdX:

2. Grain boundary velocity

• Coarse scale equationZ
Xy

1

2
eþ½0�
ij rþ½0�

ij

h
� e�½0�

ij r�½0�
ij

i
d�v½0�n dC þ

Z
Cy
gb

c
od�v½0�s

os

 
þ d�v½0�n

R

!
dC þ

Z
Cy
gb

d�v½0�n

l
�v½0�n dC ¼ 0:

• Fine scale equationZ
Xy

1

2
eþ½0�
ij rþ½1�

ij

h
þ eþ½1�

ij rþ½0�
ij � e�½0�

ij r�½1�
ij � e�½1�

ij r�½0�
ij

i
d�v½1�n dC þ

Z
Cy
gb

d�v½1�n

l
�v½1�n dC ¼ 0:
5. Discretization and numerical procedures

A grain network as shown in Fig. 4 subjected to a surface traction is considered. Each grain is assumed

to be orthotropic with orientations randomly assigned using a random number generator. Periodic

boundary conditions are imposed on the boundary of the unit cell. As the grain boundary (GB) evolves,

three topological changes are considered as shown in Fig. 5. The T1 and T2 changes were identified by

Morral and Ashby [17]. A T1 change involves the switching of the grain boundaries when two triple points

come very close to each other. T2 change represents the topological change of second kind where a three
sided grain shrinks to a point. In numerical simulations, a T1 change might result in a two sided grain

which again leads to topological instability in the grain network. This two sided grain is replaced by a single

grain boundary and this topological transformation is called the third kind or a T3 change.

5.1. Approximation functions

In this approach, the coupling function akmn between the coarse and fine material velocities is solved

based on the geometry of grain structure. If conventional finite element method is employed, a continuous



Fig. 5. Topological changes of grain boundaries: (a) T1 change; (b) T2 change; (c) T3 change.

Fig. 4. Unit cell of a grain network subjected to horizontal constant traction.
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remeshing is needed in the event of GB topological changes and the evolution of grain structures. Alter-

natively, the coupling function akmn can be approximated by meshfree shape functions constructed using
moving least squares and reproducing kernel (MLS/RK) approximation [2,13] with grain boundary

interface enrichment [28]. The GB velocity �v, on the other hand, is discretized by the finite element shape

functions defined at the grain boundary points. Based on this discretization as shown in Fig. 6, we have

akmnðyÞ ¼
XNmp

I¼1

WIðyÞakmnI ; m; n; k ¼ 1; 2; ð5:1Þ

�v½0�i ðsÞ ¼
XNgbp

I¼1

NIðsÞ�t½0�iI ; �v½1�i ðsÞ ¼
XNgbp

I¼1

NIðsÞ�t½1�iI ; ð5:2Þ

where Nmp is the number of material points, Ngbp is the number of grain boundary points, WI is the MLS/

RK shape function, and NIðsÞ is the one-dimensional finite element shape function defined along the grain
boundary using grain boundary coordinate s shown in Fig. 7.
Fig. 6. Double-grid discretization of the fine scale variables.



r

Γgb

s

Fig. 7. Local coordinates of the discretized material interface.
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Since the fine scale material velocity should exhibit a jump in its derivative in the normal direction along

the grain boundary, the MLS/RK shape function WI for akmn is constructed following the grain boundary

enriched reproducing kernel approximation [4,28] as

WIðyÞ ¼
ŵIðyÞ; for nodes with yI 2 Cgb

HTðy� yIÞM�1ðyÞ½Hð0Þ �
P

I :xI2Cgb
ŵIðyÞHðy� yIÞ�Uaðy� yIÞ; otherwise

(
ð5:3Þ

HTðy� yIÞ ¼ ½1 y1 � y1I y2 � y2I �; ð5:4Þ

MðyÞ ¼
XNmp

I¼1

Hðy� yIÞHTðy� yIÞUaðy� yIÞ; ð5:5Þ

where Ua is the cubic B-spline function with support size ‘‘a’’, and ŵI is the interface enrichment function
expressed as

ŵIðxðr; sÞÞ ¼ /ðrÞuIðsÞ: ð5:6Þ
The function /ðrÞ has a discontinuous derivative across the interface and uðsÞ is a smooth function along

the interface. This interface enrichment function is defined locally on the interface with r and s being the
local coordinates perpendicular to and along the interface, respectively, as shown in Fig. 7. The interface

enrichment function ŵI and its derivative are shown in Fig. 8. At the triple junction, the enrichment

function /ðrÞ is constructed as
Fig. 8. (a) Interface enrichment function, (b) derivative of the interface enrichment function.
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/ðrÞ ¼ /ðr1Þ þ /ðr2Þ þ /ðr3Þ þ /ðr1Þ/ðr2Þ þ /ðr2Þ/ðr3Þ þ /ðr1Þ/ðr3Þ þ /ðr1Þ/ðr2Þ/ðr3Þ; ð5:7Þ
where r1, r2, r3 are the local coordinates of the three grain boundaries that form the triple junction.

5.2. Discrete equations

Using approximation functions for akmn in Eq. (5.1), the vector form of gklmn in Eq. (4.18) can be ex-
pressed as

g ¼
Xr
I¼1

GIaI ; ð5:8Þ

where

gT ¼ ½ g1111 g1122 g1112 g2211 g2222 g2212 2g1211 2g1222 2g1212 �; ð5:9Þ

GI ¼
WI;1I 0
0 WI ;2I

WI;2I WI ;1I

2
4

3
5; WI;i ¼

oWI

oyi
; ð5:10Þ

aI ¼
a1I

a2I

� �
; a1I ¼

a111I

a122I

a112I

2
4

3
5; a2I ¼

a211I

a222I

a212I

2
4

3
5: ð5:11Þ

Note that we have used the property akmn ¼ aknm. Here I and 0 are 3 · 3 identity and zero matrices,

respectively. Introducing the same approximation functions for the weight function bimn, the discretization

of the weak form equation (4.23) for solving the coupling function can be obtained as

Pa ¼ q; ð5:12Þ
where

PIJ ¼
Z

Xy
GT

I CGJ dX ð5:13Þ

and

qI ¼ �
Z

Xy
GT

I RdX; ð5:14Þ

C ¼
C1111I C1122I C1112I

C2211I C2222I C2212I
C1211I C1222I C1212I

2
4

3
5; ð5:15Þ

RT ¼ ½C1111 C1122 C1112 C2211 C2222 C2212 C1211 C1222 C1212 �: ð5:16Þ
Due to the block structure of matrices, Eq. (5.12) can be solved using the following sub-matrices

paðiÞ ¼ qðiÞ; i ¼ 1; 3; ð5:17Þ
where

pIJ ¼
Z

Xy
gTI cgJ dX; ð5:18Þ

q
ðiÞ
I ¼ �

Z
Xy
gTI R

ðiÞ dX; ð5:19Þ
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gI ¼
WI;1 0

0 WI ;2

WI;2 WI ;1

2
4

3
5; ð5:20Þ

c ¼
C1111 C1122 C1112

C2211 C2222 C2212

C1211 C1222 C1212

2
4

3
5; ð5:21Þ

að1Þ
I ¼ a111I

a211I

� �
; að2Þ

I ¼ a122I

a222I

� �
; að3Þ

I ¼ a112I

a212I

� �
; ð5:22Þ

Rð1Þ ¼
C1111

C2211

C1211

2
4

3
5; Rð2Þ ¼

C1122

C2222

C1222

2
4

3
5; Rð3Þ ¼

C1112

C2212

C1212

2
4

3
5: ð5:23Þ

Upon obtaining the coupling function akmn, the homogenized material constitutive tensor Cijkl can be ob-

tained by (4.32). The coarse scale material velocity v½0� is then solved using the homogenized equation (4.33).

First, let the approximation of v½0� be expressed by

v½0�i ¼
X
I

NIt
½0�
iI ; ð5:24Þ

where NI is the shape function. Introducing Eq. (5.24) and using the same shape functions for the weight

function w, the discrete homogenized equation (4.33) is obtained as

Kt½0� ¼ f; ð5:25Þ
where K and f are the standard stiffness matrix and force vector of elasticity. It is noted that the

homogenized equation of the unit cell can be discretized with a very coarse mesh. Upon solving v½0�, the fine
scale material velocity v½1� is obtained using the coupling equation (4.16).

Using the coarse and fine scale material velocities v½0� and v½1�, the strain rate _e, stress r, and strain energy

density jump ðeþ : rþ � e� : r�Þ that contribute to the grain boundary driving force in Eqs. (4.36) and (4.37)

can be computed. By introducing approximation functions in Eq. (5.2) into grain boundary evolution (4.36)

and (4.37), the coarse scale and fine scale grain boundary velocities �v½0� and �v½1� are solved from the following

equations
11

sene

21

12υ

22υ

1y

2
y

1

2

υ

υ

Fig. 9. Typical grain boundary element.



Fig. 10. Computational algorithm for multiple scale modeling of microstructure evolution.
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Cgb�t½0� ¼ �fgb � fst½0�; ð5:26Þ

Cgb�t½1� ¼ �fst½1�; ð5:27Þ

where
Cgb
IJ ¼

XNGB

i¼1

Z
Cy
gbðiÞ

1

l
N

T

I R
T
nRnNJ ds; ð5:28Þ

fgbI ¼
XNGB

i¼1

½cNT

I R
T
s �

s2i
s1i
þ
XNGB

i¼1

Z
Cy
gbðiÞ

c
N

T

I R
T
n

R
ds; ð5:29Þ
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f
st½0�
I ¼

XNGB

i¼1

Z
Cy
gbðiÞ

1

2
eþ½0�
ij rþ½0�

ij

�
� e�½0�

ij r�½0�
ij

�
N

T

I R
T
n dC; ð5:30Þ

f
st½1�
I ¼

XNGB

i¼1

Z
Cy
gbðiÞ

1

2
eþ½0�
ij rþ½1�

ij

�
þ eþ½1�

ij rþ½0�
ij � e�½0�

ij r�½1�
ij � e�½1�

ij r�½0�
ij

�
N

T

I R
T
n dC; ð5:31Þ

NI ¼ NI 0

0 NI

� �
; ð5:32Þ

Rn ¼ ½ enx eny �; ð5:33Þ

Rs ¼ ½ esx esy �; ð5:34Þ
where the components of Rn and Rs are shown in Fig. 9, NI is the finite element shape function defined on

the grain boundary, s1i and s2i are the two end points on the GB segment i, and NGB is the number of grain

boundary segments. At each time step, the coupling function is obtained from (5.17), coarse scale and fine

scale material velocities are obtained by Eqs. (5.25) and (4.16), respectively, and the grain boundary net-

work under material deformation is updated. Eqs. (5.26) and (5.27) are then solved for the grain boundary

migration velocity based on the deformed grain network, which again updates the grain network. The
outline of the overall computational procedures is illustrated in Fig. 10.
Fig. 11. Evolution of stressed grain growth.
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6. Numerical example

In the numerical computation, the multi-scale evolution equations are solved in the referential domain.

In this analysis, the following properties are used: unit cell box size¼ 1 lm · 1 lm, l ¼ 0:1 lm/lN/s,

cb ¼ 0:5 lN/lm, orthotropic Young�s modulus E1 ¼ 3
 105 lN/lm2, E2 ¼ 2
 105 lN/lm2, the applied

horizontal traction is 9.4 · 106 lN/lm2, and time step size Dt ¼ 0:0004 s. Note that the grain deformation

and grain boundary evolution equations are elliptic, and the time step size is determined by the minimum

allowable grain boundary segment length when invoking topological changes for accuracy consideration.
In each step, the coarse and fine scales of the grain material and grain boundary velocities are obtained, and

the total deformation and grain boundary displacements are computed.

The grain structure evolution modeled by the proposed method is shown in Fig. 11. In agreement with

the von Neumann relation [25] the grains with less than six edges continue to shrink and eventually dis-

appear while those having more than six sides continue to grow. The components of the coupling function

aijk at t ¼ 0:188 s are plotted in Fig. 12. Since the coupling function relates coarse scale strain rate to the fine

scale material velocity, the periodicity and the local character are shown in aijk distribution. Using aijk, the

coarse scale material velocity is solved and the fine scale material velocity is thus obtained. The distribution
of v½0�i and v½1�i are plotted in Fig. 13. Due to the constant traction in y1 direction, the linear distribution of v½0�1

in y1 direction, and linear distribution of v½0�2 in y2 due to Poisson�s effect are correctly shown in Fig. 13. The

distribution of v½1�i in Fig. 13, on the other hand, demonstrates local fluctuation resulting from heterogeneity

of grain structures. Coarse and fine scale strains for the last stage are also presented in Fig. 14.
Fig. 12. Coupling functions at the final stage of grain evolution.



Fig. 13. Coarse and fine scale material velocities at the final stage of grain evolution.

Fig. 14. Coarse and fine scale strains at the final stage of grain evolution.
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Fig. 15. Evolution of homogenized material properties during the grain structure evolution.
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The homogenized C1111, C2222, C1122, and C1212 components at a few selected states are shown in Fig. 15.

It is interesting to observe that the material constants increase as the microstructures evolve. This phe-

nomenon can be explained by two reasons: (a) for the grain system to reduce total free energy, the grains

with smaller strain energy density are forced to grow, while the ones with larger strain energy density are

forced to shrink; (b) the strain energy density in a grain under deformation is inversely proportional to the
rigidity of the grain. Item (b) can be easily illustrated by considering an one-dimensional elastic rod with

length ‘ and Young�s modulus E1 in 06 x6 a, E2 in a6 x6 ‘. The strain energy density W in each part of

the material is

ð1Þ W ¼

r2

2E1

for 06 x6 a

r2

2E1

for a6 x6 ‘

8>><
>>: if stress r is applied at the two ends; ð6:1Þ

ð2Þ W ¼ cE2=2 for 06 x6 a
cE1=2 for a6 x6 ‘

�
if strain e is applied at the two ends; ð6:2Þ

where c ¼ ð ‘e
aE2 þ ð‘� aÞE1

Þ2E1E2.

Thus in both cases the material with lower Young�s modulus has higher strain energy density when under

deformation. Therefore in the case of grain growth, if other driving forces are less significant compared to

the driving force induced by the strain energy density jump across the grain boundaries, the grains with

higher Young�s modulus (stiffer grains) will tend to grow due to their lower strain energy densities in the

grain interiors. This is demonstrated in a grain growth modeling as shown in Fig. 16, where a material
imperfection is introduced to the network of uniform isotropic hexagonal grains so that the central grain

has Young�s modulus higher than the others.When a horizontal uniform tensile traction is applied, the

center grain continues to grow in order to minimize the total gree energy. This explains why in the random



Fig. 16. Imperfection with a stiffer grain.
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grain structure case as shown in Figs. 11–15, the homogenized material properties become stiffer as the

grain structures evolve.
7. Conclusion

Understanding how the macroscopic external load affects the meso-scale grain growth process and how

the grain structure influences the macro-scale property of the continuum represents an interesting multi-

scale problem. The material velocity and grain boundary velocity are the two primary multi-scale variables

involved in grain growth process; each plays different but complementary role in the evolution of grain

growth. The material velocity represents the degree of grain deformation in response to the macroscopic

external load. Due to the heterogeneity of the grain structure, the material velocity exhibits both coarse and

fine scale characteristics. Consequently, the strain rate, stress, and strain energy density in each grain
present multi-scale properties. The multi-scale behavior of the grain boundary velocity, on the other hand,
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is dictated by the multi-scale driving force motivated by the multi-scale strain energy density jump across
the grain boundaries.

An asymptotic framework has been proposed to provide a systematic approach for multi-scale modeling

and homogenization of stressed grain growth. To yield variationally consistent multi-scale governing

equations and scale-coupling relation of grain growth processes, a variational equation based on the

principle of virtual power has been adopted as the basis of this work. By introducing the asymptotic form of

the material velocity into the variational equation, the resulting leading order terms in the expanded

variational equation yield multi-scale Euler equations representing grain structure equilibrium and grain

boundary evolution equations. Using these multi-scale Euler equations, coupling function between coarse
and fine material velocities was obtained, and Galerkin weak form was employed to solve the coupling

function numerically. It was shown that due to the multi-scale property of the grain boundary driving force

induced by the jumps in strain energy densities across the grain boundaries, the grain boundary velocity

also takes a multi-scale form. With the scale-coupling function and multi-scale Euler equations, the

homogenized elasticity tensor of the grain network unit cell has also been obtained.

In the numerical example demonstrated in this paper, the evolutions of coarse and fine scale grain

kinematics and deformation have been presented. The evolution of homogenized material properties has

also been obtained. It was shown that the overall stiffness of the grain network increases as the grain
structure evolves. This is due to the nature for the grain system to reduce the total free energy to reach a

stable configuration. As a consequence, stiffer grains which contain less strain energy density gain stronger

driving force to grow if other driving forces are less significant compared to the driving force induced by the

strain energy density jump across the grain boundaries.

Through the decomposition of kinematic and kinetic measures of grain deformation and grain boundary

migration, one can filter out the gross response of the stressed grain network and extract the local fine scale

information for investigation of several important grain boundary mechanisms such as grain boundary

separation and diffusion processes. These studies will be the future extension of this work.
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