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Abstract

In this paper, an extended meshfree method [9] for solving elastic boundary
value problems is summarized, and its extension to the elasto-plasticity prob-
lem is presented. In extended meshfree method, the solution is decomposed
into particular solution and homogeneous solution. The particular solution
without satisfying boundary conditions is obtained analytically, while a ho-
mogeneous problem with auxiliary boundary conditions is then solved under
a Galerkin framework with moving least-squares reproducing kernel approxi-
mation. The proposed method for linear differential operator in Poisson, elas-
ticity, and Mindlin-Reissner problems is first summarized. The extension to
differential equations with nonlinear self-adjoint differential operator is then
introduced, and the application to elasto-plasticity problem is presented. Nu-
merical results of an elasto-plasticity problem demonstrate a significant accu-
racy gain in the solution of extended meshfree method compared to that of
the conventional Galerkin meshfree approach.

1 Introduction

The naturally conforming properties of Galerkin meshfree methods offer
tremendous flexibility for approximation of solution with arbitrary locality
and smoothness [1, 4, 6, 11, 18, 19]. For example, extended finite element
method with enriched local basis functions was used to model crack tip char-
acteristics [3, 10]. Hierarchical enrichment [16, 17, 22], coupling between FEM
and meshfree methods [13, 15, 17], and interface enrichment [14, 24] were also
developed for enhancement of local solutions. Partition of unity and general-
ized finite element method [1, 2, 11, 12, 19, 20, 21] provide a general frame-
work for enrichment of solution with special basis functions to simultaneously
achieve local and global solution accuracy.
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Alternative to the aforementioned methods where the degrees of freedom
associated with the global and enriched solutions are obtained concurrently,
an extended meshfree method [9] has been proposed in which the solution
is solved in 2 sequential steps. In this approach, the solution is decomposed
into particular solution and homogeneous solution. The particular solution is
solved by satisfying the differential equation containing the source term in an
infinite domain without the imposition of boundary conditions. This particu-
lar solution can often be obtained analytically. When such particular solution
in an infinite domain is available, the original problem can be reduced to a
homogeneous problem with auxiliary boundary conditions (corrected by the
particular solution) that is then solved numerically. It has been shown that if
a linearly complete approximation function in conjunction with a stabilized
conforming nodal integration for domain integration of the weak form are em-
ployed in the Galerkin approximation of PDE’s, linear exactness and bending
exactness [7, 8, 23] can be achieved in the numerical solution of potential
and plate problems, respectively. These properties are particularly useful for
solving homogeneous solution in solid and structural problems, where substan-
tially higher solution accuracy can be obtained compared to the conventional
Galerkin meshfree formulation.

In this paper, we first review the basic concept and solution procedures
of extended meshfree method in Section 2. In this section, a general and
straightforward approach is presented for constructing the particular solution
by employing a fundamental solution of the differential operator without sat-
isfying the boundary conditions. Consequently, only a homogeneous governing
equation with auxiliary boundary conditions is solved by a Galerkin meshfree
method with stabilized conforming nodal integration. The specific extended
meshfree formulations for problems with linear differential operator such as
Poisson, elasticity, and Mindlin-Reissner problems are discussed in Section 3.
In section 4, we first discuss extended meshfree method for PDE’s with non-
linear self-adjoint differential operator. The application to elasto-plasticity
problem and some comments on numerical procedures are then presented.
Several numerical examples are demonstrated in Sections 3 and 4. Conclud-
ing remarks are given in Section 5.

2 Review of Extended Meshfree Method

2.1 Moving Least-Square Reproducing Kernel (MLS/RK)
Approximation

The MLS/RK approximation [18] has been widely used in the meshfree ap-
proximation of the unknown variables in differential equations. The problem
domain (2 is first discretized into a set of poins {X1,Xa,- -, Xxyp}, where x;
is the location of node I and NP denotes the total number of points. The
unknown variable u(x) of a differential equation is approximated by:
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NP
"(x) = Y Wr(x)dr (1)
I=1

where u"(x) is the approximation of u(x), ¥; and d; are the shape functions
and their associated coefficients, respectively. In MLS/RK approximation [18],
a shape function ¥(x) takes the form:

n
Wi(x) = [ D (21— z1) (w2 — 221)7bij (@) | Palx —x1) (2)
i+75=0
where ¢, (x —x7) is a kernel function that defines the smoothness and locality
of the approximation with a compact support wy = supp(ds(x — x1)), where
a is the radius of wy, and UNf w; D 2. The coefficient vector b(x) in Eq. (2)
is obtained by satisfying the followmg n-th order reproducing conditions:

ZQ’I x,lxm—xle,a—l—ﬁ—O,l,Q,...,n (3)

Upon solvmg bij(ac) from Eq. (3), the MLS/RK shape functions is ob-
tained:

r(x) = {H}" (0){M} " (x){H}(x — x1)a(x = x1) (4)

where

{H}T(X—X[) = {1, r1 — 1, T2 — T2, ($1 — 1}11)2, ...... 5 (.2?2 — $[2)n} (5)

{M}(x Z {H} (x — x/){H}" (x = x1)a, (x — x1) (6)
I=1

The reproducing kernel particle method (RKPM) is formulated by intro-
ducing the above approximation of unknown into the weak form of the differ-
ential equation £ (u) 4+ b = 0 where L is the differential operator and b is the
source term. The order of the solution is mainly dependent upon the form of
source term and the differential operator. The following problem introduced
in [9] is solved to illustrate the property of the RKPM using a stabilized con-
forming nodal integration for domain integration [7], denoted as SC-RKPM,

in representing the behavior of a localized high-gradient source term.

U gz +b(x) = ,1)
{{ / ac—05 )/a)?} exp {—[(z — 0.5)/a]?} for 0.42 < x < 0.58
0 therwme
=0,

(7)
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Fig. 1. Solution comparison for problem (7)

A comparison of the SC-RKPM solution using linear basis function with
a 20-node discretization and exact solutions in Fig. 1 shows large differences
in the vicinity of the localized source term. Figures 2 (a) and (b) demonstrate
the effects of discretization with nodal distance (h= 0.0625, 0.0313, 0.0156)
and the source term localization (o = 0.5, 0.3, 0.1) on the error of solution
accuracy using SC-RKPM. The results show that the Lo error norm of « in-
creases as the source term becomes more localized in all three discretizations.
It is also shown that the level of localization « in the source term affects the
constant of error in the numerical solution.
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a log(h)
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Fig. 2. Effects of discretization and source term localization on Lo error norm of u
in problem (7) using SC-RKPM

2.2 Extended Meshfree Method for Boundary Value Problems
with Linear Differential Operator

Consider the following multi-dimensional boundary value problem (BVP):
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L(u(x)) +b(x)=0in 2
B, (u(x)) =0 on 9,12 (8)
By, (u(x)) =0 on 9,2

where L is the linear differential tensor operator, b(x) is the source term
tensor, B, and By, are the tensor operators of essential and natural boundary
conditions, respectively. Let g(x,X) be the fundamental solution tensor that
satisfies the PDE in an infinite domain (i.e., without considering boundary
conditions):

L(g(x,%)) +d(x—%)=0in R3 (9)
or in a matrix form
911 0 g12 0 913 0
[L]¢g21 p+402=0, [L]¢ g2 p+46 =0, [L]{gas p+407=0
931 0 932 0 933 d

where § = §(x—X), [L] is the 3 x 3 matrix corresponding to matrix expression
of £L(g(x,X%)), and d(x — X) is the delta function. Then a particular solution
is obtained by the integral:

lmm:xgwmwwww (1)

where “” is a inner product. From Eqns. (9) and (11), it can be easily shown
that the particular solution u? satisfies

w9

L (uP(x)) +b(x) =01in 2 (12)

Note that in general uP(x) does not satisfy boundary conditions, i.e.,

B,(uP(x)) # 0, Bp(uP(x)) # 0. The expressions of fundamental solutions

and particular solutions for Poisson equation, elasticity, and Mindlin-Reissner

plate problems are listed in Table 1. Next, the solution of the given problem
is decomposed into

u(x) = w(x) + u(x) (13)

If £ is the linear differential operator, we have the following condition:

L (u(x)) +b(x) = L (u”(x)) + £ (u’(x)) + b(x) = L (u’(x)) =0  (14)

This leads to the following BVP for the homogeneous solution u’(x) (as-
suming B, and By, are linear operators):

x)) = —B, (uP(x) ) on 9,12 (15)
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Here the homogeneous solution u’(x) is obtained from the above homoge-
neous equation with boundary conditions modified by u?(x). A few examples
of fundamental solutions [5, 25] for linear differential operator are given in

Table 1.

Table 1. Particular Solutions of Several Boundary Value Problems

Poisson Equation Elasticity Mindlin-Reissner Plate
Eensor V- (C:V'u)+b=0P (V-V)0+ PV (V-0)
orm
L) +h Vutb=0 |(vou) = +Q(Vw—0)=0
=0 (Veou+ueV)/2 |[Q(V-Vw—-V:-0)+¢=0
AT e _J[V]' G+ D] [N]
Matrix | [L] = V2 L] = [V] D] [v] [L]= { %17 D] IN] }
Form
L) fu) 4 = fuy = {ur uz us Y | fu) = {61, 00, w7
{b}=0| {b}=b (b} = { bu, ba, bs )" (b} = {00, )"
913 X ,X)
_ r(2Inr + 1) cos (r, x,)
g(x,%) = —5-Inr %j(& Xl) ( D)_()
Fund. = a7 X 23 ¥ ,
= = g257(2In7 + 1) sin (r, x,)
Sol. " (3 = 4v)bij + 77 4] e
g(x,x) l; (zi — %i)2 = 387" 933(X X) = gzpr Inr
- Zj 27rQ
gi; =0 for j#3
Part.Sol. | u”(x) = ul (x) = ] (x) =
uP (x) Jo 9(x,¥)b(y)dy S 965 (%, ¥)b;i (y)dy S 9i5(%,¥)b; (y)dy

Note: Pl, Pz, Q,

D, [@], [V], [D°], [G], [N] in Table 1 are defined in Appendix.

2.3 A Stabilized Conforming Nodal Integration for Homogeneous

Solution

The variable u®(x) satisfying Eq. (15) without a source term involves a lower
order behavior compared with the original problem and can be effectively
solved numerically. It has been studied by Chen et al. [7, 8] that the neces-
sary conditions for achieving linear exactness in the Galerkin approximation
of second order differential equations are: (1) shape functions ¥y for approxi-

mation of the unknown u}(x) =

Z[ 1 ¥r(x)d;r are linearly complete, and (2)

integration of the weak form meets the following integration constraint:
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Igt(V!PI) = / Un dI” for {I : supp(¥;) N 9,2 = 0} (16)

0
where I gt() denotes numerical integration over domain {2 and n is the surface
normal on 9 2. A stabilized conforming nodal integration (SCNI) has been
proposed to stabilize the nodal integration of the weak form and fulfill linear
exactness in the Galerkin approximation of second order differential equation

[7]. In this approach, a smoothed nodal gradient of u at point xj, is computed
as:

- 1 1 ~
TVl (x1) = - /VuhdA - A—/nuhdf =S V) (17)
LQL L[‘L 7

where

~ 1
VU (xp) = < /WI(X)n(x)dF (18)

L

I'n
Here (21, and I, are the representative domain and boundary associated
with the node L as shown in Fig. 3, and Ay, is the area (or volume) of (2r,.
It can be easily shown that this smoothed gradient meets the integration
constraints for nodal integration:

NP
Igt(@glf) = Z VW (xp)AL = / U dI” for {I : supp(¥r) NI, N2 = (i}
L=1 a0

(19)

This SCNI method will be employed in the integration of weak form of the

homogeneous solution for Poisson, elasticity, and Mindlin-Reissner problems
in the next Section.

Fig. 3. Nodal representative domain obtained by Voronoi diagram
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3 Extended Meshfree Method for Elastic Boundary
Value Problems

In this section we discuss the extended meshfree solution procedure when the
particular solutions are obtained in Section 2. The construction of discrete
equations for the homogeneous solution of Poisson, elasticity, and Mindlin-
Reissner plate problems is also summarized. To distinguish from the tensor
notation, matrix and vector are denoted by “[-]” and “{-}” symbols, respec-
tively, in the following discussion.

3.1 Poisson Problem

Consider a Poisson problem in Table 1 with boundary conditions uw = g on
0,2 and Ou/On = h on 9,12. The weak form of the homogeneous solution of
Poisson problem is:

[Voul - Vuld2 = [ ou®(h— %) dr
Q2 onf2 (20)
uw=g—uP on 0,0

Introducing a nodal integration of weak form with assumed gradient field
(17) into Eq. (20) yields:

NP NBint »

5,0 =, ,0 0/ — ou?
Z Vou(xp) - Vu’(xp)AL = Z ou” (X)) (h(xK) - 8(XK)> WK
L=1 K=1 "

(21)
where NP and N B;,; are the numbers of nodal points and boundary inte-
gration points, respectively, and X; and wy are the integration points and
weights for boundary integration, respectively, which are consistent with the
boundary integration for gradient smoothing term [ rL U (x)n(x)dI” in Eq.
(18). By substituting the meshfree approximation for u” (x) = Z;VZPl Ur(x)d?
into Eq. (21), we obtain the following discrete equation for homogeneous so-
lution:

K] {d°} = {f°} (22)

Ky = Z {BI(XL)}T {BJ(XL)} Ap (23)

{BI<XL)} _ {?I(xm } (24)
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bir(xz) = ALL / Wy (x)n;(x)dI’ (25)
Iz
N Bint P
= ¥(xx) (h(XK) - %:l(XK)> WK (26)
K=1

Problem (7) is revisited using the aforementioned Extended-RKPM. The
particular solution of this problem in Table 1 is computed using three integra-
tion zones with 6-point quadrature rule in the small domain where b(x) # 0,
and the homogeneous solution is obtained by RKPM with SCNI. The com-
parison of the results in Fig. 4 shows a significant improvement in solution
accuracy using the Extended-RKPM compared to SC-RKPM in Fig. 3. Note
that since the particular solution is obtained analytically, the solution error
is independent to the source term localization parameter a.

-1
—e— h=0.0625 —e— 0=0.5
-<%-- h=0.0313 -2 -<¢- 0=0.3
-2 ~=p»- h=0.0156 - 0=0.1
S -3 = -3
= =
iy iy
> -4 >
8 T T - ° S -4
-5 Pmememraisicimimimim Boimimaimmainioe *> 2.07
0.1 0.2 0.3 0.4 0.5 -5 -1.8 -1.7 -1.6 _1'81 -1.4 -1.3 -1.2
a log(h)
(a) (b)

Fig. 4. Effects of discretization and source term localization on Lo error norm of u
in problem (7) using Extend-RKPM

3.2 Elasticity

Consider an elasticity problem in Table 1 with boundary conditions u; = g;
on 0,82 and (C : (V*u)) -n = h on 9, 2. The weak form of the homogeneous
solution of elasticity problem is:

(Visu®) : C: (V*u®)d2 = [ 6u’- (h—(C: (V*uPl)) -n)dl
2 on 2 (27)
w0

i

=gi—u’ on 0,0

Similar to the smoothing of Vu’ in Poisson problem, the strain corre-
sponding to u® is smoothed in elasticity. Let
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1
E?j = (vsuo)z‘j = 9 (u?,j + ug,i) (28)
The smoothed strain of u® at point x, is obtained by
= 1 1
£.(x1) = i [ e)dA = Ti- J (u?’j + ugl) dA
.QL QL
(29)

- leL J (wdn; + ugnl) dr
Iy

Defining a smoothed strain vector {?:0} = {5(1)1, £9,, 289, }T and intro-
ducing MLS/RK approximation for u?h (x) = Z]IV:PI Vi (x)d?; in Eq. (29), we
have

, NP
(&)} = [Bitx)] {9} (30)
I=1
where
i 6[1(XL)~ 0 d?]
[BI(XL):| = 0 b]Q(XL) 5 {d?} = {do } (31)

512 (XL) 512 (XL)

and b;;(x7) is defined in Eq. (25). Introducing a nodal integration to the weak
form of elasticity in Eq. (27) with smoothed strain field defined in Eq. (29)
yields the following stiffness matrix and force vector for solving the homoge-
neous solution [K] {d°} = {£°}:

NP

K=Y [BI(XL)]T [D] [BJ(XL)} AL (32)

L=1

NBin: hi(Xx —a{)j XK )n; (XK
=3 W’_‘K){ I )}W

K=1

(33)
he(Xk) — 03;(Xk)n; (X))
where ? = C: V*uP, and [D] is the matrix form of the elasticity tensor C.
A cantilever beam subjected to a tip shear force shown in Fig. 5(a) is ana-
lyzed using SC-RKPM (RKPM with stabilized conforming nodal integration),
G-RKPM (RKPM with Gauss integration) and Extended-RKPM. The geom-
etry and material properties are; L=10, D=2, E=21MPa, v=0.3. The total
shear load is 1, which is distributed in a parabolic function over the depth
of the free end. Three discretizations as shown in Fig. 5(b) are employed to
compute error in the numerical solution. The SCNI is employed for the total
solution in SC-RKPM and the homogeneous solution of Extended-RKMP as
discussed above. In Extended-RKPM, the shear force is treated as a source
term with distributed load, and the fundamental solution in Table 1 is used to
calculate the particular solution. Figure 5(c¢) shows that the Extended-RKPM
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greatly reduces the Lo error norm of u compared to those of SC-RKPM and
G-RKPM.

Y

— " D
: L )
(a) (b)
-1
e
~ 2
£ ¥ e *
élj > e
=) -3 o
*
=
o
-4 -»- G-RKPM
-4+ SC-RKPM
—e— Extended-RKPM

B9 08 07 06 05 04 03
log(h

()

Fig. 5. Beam problem solved by various methods: (a) problem description; (b)
discretizations; (¢) Lo error norm of u

3.3 Mindlin-Reissner Plate Problem

Consider a Mindlin-Reissner plate problem in Table 1 with boundary condi-
tions 0, = 0, (@ = 1,2), w = @ on 9,82 and (C’: (V*0)) -n = m on J),12.
The weak form of the homogeneous part of Mindlin-Reissner problem given
in Table 1 can be expressed as

[, Ve66° : CP - vo0°d2 + [, (Vou® —66°) : C* : (Vu® — 0°) df2
+ [, 060" (m— (C": (V*6")) -m) dl' = 0 (34)
0y =0,, w=w, on 0,0

where C? and C* are the elasticity moduli for bending and shear, respectively.
To meet integration constraint and provide stability to the nodally integrated
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weak form of Eq. (34), a curvature smoothing at the nodal point is introduced
[24]. Let curvature of the homogeneous solution be denoted as
1
500 0 0
aﬁ = (V 0 ) =3 (Ga’ﬁ + Hﬁya) (35)
The smoothed curvature at point xy, is obtained by
~ 1 1
“gﬁ(XL) =4, fg ’fgg(x)dA = 34. fQL (93,,@ + Gg,a)dA (36)
= 2AL f[‘ 9077,5 + Hﬁna)df

Introducing MLS/RK to the approximation of 9" (x) = Zﬁvﬁ Ur(x)6°,
and 0" (x) = Z[ L ¥ (x)w? in smoothed curvature {&°} = { &Y, &9, 2&9, }

and shear strain {7°} = {w% — 67, w®% — 09 } , we have

N NP ~ N NP
(&7} =Y[B{at). {5} =D Bil{at} (37)
I=1 I=1
0 b1 0 v w wy
B =lo0be|, Bi=| " " | {d}={p )
o @, 0 :
0b12 b[l 92[

Introducing a nodal integration to weak form in Eq. (34) with smoothed
curvature in Eq. (37) yields the following stiffness matrix and force vector for
solving the homogeneous solution [K] {d°} = {f°}:

K] = [K"] + K] (39)
NP _ T -
KG,) = % [Biea)| DY [BY )] A
L=1
NP (40)
i) = 3 Bi(xo)]" (D] (B3 (x0)] Ar

NBint 0
{2} = Y w(Rk){ mby(Re)na(Xx) — M1 (Xx) p @i (41)
! M (X5 ) (%) — 12 (Ri)
where m? = C? : V*6”, [D’] and [D?] are the matrix forms of C” and C*
tensors, respectively.
A clamped circular plate subjected to a unit concentrated load P at the

plate centroid shown in Fig. 6(a) is analyzed. Since the source term is due to
a point load, the particular solution is the fundamental solution. RKPM with
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SCNI (SC-RKPM), RKPM with Gauss integration (G-RKPM) and Extended-
RKPM discussed above using three discretizations shown in Fig. 6(b) are
compared in Fig. 6 (c¢). A substantial improvement of the solution accuracy
in Extended-RKPM over G-RKPM and SC-RKPM is achieved.

T %7
oooo[...
oefefe/els
2o
O
L]
L)
[ ) &
0

a0ovs

H
-

e e
:: : : YO
:: 58 O
an O
1000 o\®
Slefeisoreieiels
Te[e[o]e]e\e\®\®
(a) (b)
0
- 3
g -1 .
b
=}
T
=
~
5 -2
=»- G-RKPM
-+ SC-RKPM
3 —e— Extended-RKPM
h . 4 . }
0.3 0 log(h) 0.5 0.6
(c)

Fig. 6. Mindlin-Reissner plate solved by various methods:(a) problem description;
(b) discretizations; (c) L2 error norm of u

4 Extended Meshfree Method for Inelastic Boundary
Value Problems

4.1 Self-Adjoint Operator

Here we consider BVP in Eq. (8), with £ the differential operator for inelastic
media which, in general, is a nonlinear operator, i.e., £ (uO + up) *L (uo) +
L (uP). To start, express the weak form of BVP as
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/v~£(u)d(l+/v~bd!2:0 (42)
17} 17}

where v is the weight function and v = 0 on essential boundary 0, (2. If L is
self-adjoint, then we have

/v~£(u)d()/u-ﬁ(v)dQJr!;Bi(u,v)dF (43)

2 2

where the 2"¢ term on the right hand side of Eq. (43) is a boundary term
resulting from integration by parts, and B; are the corresponding boundary
operators. Thus Eq. (42) can be expressed as

/u~£(v)d(2+/v-bd!2+/ZBi(u,v)dF:O (44)
I7) I7; o0 ¢
By deposition of unknown u = u? + u’, we have

!uo -E(v)dQ—k([up : E(v)dQ—k([V b d!2+aé ;Bi (u,v)dl' =0 (45)

Since L is a self-adjoint differential operator, the first 2 terms on the left
hand side of Eq. (45) can be transformed according to Eq. (43) to yield

[v-L(u)dR+ [v-L(uP)d2+ [v-bd2
Q Q 2 (46)
+ [ Y (Bi(v,u®) + Bi(v,u?) + Bi(u,v))d' =0
a9 i
If a particular solution for £ (u”) + b = 0 exists, Eq. (46) is reduced to
the following problem:

/v - L(u®)d2 + / Z (B;(u,v) + Bi(v,u°) + Bi(v,u”))d =0 (47)
I7; o0 °
Equation (47) leads to the following strong form:
Lu’) =0 (48)
with natural boundary conditions:
> (Bi(u® + P, v) + Bi(v,u’) + Bi(v,u”)) =0 -
i
for arbitrary v with v.=0 on 0,12

For a given uP, Eq. (49) gives the natural boundary conditions for the

homogeneous solution u’. Further, Eq. (46) provides the weak form for solving

u’.
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4.2 Elasto-plasticity Problem
Consider the following elasto-plasticity problem:

V-6+b=0 in 2,

o=C¢:¢°=C*: ¢

E=Viu=¢+¢" (50)
u=1 on 0y f2,,

6-n="h on 9,02,

where (2, is the deformed configuration, C® and C* are elastic and elasto-
plastic moduli, respectively, €° and &* are elastic and plastic strain rates,
respectively, V7 is the symmetric gradient operator, i.e., (vsu)ij = UG =
(@i, +1j5) /2, ¢ is the Cauchy stress rate, n is the normal unit vector of
traction surface, and h is the surface traction rate. For elasto-plastic materials
that obey associative flow rule, we have:

g = f'ya—f

Jo

where f is the yield function and % denotes the plastic consistency parameter.

To employ the extended meshfree method discussed earlier, Eq. (50) is
recast into the following form:

(51)

V- (C°:Vu)+(b-V-(C°:&")=0 (52)

£(1) source

Here the nonlinearity is included in the source term. The solution is solved
as follows:
1.Particular solution

. a(Cs 1 .Ex
i (x) :/ 9i5(%,¥) <bj(y) - W) dy (53)

24 Ym
where g¢;; is the fundamental solution associated with the differential opera-
tor £ () = V- (C° : V*u), and the particular solution 4! is computed at
every time step. The integration of Eq. (53) is performed over the deformed

configuration (2.
2. Homogeneous problem:

V- (CO:veR®) =0 in 2
u=14a-u” on 9,1, (54)
6 n=h—(C*:V*G)-n on 9,0

where ¢ = (C* : V*i°) - n is the Cauchy stress rate associated with the

homogeneous solution 1°.
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Note that the homogeneous solution in Eq. (54) is almost identical to the
homogeneous solution of elasticity, except for the corrected natural boundary
condition involving elasto-plastic moduli. Thus the meshfree approximation
and SCNI for domain integration used in elasticity are directly applicable to
this case.

Remarks:
An alternative approach for solving problem (50) is to consider the follow-
ing strong form:

V- (C*:V*a)+b=0 (55)
~————
L£(1)

Here, the elasto-plastic moduli C* reside in the differential operator. We
consider the weak form of Eq. (55)

/v-(v-(c*:vsa))d(z+/v-bd9=o (56)
2 2

where the weight function v = 0 on 0f2,. Via integration by parts and diver-
gence theorem, we have

[ v-hdl— [ 4-(Vv:C*-n)dl + [u-(V-(C*:V*V))d
O 2 O 2 (0]

. (57)
+ [v-bd2=0
2

Note that we have used the properties C};y, = Cf;; = Chypy = Oy Next,

by the decomposition of i = ” + 11°, we have
[a-(V-(C*: Vov))de
! (58)
= [P (V- (C*: Vo)A + [0 (V- (C* : Vov))de2
2 2

Further applying integration by parts, the following equation can be ob-
tained

[v-(V-(C*:V*uP))dR + [v- (V- (C*: Vu)dR + [ v-hd
2 2 on 82

— [ v-((C*:V*uP) -n)dl + [v-bd2 =0

op 2 (9}

(59)

In the typical incremental solution procedure, C* is formed with solution
of the previous time step. Thus if the fundamental solution of differential
operator in Eq. (55) with an explicit C* exists, Eq. (59) can be reduced to
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/ v (h—(C*:V*aP) -n)dr+/v- (V- (C*:vea®)d2 =0  (60)
o 2 2

This leads to the following strong form and natural boundary conditions
for the homogeneous solution:

V- (C*:V*u’)=0 in

. (61)
(C*: V) n=h— (C*:V*0’)-n on dp?

The corresponding weak form of Eq. (61) is

/vsv cCr o vealdn = / v-(h—(C*:V*0P) - n)dl (62)
2 O 2

4.3 Some Remarks on Consideration of Large Deformation

In the case where the materials undergo large deformation, the undeformed
configuration §2x and deformed configuration {2, of the material domain need
to be distinguished. Considering a material point X € §2x under deformation
is moved to x € §2,, where §2x is the undeformed configuration and (2, is the
corresponding deformed configuration, and x = X + u, where u is the dis-
placement. For a general nonlinear problem, incremental solution procedures
are required, and the incremental equation of Eq. (52) is solved:

V. (C°: VS Au)+ (Ab— V- (C°: Ac*) = Ar (63)

L(Au) source

where ” A” denote a finite increment quantity, and Ar is the residual. The
increment of particular solution Au? is obtained by

@) = [ asx.y) (b = (ChpiAcia) , — Ary) W)y (64

where g;;(x,y) is the fundamental solution of the differential operator £ (Au) =
V - (C¢ : V#Au). With the consideration of large deformation, the Galerkin
weak form of the homogeneous problem of Eq. (63) is transformed to the unde-
formed configuration 2x, and a Lagrangian kernel [6] is used to approximate
the homogeneous solution following6:

NP
Aud(X) =D (X)AdY (65)
I=1

where ¥;(X) is the MLS/RK shape function using Lagrangian kernel. Note
that the solution of homogeneous solution in Eq. (63) requires the particular
solution in Eq. (64). Since the transformation of weak form of the homo-
geneous solution in Eq. (63) to the undeformed configuration requires the
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particular solution to be evaluated in the unformed configuration, a mapping
from x to X is needed. A stabilized conforming nodal integration (SCNTI)
that satisfies integration constraints in the Lagrangian Galerkin approxima-
tion of the homogeneous solution is employed in the domain integration of
weak form in the undeformed configuration [8]. In SCNI, to meet integration
constraints using nodal integration in Lagrangian Gakerkin formulation, the
displacement spatial gradient Aw;; = du;/0z; at a nodal point Xy, in the
undeformed configuration is smoothed as:

Aw) ;(X) = AR (X1) FiH(XL) (66)

where

AR (1) = /Angp:L / 0w L/(AuONj)dF

A¥ 0X; A¥ ’
0¥ rx
(67)
Fij(Xp) = AX Fyjdl’ = AX 0X; dI' +6;5 = E (u;Nj)dI" + 0;;
oF i ¥
(68)

Here N; is the surface normal in the undeformed configuration, 25 and
' are the nodal representative domain and boundary of the Voronoi cell
associatd with node L in the undeformed configuration, respectively, and Ax
is the area (volume) of 2:X. The other details of Lagrangian meshfree method
using SCNI for nonlinear problems can be found in [8]. Due to the absence of
source term in the homogeneous problem, the Lagrangian meshfree formula-
tion for solving the homogeneous solution can achieve much greater solution
accuracy.

4.4 Numerical Example

Fig. 7. One dimensional rod subjected body force

A one dimensional elasto-plastic bar subjected to a body force as shown in
Fig. 7 is analyzed. In this example, the following isotropic hardening elasto-
plasticity model is employed, where the yield function is expressed as:
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Fig. 8. Total strain comparison of elasto-plasticity problem
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Fig. 10. Stress comparison of elasto-plasticity problem

f=lol = (oy + K&") (69)

Here, o, is the initial yield stress and K is hardening parameter. The
material properties are: Young’s modulus £ = 2.0 x 107, K = 0.2EF and
o, = 8.0 x 10*. The body force function given in Eq. (7) is used, and the rod
is fixed at the left end. Both SC-RKPM and the proposed Extended-RKPM
are employed. The rod is discretized by only 8 nodes using both methods. For
comparison purpose, a refined model with 51-node discretization is used to
compute a reference solution. The numerical results for total strain, plastic
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strain and stress distributions are shown in Figs. 8, 9, and 10, respectively. A
much enhanced solution is observed in the proposed new approach.

5 Conclusions

An extended meshfree method for elastic and inelastic media has been pre-
sented. In this approach, the total solution has been expressed by a combina-
tion of particular and homogeneous solutions. The particular solution is any
analytical (or numerical) expression satisfying the governing differential equa-
tion containing the source term but not necessarily the boundary conditions.
Thus, the problem is reduced to a homogeneous equation where the original
boundary conditions are modified by the particular solution. In this paper, a
general method has been presented for constructing the particular solution.
The homogeneous solution has been solved numerically using Galerkin approx-
imation. By employing moving least-square reproducing kernel (MLS/RK)
approximation with linear completeness, as well as a stabilized conforming
nodal integration (SCNI) for domain integration of the weak form, a linear
exactness in solid continuum and a bending exactness in plate bending can be
achieved in the homogeneous counterpart of these problems. Compared to the
conventional Galerkin meshfree method, this new approach significantly re-
duces the constant in the error norms, and examples have been demonstrated
in Poisson, elasticity, and Mindlin-Reissner plate problems.

The proposed method for differential equations with nonlinear differential
operators has also been presented. It has been shown that if the differential
operator is self-adjoint, a homogeneous problem can be obtained with stan-
dard integration by parts procedures. A Lagrangian MLS/RK approximation
and the corresponding SCNI for Lagrangian weak form of large deformation
problems have also been discussed. Using elasto-plasticity as a model problem,
a simplified approach to obtain particular solution and to construct homoge-
neous problem has been presented. In this approach, the nonlinearity resides
in the source term, and the differential operator takes the form of linear elas-
ticity. Thus the fundamental solution is identical to that of linear elasticity,
and the particular solution is obtained by integration of fundamental solution
and the nonlinear source term at every incremental step in nonlinear calcu-
lation. The corresponding homogeneous problem has been constructed with
boundary conditions corrected by the particular solution in every incremental
step, and it has been solved using MLS/RK approximation with SCNI domain
integration of the incremental weak form. The numerical results demonstrate
a substantially higher solution accuracy in extended meshfree method com-
pared to that of the conventional Galerkin meshfree method.

6 Appendix

The parameters and matrices used Table 1 are defined as follows:
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Et3 Et3 5Et Et3
Pp=—" P=——" _Q=-—""_ D=—""_ (70
DY TE R L 24(1fy)’Q 12(1+v) 12(1 - 12) (70)
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0 35 9as
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