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Abstract
Many engineering and scientific problems require a full understanding of
physical phenomena that span a wide spectrum of spatial length scales. These
multi-scale problems cannot be analysed readily under the classical continuum
mechanics framework. While classical methods have been proposed to study
the physical phenomena on smaller scales and the resulting information has
been transferred by homogenization techniques onto larger scales, effective
methods to explicitly couple information at multiple length scales are still
lacking. Passing information between physical models at different length scales
requires mathematically consistent and physically meaningful formulation
and numerical techniques. This paper presents a class of multi-scale
mathematical and computational formulations as well as homogenization and
localization numerical procedures for multi-scale modelling of (1) materials
with fixed microstructures, and (2) problems with evolving microstructures
such as stressed grain growth processes in polycrystalline materials. Wavelet-
based computational methods are introduced for multi-scale modelling and
homogenization of materials with fixed microstructures. Two wavelet-
based methods, the wavelet Galerkin method and wavelet projection method,
are presented. For problems with evolving microstructures, a multi-scale
variational formulation based on an asymptotic expansion method and a double-
grid numerical method is proposed.

1. Introduction

Understanding the fundamental concepts by which materials microstructure and evolution
control the behaviour of engineering materials has been one of the principal objectives
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in materials research. Co-existing coarse and fine scale features in this pursuit poses
a considerable challenge in mathematical formulation and numerical solution procedures.
Obtaining both effective computational methods capable of reconciling coarse and fine scale
features and a reliable solution on the most essential scale is of critical importance to multi-scale
problems. The objective of homogenization is to find the differential equation that the coarse
scale solution satisfies and to construct the corresponding differential operator. In general, the
multi-scale problem can be categorized into fixed and evolving microstructure classes, both of
which require elaborate mathematical and computational techniques in order to proceed.

In the field of micromechanics, noteworthy homogenization theories have been introduced
by Mura [35], Christensen [12] and Nemat-Nasar and Hori [38]. For linearly elastic
heterogeneous solids, exact averaging theorems and several homogenization models have been
introduced by Eshelby (1957), Hashin (1965) and Nemat-Nasser and Hori [36–39]. In the
recent micromechanical approach by Nemat-Nasser, the bounds on the overall moduli of a
broad class of composites with periodic microstructure were obtained by generalized Hashin–
Shtrikman variational formulation principles [38]. An estimate of the overall moduli, based on
the selection of the effective medium as the reference material, was then proposed for periodic
microstructure [38].

The mathematical theory of homogenization for heterogeneous media also has been
extensively developed by Babuska [2], Lions [5] and Duvant [19]. The homogenization
frameworks have been applied to a variety of linear and nonlinear structural problems.
Examples include the early work of homogenization in buckling analysis by Mignot et al
[31], and homogenization incorporating Green’s function and fast Fourier transform (FFT)
approaches by Moulinec and Suquet [34]. In the asymptotic expansion approach [5], the
relationship of macroscopic and microscopic solutions is obtained in the unit cell problem
with periodicity. Through this relationship, the homogenized differential equation as well
as the homogenized material property are obtained. Upon obtaining the coarse scale solution
through the macroscopic problem, the fine scale solution is found through the coarse–fine scale
solution relation. The asymptotic expansion approach also has been applied to homogenization
of composites [21], the multi-grid based method [20] and multi-physics problems with multiple
spatial and temporal scales [3, 5, 41, 46].

A hybrid micromechanics theory was introduced by Nemat-Nasser and Hori [24] to
compare the physics-based average-field theory and the mathematical asymptotic-based
homogenization theory. It was shown that they yield essentially the same effective moduli
and homogenized boundary-value problems. Moreover, it was shown that the asymptotic-
based homogenization theory can be applied to materials with a non-periodic microstructure
and higher order effects can be accounted for [24]. Nonetheless, the asymptotic based methods
necessitate the fine scale response to be well separated from the response on the coarser scales.

Alternatively, a multi-grid method for a periodic heterogeneous medium has been proposed
[20, 25]. In this approach, an inter-grid transfer operator is constructed using asymptotic
expansion so that the problem on the auxiliary grid gives rise to a homogenization problem. In
this approach, a series of rapidly varying spatial scales are introduced to capture the effects of
spatial fluctuations induced by spatial heterogeneities. Knapek [25] has also applied a Schur
complement for a multi-grid based homogenization technique.

A multi-resolution approach [6, 7, 13, 16, 18] is another type of multi-scale method for
problems with fixed microstructures. In multi-resolution analysis, the transition between two
different scales is defined explicitly. In this approach, the reduction procedure is employed
and repeated over several scales. Thus the method does not require coarse and fine scale
solutions to be well separated [14]. In the context of multi-resolution analysis, a specific form
of wavelets (Haar basis) has been employed under the Galerkin framework [1, 15, 22, 45]. This
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wavelet Galerkin method entails representing the solution as an expansion of scaling functions
at each scale. The multi-scale solution of the fine scale differential equation therefore is
approximated by a truncated wavelet expansion as well as the scale decomposition of scaling
functions and wavelets. By utilizing wavelet-like functions under the framework of the mesh-
free method, a multi-resolution analysis has also been introduced to construct hierarchical
coarse–fine scale decomposition [28, 29]. Note that the wavelet Galerkin method usually leads
to integrals involving highly discontinuous derivatives of wavelets and scaling functions [26].
Thus the accurate evaluation of integrals of these derivatives plays a key role in the solution
process.

The first part of this work introduces a wavelet Galerkin method utilizing the scale
decomposition characteristics of wavelet functions for homogenization of heterogeneous
material with fixed microstructure. With the linear orthogonal wavelet-based shape functions,
the wavelet Galerkin method is enhanced by invoking the integration by parts to reduce
the order of required differentiation and to yield a symmetric stiffness matrix. Moreover,
natural boundary conditions can be introduced in the weak form. However, the wavelet
Galerkin method requires the microstructure to match with the finest scale grid and thus
creates complexity in heterogeneous media with irregular-shaped microstructures. To correct
this limitation, a wavelet-based projection method is proposed in which the solution at the
finest scale can be obtained by any numerical method. Consequently, the coarse scale solution
is obtained by up-scaling using multi-scale wavelet functions.

Recently, application of multi-scale modelling to problems evolving microstructure has
received much attention [33, 42, 43]. With problems involving microstructure evolution,
wavelet-based methods that rely on fixed grid points to obtain the finest scale solution are
inefficient. In the second part of this work, a multi-scale method capable of dealing with
microstructure evolution is introduced for modelling of stressed grain growth. We first
introduce asymptotic expansion of field variables in the variational equation to obtain the
multi-scale grain structure evolution equations as well as the homogenized material properties
of a grain network. A double-grid method is proposed to effectively model both moving
discontinuities along the grain boundary and topological changes of the grain structures during
grain growth processes.

The layout of this paper proceeds as follows. In section 2, wavelet-based methods for
multi-scale modelling of material with fixed microstructure are presented. In section 3, a
multi-scale variational formulation for modelling of material with evolving microstructure
is introduced. Numerical procedures for multi-scale modelling of the stressed grain growth
process are discussed in section 4. Concluding remarks are given in section 5.

2. Wavelet-based methods for multi-scale modelling of heterogeneous materials with
fixed microstructures

2.1. Multi-scale wavelet Galerkin method

In the wavelet Galerkin method [1, 15, 40] both the test and the trial functions are selected to be
wavelet basis functions. Since the standard wavelet Galerkin method for solving second-order
differential equation contains integration of second-order derivatives of wavelets and scaling
functions that are either highly oscillatory or even non-differentiable, the accurate evaluation
of these integrals is a problematic issue confronting the solution process. In the proposed
method, integration by parts is introduced to the weak form of the problem so that (1) the order
of differentiation is reduced, (2) a symmetric stiffness matrix can be constructed and (3) the
natural boundary conditions can be invoked in the weak form.
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To clarify the idea, consider the following boundary value problem with L the differential
operator:

Lu = f on �

u = g on ∂�.
(2.1)

The approximated solution u(x) at scale j + 1, denoted as uj+1(x) in Vj+1, is expressed as

u(x) ≈ uj+1(x) = ūj (x) + ũj (x). (2.2)

Here, ūj (x) and ũj (x) are the coarse and fine scale components of the scale j solution,
respectively:

ūj (x) =
∑

k

ū
j

kφ
∗
j,k(x) = φ∗T

j Ū j

ũj (x) =
∑

k

ũ
j

kψ
∗
j,k(x) = ψ∗T

j Ũ j , ūj ∈ Vj , ũj ∈ Wj,
(2.3)

where
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m ũ
j

m+1 · · · ũ
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n−1 ũ
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n

]T
,

(2.4)

φ∗
j = [φ∗

j,m φ∗
j,m+1 · · · φ∗

j,n−1 φ∗
j,n

]T
ψ∗

j = [ψ∗
j,m ψ∗

j,m+1 · · · ψ∗
j,n−1 ψ∗

j,n

]T
, m < n, m, n ∈ Z,

(2.5)

in which Vj and Wj are subspaces of an orthogonal scaling function and wavelet at scale
j expanded by φ∗

j,k and ψ∗
j,k , respectively. The functions φ∗

j,k(x) = 2j/2φ∗(2j x − n) and
ψ∗

j,k = 2j/2ψ∗(2j x−n) are orthogonal scaling function and wavelet used as the shape functions
in the Galerkin framework (examples of linear scaling functions and wavelets are shown in
figure 1), m and n are lower and upper limits of integer translation for orthogonal scaling
functions and wavelets, and ū

j
m and ũ

j
m are unknown coefficients to be solved. Detailed

definitions of scaling and wavelet function subspaces and construction of corresponding
orthogonal scaling function and wavelet are given in appendix A. Using equations (2.3)–(2.5),
one can rewrite equation (2.2) as

u(x) ≈ uj+1(x) = ϕT
j+1Uj+1, (2.6)

where

ϕj+1 = [ψ∗T

j φ∗T

j

]T
Uj+1 = [ŨT

j ŪT
j

]T
.

(2.7)

Next, the Galerkin approximation of problem (2.1) at scale j + 1 is expressed as

〈
ϕj+1, L

(
ϕT

j+1Uj+1
)〉− 〈ϕj+1, fj+1〉 +

NB∑
i=1

λi[ϕj+1]i = 0[
ϕT

j+1

]
i
Uj+1 = gi, i = 1, . . . , NB,

(2.8)

where [
ϕT

j+1

]
i
= ϕT

j+1

∣∣
xi∈∂�

. (2.9)

Here λi are Lagrange multipliers to impose the essential boundary conditions, NB stands
for the number of essential boundary conditions in the discretized fashion, and 〈·, ·〉 denotes
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Figure 1. (a) Two-scale relation in hat function, (b) hat function, (c) orthogonal piecewise linear
scaling function and (d) orthogonal piecewise linear wavelet.

the L2 inner product between L2(R) functions. Upon introducing integration by parts in
equation (2.8), the matrix form of the two-scale solution is obtained as:
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where the stiffness submatrices K
φφ

j , K
φψ

j and K
ψψ

j contain first-order derivatives of the
scaling and wavelet functions and matrix λ contains Lagrange multipliers. Further, consider
the following coarse–fine scale relationships of the scaling function and wavelet:

φ∗(x) =
∑

k

pkφ
∗(2x − k), ψ∗(x) =

∑
k

qkφ
∗(2x − k), (2.11)

φ∗(2x − l) =
∑

k

[al−2kφ
∗(x − k) + bl−2kψ

∗(x − k)], l ∈ Z. (2.12)

Substituting equations (2.11) and (2.12) into equation (2.3), the fine scale j solution ū
j

l

can be decomposed into scaling and wavelet components of the next coarser scale j − 1:

ū
j−1
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∑
l
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l , ũ
j−1
k =

∑
l

bl−2kū
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Similarly, a fine scale solution can be reconstructed from the coarse scale solution by

ū
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[
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]
. (2.14)
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Figure 2. Decomposition algorithm.
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Figure 3. Reconstruction algorithm.
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Figure 4. Dependence of the shape functions between two discrete points.

The decomposition and reconstruction algorithms are depicted in figures 2 and 3, respectively.
A major difficulty involved in the solution of the discrete equation in equation (2.10) is the
singularity of the stiffness matrix due to the dependency of the shape functions at any sub-
domain between two given discrete points when linear scaling function and wavelet are used.
As illustrated in figure 4, any interval between two discrete points is covered by four linearly
independent functions. To resolve this problem, the eigenvalue shifting method is proposed
below.

The improper zero eigenvalues in the discrete wavelet Galerkin equations are shifted to
non-zero values without affecting the non-zero eigenvalues and the corresponding eigenvectors.
It is noted that the improper nullity of the stiffness matrix can be removed without affecting the
physical solution of the original problem if the force vector is in the range of the stiffness
matrix. To clarify this, let K be the n × n stiffness matrix. Eigenvector expansion of
K reads

K =
n∑

i=m+1

αiϕiϕ
T
i , (2.15)

where αi are non-zero eigenvalues and ϕi are the corresponding eigenvectors. The eigenvectors
{ϕi}mi=1 corresponding to zero eigenvalues can be eliminated by modifying the stiffness matrix
as the following:

K̄ =
m∑

i=1

ηiϕiϕ
T
i + K =

m∑
i=1

ηiϕiϕ
T
i +

n∑
i=m+1

αiϕiϕ
T
i =

n∑
i=1

ᾱiϕiϕ
T
i , (2.16)
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where ηi are small positive numbers. From the above equation, it is obvious that the new matrix
K̄ has exactly the same eigenvalues and eigenvectors except that zero eigenvalues have been
shifted to ηi . Using eigenvector expansion with modified K̄ in replacing K in equation (2.16),
the solution of a linear system K̄d̄ = f of equation (2.10) is(

n∑
i=1

ᾱiϕiϕ
T
i

) n∑
j=1

β̄jϕj


 = f. (2.17)

Using the orthonormality conditions of {φi}ni=1, we obtain the solution

β̄j = 1

ᾱj

ϕj · f = 1

ηj

ϕj · f = 0 for j = 1 ∼ m

β̄j = 1

ᾱj

ϕj · f = 1

αj

ϕj · f for j = m + 1 ∼ n.

(2.18)

Thus, from equations (2.17) and (2.18), it is clear that the mode-shifting method applied in
equation (2.17) suppresses the improper nullity without altering the non-rigid body solutions
of the original problem in equation (2.10).

Once the solution Uj+1 = [ŨT
j ŪT

j ]T at scale j + 1 is obtained by means of the above-
mentioned mode-shifting method, decomposition of the solution to obtain high and low scale
components of any coarser scales m < j can be cast via the wavelet transformation matrix wm.
By introducing the discrete transformation operators Pm and Qm, the transformation matrix
wm takes the form of

wm =
[
Qm

Pm

]
, where

{
Qm : Vm+1 → Wm

Pm : Vm+1 → Vm,
(2.19)

where the operator Qm relates scaling function of scale m + 1 to wavelet functions at scale m,
and the operator Pm transfers scaling function of scale m+1 to a scaling function corresponding
to the next coarser level m. Upon construction of the discrete transformation operators Pm

and Qm, the transformation matrix wm for the Haar basis, and the linear orthogonal scaling
function and wavelet have been obtained in [11] and are summarized in appendix B. Hence,
at any scale m < j , scale decomposition can be obtained as

wmU l
m+1 =

[
Qm

Pm

]
U l

m+1 =
[
U h

m

U l
m

]
. (2.20)

Here, for notational convenience, the superscripts h and l denote high and low scale
components, respectively, i.e. U h

m = Ũm, U l
m = Ūm with Ũm and Ūm defined in equations (2.3)

and (2.4). This procedure can be employed to yield the low and high scale components of the
solution at any desired scale. Conversely, the finer scale solution at scale n + 1 can be obtained
via an inverse operation on the coarser scale solution at scale n by

U l
n+1 = w−1

n

[
U h

n

U l
n

,

]
(2.21)

and U h
n+1 can be obtained through a static condensation of the scale n + 1 discrete equation in

equation (2.10).

2.2. Multi-scale wavelet projection method

The wavelet Galerkin method discussed in section 2.1 requires a uniform grid on the finest
scale. This results in complexity in multi-dimensional heterogeneous media which contain
irregular-shaped microstructures. The interfaces between non-uniform microstructures cannot
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be properly discretized using uniformly spaced wavelet basis functions. In this section a
wavelet-based multi-scale projection method [30] is introduced as a simplification of the
previously discussed wavelet Galerkin method.

Let the discrete form of the boundary value problem be expressed by [7]

LU = F , (2.22)

where L is a bounded linear operator. Let the above discrete equation be formed in the space
Vj+1, i.e.

Lj+1Uj+1 = Fj+1 where Uj+1 � U l
j+1, (2.23)

where subscripts denote the level of scale. Note that at the finest scale j + 1, the high scale
component U h

j+1 is ignorable compared to the corresponding low scale component U l
j+1. Note

that in this approach the highest scale solution Uj+1 can be obtained by any numerical method.
Consider the discrete projecting operators Pj and Qj defined in equation (2.19). High and
low scale components of scale j solution can be extracted as

U l
j = PjUj+1, U l

j ∈ Vj , Uj+1 ∈ Vj+1, (2.24)

U h
j = QjUj+1, U h

j ∈ Wj, (2.25)

where function Uj+1 is split into U l
j and U h

j . By using the wavelet transformation operator
wj defined in equation (2.19), equation (2.23) can be transformed as

(
wjLj+1w

−1
j

)
(wjUj+1) =

[
L11 L12

L21 L22

]
j+1

[
U h

j

U l
j

]
= wjFj+1 =

[
F h

j

F l
j

]
. (2.26)

Here the low scale component U l
j is obtained by the Schur complement of L22 in

equation (2.26):(
L22 − L21L

−1
11 L12

)
j+1U

l
j = F l

j − (L21L
−1
11

)
j+1F

h
j , (2.27)

in which the Schur complement is defined as

L̄j+1 = (L22 − L21L
−1
11 L12

)
j+1. (2.28)

Here L̄j+1 is the coarse scale operator, or so called the one-step reduction of the operator Lj+1.
A multi-scale homogenization now is performed by first solving the solution at the finest

scale. The low and high scale components of the next coarser levels then can be calculated
by recursively performing the wavelet projections in equations (2.24) and (2.25). By contrast,
localization, a reverse process of homogenization, is an operation in which the fine scale
component at each scale is recovered by backward substitution of the coarse scale solution, i.e.

(L11)j+1U
h
j = F h

j − (L12)j+1U
l
j (2.29)

and the low scale solution of the next finest scale is obtained by

U l
j+1 = w−1

j

[
U h

j

U l
j

]
. (2.30)

By repeating these two operations, the solution of any finer scale can be reconstructed
hierarchically as illustrated in figure 5. These methods of homogenization and localization
can be extended easily to higher dimensions.
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(a)

(b)

Figure 5. (a) Homogenization and (b) localization processes.

(a) (b)

Figure 6. (a) Data compactness through the reduction process of wavelet-based homogenization;
(b) Mirror image data construction in the fictitious domain (a and b: boundaries of real domain).

2.3. Numerical example

During the multi-scale homogenization calculation, shown in figure 6(a), at the coarser levels
we observe fewer data points with respect to the finer levels. This is due to the fact that
information at each coarse scale node is provided by some adjacent points at the finer scale. If
no information is provided for the points outside of the domain, the zero coefficients associated
with the representative data points outside the domain of response will pollute the whole
solution after a few steps of the homogenization process. The proposed remedy for this
problem is a mirror image technique that extends the physical domain with solution data to
a fictitious domain with anti-symmetric data as shown in figure 6(b). With this mirror image
process, the average of solution at the boundaries remains unchanged. Hence, this process
does not generate any projection onto the wavelet spaces, since the wavelet projection filters
out the deviation from the average.

In this problem, since the wavelet projection method produces almost identical
results as that obtained by the wavelet Galerkin method, only the solutions of the
wavelet Galerkin method are presented. To demonstrate the efficiency of the proposed
wavelet Galerkin homogenization, consider the following elasticity problem with boundary
conditions:

d

dx

(
E(x)

du(x)

dx

)
= 0, x ∈ ]0, 5[

u(0) = 10, u(5) = −10,

(2.31)

where a highly oscillating coefficient E(x) as shown in figure 7 is used. To capture the fine
scale details, the finest grid is set at j = 7, i.e. 27 discrete points are used. We employ linear
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Figure 7. Lack of accuracy at the boundaries in multiple scales in wavelet Galerkin-based
homogenization using linear orthogonal scaling function and wavelet without using mirror image
technique from the upper left corner moving to the right: j = 7, j = 6, j = 5, j = 4, j = 3,
j = 2, j = 1, j = 0, (j : level of resolution, (E(x)u′(x))′ = 0, u(0) = 10, u(5) = −10).

orthogonal scaling and wavelet functions as illustrated in figures 1(c) and (d), since the Haar
basis cannot be applied in the wavelet Galerkin method due to its nature of discontinuity.
Homogenization starts from the fine scale j = 7 as shown in figure 7. Without the use of the
mirror image technique, boundary conditions cannot be preserved accurately, thus oscillations
occur due to unknown information inherent with the external shape functions covering the
outside of problem domain. As homogenization proceeds, the oscillation initiated near the
boundaries at the finer scales propagates to the interior of the problem domain at the coarser
scales as shown in figure 7. To correct this deficiency, the mirror image technique is employed
to enhance the solution and to remove the oscillation shown in figure 8. In each scale, the
number of grid points is decreased by half. At the coarsest scale of j = 0, the homogenized
solution yields a constant Young’s modulus.

In the previous case, the Dirichlet boundaries were imposed at both ends of the problem
domain, and the mirror image technique performed quite well. To identify the applicability of
the mirror image method to Neumann-type boundary conditions, in this example we consider
mixed Dirichlet and Neumann boundary conditions:

u(0) = 10, u′(5) = −1. (2.32)

The results shown in figure 9 are again satisfactory. This example also demonstrates that the
multi-scale wavelet-based homogenization method is applicable even if the material property
is not periodic.
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Figure 8. Wavelet Galerkin-based homogenization over multiple scales enhanced by the mirror
image technique j = 3, j = 2, j = 1, j = 0, (j : level of resolution, (E(x)u′(x))′, u(0) =
10, u(5) = −10).

3. Multi-scale modelling of microstructural evolution

It was shown in section 2 that wavelet-based methods are effective in multi-scale
homogenization of highly heterogeneous material with fixed heterogeneity. In the case where
the microstructures are evolving, the wavelet-based multi-scale methods become ineffective
in dealing with the moving material interfaces. In this section, we introduce a multi-scale
variational formulation based on asymptotic expansion and the principle of virtual power,
in conjunction with a double-grid numerical method, for modelling and homogenization
of stressed grain growth that involves microstructure evolution. The expanded variational
equation gives rise to multi-scale Euler equations describing evolution processes at different
scales, the scale coupling relation, as well as the homogenized material properties. A stressed
grain growth example is demonstrated using the proposed method.

3.1. Basic equations

The multi-scale hierarchy from a macro-scale continuum to a meso-scale grain network of
polycrystalline material under consideration is shown in figure 10.

Let x be the macro-scale coordinate system in the physical domain. A unit cell with
domain � and boundary 	 of a continuum in the physical domain is mapped to referential
domain �y and boundary 	y measured by a meso-scale coordinate y. The macro- and meso-
scale coordinates are related through a scaling parameter λ by

dyi = dxi

λ
(3.1)



106 J-S Chen and S Mehraeen

Figure 9. Accuracy healing at the boundaries in multiple scales in wavelet Galerkin-based
homogenization using linear orthogonal scaling function and wavelet enhanced by mirror image
technique from the upper left corner moving to the right: j = 7, j = 6, j = 5, j = 4, j = 3,
j = 2, j = 1, j = 0, (j : level of resolution, (E(x)u′(x))′, u(0) = 10, u′(5) = −1).

Figure 10. Length scale hierarchy of continuum and grain network.

(This figure is in colour only in the electronic version)

where λ is a very small real number. As shown in figure 11, a unit cell of a stressed grain
network in the physical domain subjected to a surface traction h on boundary 	h is considered.
The grain boundaries in the unit cell are denoted as 	gb.

A variational equation for stressed grain growth based on the principle of virtual power
described in the x-coordinate (Chen et al [9]) is

δ�(v, v̄) = δ�
e
(v) + δ�

gb
(v, v̄) = 0, (3.2)
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Figure 11. Unit cell structure of stressed grain network.

δ�
e
(v) =

∫
�

1

2
δ(σ : ε̇)d� −

∫
	h

δv · hd	 −
∫

�

δv · b d�, (3.3)

δ �
gb

(v, v̄) =
∫

	gb

1

2
(σ+ : ε+ − σ− : ε−)δv̄nd	 +

∫
	gb

γ

(
∂δv̄s

∂s
+

δv̄n

R

)
d	 +

∫
	gb

δv̄n

µ
v̄n d	,

(3.4)

where δ�e is the virtual power associated with grain deformation, δ�gb is the virtual power
associated with driving forces acting on grain boundaries, v is the grain material velocity, v̄ is
the grain boundary migration velocity, v̄n is the normal velocity pointing away from the centre
of curvature of the grain boundary, v̄s is the tangential velocity along the grain boundary, γ

is the surface tension (the boundary energy per unit area), R is the radius of curvature of the
grain boundary, µ is the mobility representing the ease with which the grain boundary can
migrate, h is the surface traction applied on the traction boundary 	h, b is body force, σ+ and
ε+, respectively, are the stress and strain in the grain that gains virtual area δv̄nd	 (grain A),
and σ− and ε−, respectively, are the stress and strain in the grain located on the other side of
the boundary (grain B), as shown in figure 12. Detailed discussions of this can be found in
[10]. We assume the stress–strain relation follows an anisotropic creep law:

σij = Cijkl ε̇kl . (3.5)

To describe multi-scale material behaviour, the material velocity v is expressed in the
asymptotic expansion form [5]

vi(x, y) = v
[0]
i (x, y) + λv

[1]
i (x, y) + O(λ2), (3.6)

where v
[0]
i and v

[1]
i are macro- (coarse) scale and meso- (fine) scale components of material

velocity, respectively, and the superscript [n] denotes the level of scale. For a function expressed
in both coarse and fine scale coordinates, the following relationship holds:

∂

∂xi

= ∂

∂xi

∣∣∣∣
[y]

+
∂

∂yi

∣∣∣∣
[x]

∂yi

∂xi

= ∂

∂xi

∣∣∣∣
[y]

+
1

λ

∂

∂yi

∣∣∣∣
[x]

. (3.7)

For notational simplicity, the subscripts [x] and [y] are dropped hereafter. Following the chain
rule in equation (3.7), the strain rate ε̇ij is expressed as

ε̇ij = λ−1ε̇
[−1]
ij + ε̇

[0]
ij + λ1ε̇

[1]
ij + λ2ε̇

[2]
ij + · · · , (3.8)
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Figure 12. Strain energy change due to grain boundary migration.

where

ε̇
[−1]
ij = ε̇

[0]
î ĵ

= 1

2

(
∂v

[0]
i

∂yj

+
∂v

[0]
j

∂yi

)
, ε̇

[k]
ij = (ε̇[k]

ī j̄
+ ε̇

[k+1]
î ĵ

)
, ∀k � 0, k ∈ Z (3.9)

and

ε̇
[k]
ī j̄

= 1

2

(
∂v

[k]
i

∂xj

+
∂v

[k]
j

∂xi

)
, ε̇

[k]
î ĵ

= 1

2

(
∂v

[k]
i

∂yj

+
∂v

[k]
j

∂yi

)
. (3.10)

The expansion of stress field is obtained by using creep law:

σij = λ−1σ
[−1]
ij + σ

[0]
ij + λσ

[1]
ij + λ2σ

[2]
ij + · · · , (3.11)

where

σ
[k]
ij = Cijkl ε̇

[k]
kl . (3.12)

3.2. Multi-scale variational formulation

The variational formulation can be decomposed hierarchically into its coarse and fine scale
components by applying asymptotic expansions to material velocities, strain rates and stress
in equation (3.2). In this section, the multi-scale Euler equations (strong forms) representing
grain structure equilibrium and grain boundary evolution equations will be derived. Taking
the asymptotic expansion of field variables, the total virtual power takes the form of [10]

δ�(v[0] + λv[1], v̄) = λ−2δ�
e

[−2] + λ−1δ�
e

[−1] + δ�[0] + O(λ) = 0. (3.13)

As λ approaches zero, equation (3.13) leads to

I1 = δ�
e

[−2](v) =
∫

�

1

2
δ
(
ε̇

[−1]
ij σ

[−1]
ij

)
d� = 0, (3.14)

I2 = δ�
e

[−1](v) =
∫

�

1

2
δ
(
ε̇

[−1]
ij σ

[0]
ij + ε̇

[0]
ij σ

[−1]
ij

)
d� = 0, (3.15)

as well as δ�[0] = δ�[0]
e (v) + δ�gb(v, v̄) = 0, which yields

I3 = δ�
e

[0](v) =
∫

�

1

2
δ
(
ε̇

[−1]
ij σ

[1]
ij + ε̇

[0]
ij σ

[0]
ij + ε̇

[1]
ij σ

[−1]
ij

)
d� −

∫
	h

δv[0] · h d	

−
∫

�

δv[0] · b d� = 0, (3.16)
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I4 = δ�
gb

(v, v̄) =
∫

	gb

1

2

(
σ +

ij ε
+
ij − σ−

ij ε−
ij

)
δv̄n d	 +

∫
	gb

γ

(
∂δv̄s

∂s
+

δv̄n

R

)
d	

+
∫

	gb

δv̄n

µ
v̄n d	 = 0. (3.17)

Using the chain rule ∂(·)/∂yi = λ∂(·)/∂xi , the arbitrariness of δv
[0]
j in �, and considering

the symmetric stress tensor, the first leading order equation (3.14) yields the corresponding
strong form:

1

2

∂

∂yj

(
Cijke

(
∂v

[0]
k

∂ye

+
∂v[0]

e

∂yk

))
= 0. (3.18)

Employing periodicity of the unit cell in �y , and recasting equation (3.18) in the weak form
using integration by parts in reference domain �y yields

∂v
[0]
i

∂yj

= 0, ⇒ v
[0]
i = v

[0]
i (x). (3.19)

Here it shows that the coarse scale component of the solution v
[0]
i depends only on x, and this

leads to

σ
[−1]
ij = Cijkl ε̇

[−1]
kl = 0. (3.20)

Similarly, by using equations (3.15) and (3.19), and employing the major symmetry of Cijkl

for I2 = 0, we obtain the following strong form

∂

∂yj

[
Cijkl

(
ε̇

[0]
k̄l̄

+ ε̇
[1]
k̂l̂

)] = 0. (3.21)

To satisfy equation (3.21), the fine scale material velocities should take the form of

v
[1]
k = αkmn(y)ε̇

[0]
m̄n̄(x), (3.22)

where αimn is a scale coupling function. Using the scale coupling relationship in
equation (3.22), the strain rate can be rewritten as

ε̇
[1]
î ĵ

= 1

2

(
∂v

[1]
i

∂yj

+
∂v

[1]
j

∂yi

)
= ε̇

[0]
m̄n̄ηijmn, ηijmn = 1

2

(
∂αimn

∂yj

+
∂αjmn

∂yi

)
. (3.23)

Substitution of equation (3.23) into equation (3.21) produces the following scale-coupling
equation defined in �y with periodic boundary conditions

∂

∂yj

[Cijkl(Iklmn + ηklmn)] = 0, Iklmn = 1

2
(δkmδln + δknδlm). (3.24)

The coupling function αimn can be solved by a Galerkin approximation of the weak form of
equation (3.24), where an integration by parts and unit cell periodicity in equation (3.24) are
employed. Next, by introducing the integration of the coarse scale problem (I3 = 0) over �y

[10], the scale coupling relationship in equation (3.23), unit cell periodicity and the coarse
scale conditions in equations (3.19) and (3.20), the following strong form of homogenized
coarse scale equilibrium equation is obtained

C̄ijkl

∂ε̇
[0]
k̄l̄

∂xj

+ bi = 0 on �y

σ
[0]
ij nj − hi = 0 on 	

y

h,

(3.25)
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where C̄ijkl represents the homogenized constitutive tensor of Cijkl in the grain structure

C̄ijmn = 1

S

∫
�y

Cijkl(Iklmn + ηklmn)d�. (3.26)

In response to the coarse and fine scale driving forces associated with the strain energy density
jump (σ+ : ε+ − σ− : ε−)/2 across the grain boundary, the grain boundary velocity v̄ can be
expressed in the form of asymptotic expansion, i.e.

v̄i (x, y) = v̄
[0]
i (x, y) + λv̄

[1]
i (x, y) + O(λ2), (3.27)

where v̄
[0]
i and v̄

[1]
i are the coarse and fine scale components of v̄i , respectively. Substituting

the expansion equations (3.27), (3.6) and the expanded strain and stress in equations (3.8)
and (3.11) into equation (3.17), the following decomposed grain boundary evolution equations
(I4 = 0) can be obtained∫

�y

1

2

[
ε

+[0]
ij σ

+[0]
ij − ε

−[0]
ij σ

−[0]
ij

]
δv̄[0]

n d	 +
∫

	
y

gb

γ

(
∂δv̄[0]

s

∂s
+

δv̄[0]
n

R

)
d	 +

∫
	

y

gb

δv̄[0]
n

µ
v̄[0]

n d	 = 0,

∫
�y

1

2

[
ε

+[0]
ij σ

+[1]
ij + ε

+[1]
ij σ

+[0]
ij − ε

−[0]
ij σ

−[1]
ij − ε

−[1]
ij σ

−[0]
ij

]
δv̄[1]

n d	 +
∫

	
y

gb

δv̄[1]
n

µ
v̄[1]

n d	 = 0.
(3.28)

These two equations will be used to solve coarse and fine scale components of the grain
boundary migration velocity. Further, the stationary conditions in equation (3.28) result in the
strong forms of driving force equilibrium acting on the grain boundaries.

4. Numerical procedures for multi-scale modelling of stress grain growth

4.1. Approximation functions

The coupling functions αkmn between the coarse and fine material velocities governed by the
scale-coupling equation (3.24) are determined by the material properties and their distributions
following the topology of grain structures. Solving the scale-coupling equation (3.24) by the
conventional finite element method requires a continuous remeshing in the event of grain
boundary topological changes and the evolution of grain structures. Alternatively, a moving
least-square reproducing kernel (MLS/RK) approximation with grain boundary interface
enrichment [9] has been introduced in the modelling of stressed grain growth process. In
this work, the scale-coupling functions αkmn defined in the grain domains are approximated
by the MLS/RK approximation [4, 27], whereas the grain boundary velocity v̄ on the grain
boundaries is approximated by the finite elements as

αkmn(y) =
Nmp∑
I=1

�I(y)αkmnI , m, n, k = 1, 2, y ∈ �y, (4.1)

v̄
[0]
i (s) =

Ngbp∑
I=1

N̄I (s)ῡ
[0]
iI , v̄

[1]
i (s) =

Ngbp∑
I=1

N̄I (s)ῡ
[1]
iI , s ∈ 	

y

gb, (4.2)

where Nmp is the number of discrete points in grain domains �y , Ngbp is the number of discrete
points on grain boundaries 	

y

gb, �I is the MLS/RK shape function [4, 8, 27], and N̄I (s) is the
one-dimensional finite element shape function defined along the grain boundary using grain
boundary coordinate shown in figure 13(a).
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(a) (b) (c)

Figure 13. (a) Local coordinates of the discretized material interface. (b) Interface enrichment
function. (c) Derivative of the interface enrichment function.

Due to discontinuity of material properties across the grain boundaries the MLS/RK
shape function �I , used for approximating the scale-coupling functions αkmn, is constructed
following the grain boundary enriched reproducing kernel approximation [44] as

�I(y) =




ψ̂I (y), for nodes with yI ∈ 	gb

HT(y − yI )M−1(y)
[
H(0) −∑I :xI ∈	gb

ψ̂I (y)H(y − yI )
]

�a(y − yI ), otherwise

(4.3)

HT(y − yI ) = [1, y1 − y1I , y2 − y2I ] (4.4)

M (y) =
Nmp∑
I=1

H (y − yI ) HT (y − yI ) �a (y − yI ), (4.5)

where �a is the cubic B-spline function with support size ‘a’, and ψ̂I is the interface enrichment
function introducing a discontinuous derivative in the r-direction:

ψ̂I (x(r, s)) = φ(r)ϕI (s). (4.6)

Here the function φ(r) has a discontinuous derivative across the interface and ϕ(s) is a smooth
function along the interface. This interface enrichment function is defined locally on the
interface with r and s being the local coordinates perpendicular to and along the interface,
respectively, as shown in figure 13(a). The interface enrichment function ψ̂I and its derivative
are depicted in figures 13(b) and (c). Note that unlike the previous work by Moes et al [32]
where additional degrees of freedom have been introduced to the enrichment functions on the
material interfaces, the present approach does not require additional degrees of freedom for
imposing interface discontinuities. This advantage becomes important when many material
interfaces exist in the grain network.

At the triple junction, the enrichment function φ(r) is constructed as

φ(r) = φ(r1) + φ(r2) + φ(r3) + φ(r1)φ(r2) + φ(r2)φ(r3) + φ(r1)φ(r3) + φ(r1)φ(r2)φ(r3),

(4.7)

where r1, r2, r3 are the local coordinates of the three grain boundaries forming the triple
junction.

4.2. Discrete equations

The scale-coupling function αkmn is obtained by solving the following weak form of
equation (3.24)∫

�y

βimn

∂

∂yj

[Cijkl(Iklmn + ηklmn)] d� = 0, (4.8)
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where βimn is a weight function. Employing the integration by parts and periodicity to the
pervious equation yields∫

�y

βimn,jCijklηklmn d� = −
∫

�y

βimn,jCijmn d�. (4.9)

By approximating αkmn using equation (4.1), the vector form of ηklmn in equation (3.23) can
be expressed as

η =
r∑

I=1

GIαI , (4.10)

where

ηT = [η1111, η1122, η1112, η2211, η2222, η2212, 2η1211, 2η1222, 2η1212] (4.11)

GI =

�I,1I 0

0 �I,2I

�I,2I �I,1I


 , �I,i = ∂�I

∂yi

(4.12)

αI =
[
α1I

α2I

]
, α1I =


α111I

α122I

α112I


 , α2I =


α211I

α222I

α212I


 . (4.13)

Here I and 0 are 3 × 3 identity and zero matrices, respectively. Substituting equations (4.10)–
(4.13) into equation (4.9) yields the following discretization equation:

Pα = q (4.14)

where

PIJ =
∫

�y

GT
I CGJ d� (4.15)

qI = −
∫

�y

GT
I Σ d� (4.16)

C =

C1111I C1122I C1112I

C2211I C2222I C2212I

C1211I C1222I C1212I


 (4.17)

ΣT = [C1111, C1122, C1112, C2211, C2222, C2212, C1211, C1222, C1212]. (4.18)

Upon obtaining the scale-coupling function αkmn, the homogenized material-constitutive tensor
C̄ijkl can be obtained by employing equation (3.26). The coarse scale material velocity v[0]

then is solved using the homogenized equation (3.25). After solving v[0], the fine scale material
velocity v[1] is obtained using the coupling equation (3.22). Using v[0] and v[1], the strain rate
ε̇, stress σ and strain energy density jump can be computed. By introducing approximation
functions in equation (4.2) into the decomposed grain boundary evolution equation (3.28), the
coarse and fine scale grain boundary velocities v̄[0] and v̄[1] are solved:

Cgbῡ[0] = −f gb − f st[0] (4.19)

Cgbῡ[1] = −f st[1], (4.20)

where

C
gb
IJ =

NGB∑
i=1

∫
	

y

gb(i)

1

µ
N̄T

I RT
nRnN̄J ds (4.21)
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Figure 14. Unit cell of a grain network subjected to horizontal velocity (v: horizontal velocity).

Figure 15. Grain growth evolution (t : time (s)).

f
gb
I =

NGB∑
i=1

[
γ N̄T

I RT
s

]s2
i

s1
i

+
NGB∑
i=1

∫
	

y

gb(i)

γ
N̄T

I RT
n

R
ds (4.22)

f st[0]
I =

NGB∑
i=1

∫
	

y

gb(i)

1

2

(
ε

+[0]
ij σ

+[0]
ij − ε

−[0]
ij σ

−[0]
ij

)
N̄T

I RT
n d	 (4.23)

f st[1]
I =

NGB∑
i=1

∫
	

y

gb(i)

1

2

(
ε

+[0]
ij σ

+[1]
ij + ε

+[1]
ij σ

+[0]
ij − ε

−[0]
ij σ

−[1]
ij − ε

−[1]
ij σ

−[0]
ij

)
N̄T

I RT
n d	 (4.24)

N̄I =
[
N̄I 0
0 N̄I

]
(4.25)
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Figure 16. Coupling functions at the final stage of grain evolution.

Rn = [enx eny

]
(4.26)

Rs = [esx esy

]
, (4.27)

where es and en are unit vectors along and normal to the boundary element, N̄I is a FE-shaped
function defined on the grain boundary, s1

i and s2
i are the two end points on the GB segment i,

and NGB is the number of grain boundary segments. At each time step, the coupling function
is obtained from (4.14), followed by coarse and fine scale material velocities using (3.25)
and (3.22), respectively. Further, the grain boundary network under material deformation is
updated. Equations (4.19) and (4.20) then are solved for the grain boundary migration velocity
based on the deformed grain network, which again updates the grain network.

4.3. Numerical example

Consider a grain network as shown in figure 14 subjected to uniform horizontal velocity on
edges AD and BC, while the other sides CD and AB are traction free. Each grain is assumed to
follow the anisotropic creep law in equation (3.5) with random orientations. Periodic boundary
conditions are imposed on the boundary of the unit cell.

In this analysis, unit cell dimension is 1 µm×1 µm, grain boundary properties are
µ = 0.1 µm µN−1 s−1, γb = 0.5 µN µm−1, orthotropic Young’s modules are E1 = 3 ×
105 µN µm−2 and E2 = 6 × 105 µN µm−2, the applied horizontal velocity is 50 µm s−1, and
time step size is �t = 0.0004 s. Uniform discrete points of 60 × 60 for interface-enriched
MLS/RK approximations of scale-coupling function are employed, and each segment of grain
boundaries is discretized by six finite element points. The grain structure evolution modelled
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Figure 17. Coarse and fine scale material velocities at the final stage of grain evolution.

Figure 18. Coarse and fine scale strains at the final stage of grain evolution.
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Figure 19. Evolution of homogenized material properties during the grain structure evolution.

by the proposed multi-scale method is shown in figure 15. The spatial distribution of the scale-
coupling functions αijk at t = 0.104 s are plotted in figure 16. Using αijk , the coarse and the
fine scale material velocity are obtained and plotted in figure 17. Coarse and fine scale strains
for the last stage also are presented in figure 18. Note that the macroscopic (coarse scale)
strain rate at a point in macroscopic coordinate x is a constant function in the y coordinate in
the mesoscopic level unit cell, whereas the mesoscopic (fine scale) strain displays fluctuations
in the y coordinate due to the inhomogeneities in the unit cell. The homogenized material
constants C̄1111, C̄2222, C̄1122, C̄1112, C̄2212 and C̄1212 at a few selected configurations are shown
in figure 19. Note that the material constants increase as the microstructures evolve for two
reasons: (1) in order to reduce total free energy, the grains with lower strain energy density are
forced to grow, while the ones with higher strain energy density are forced to shrink; and (2)
the strain energy density in a grain under deformation is inversely proportional to the rigidity
of the grain. These phenomena are shown in figure 19, where the homogenized grain structure
becomes stiffer as grains evolve.

5. Conclusions

In this paper we presented two classes of multi-scale methods, one based on the employment of
multi-scale scaling and wavelet basis functions for solving problems with fixed microstructures,
and the other based on asymptotic expansion with a special discretization technique for
modelling problems with evolving microstructures.

In the first part of this work, a multi-scale wavelet Galerkin homogenization method
was proposed for homogenization of heterogeneous materials with fixed microstructures. The
linear orthogonal scaling function and wavelet were constructed and utilized as shape functions
under the wavelet Galerkin framework. The corresponding transformation matrix also was
constructed for efficient up- and down-scaling operations. Compared to the widely used Haar
basis, the proposed linear orthogonal scaling function and wavelet are capable of capturing a
more localized response. The use of a linear orthogonal scaling function and a wavelet avoids
the difficulty of missing data near the boundaries when Haar bases are used. Further, the
employment of these functions in the wavelet Galerkin formulation with the consideration of
integration by parts, yields a symmetric system with a lower order of differentiation.

Several enhancements were proposed to resolve difficulties encountered in the wavelet
Galerkin method for multi-scale homogenization. First, the wavelet Galerkin approach leads
to a singular stiffness matrix due to dependency of the linear scaling functions and wavelets
between any two adjacent discrete points. To remove this singularity, a zero energy mode
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shifting method was introduced. Another difficulty associated with wavelet-based multi-scale
homogenization is the loss of accuracy in the boundary conditions during the homogenization
process. To correct this deficiency, a mirror image technique utilizing the property that the
wavelet projection filters out the deviation from the average was proposed.

A major restriction of the wavelet Galerkin method for multi-scale homogenization is that
it requires a uniform grid at the finest scale. This presents complexity in multi-dimensional
heterogeneous media with irregular-shaped microstructures, where the interface cannot be
discretized properly with a uniform grid. To resolve this difficulty, a wavelet projection
method was proposed. In this approach, the fine scale solution can be obtained by any kind
of numerical method, and the method is not confined to inhomogeneous media with regular-
shaped microstructures. To correctly interpolate information at the boundaries during the
process of homogenization, the mirror image technique also has been utilized in this approach.
By means of wavelet transformation based on linear orthogonal scaling functions and wavelets,
the decomposition of high and low scale solution components at any scale can be carried out
effectively.

The wavelet-based methods that rely on fixed grid points to obtain the finest scale solution
become ineffective for problems involving microstructure evolution and moving interfaces. In
the second part of this paper, a method based on an asymptotic expansion of a variational
equation in conjunction with a double-grid numerical method was introduced for multi-
scale modelling and homogenization of problems with evolving microstructures. To yield a
variationally consistent multi-scale formulation, a variational equation based on the principle
of virtual power was adopted. The field variables were expressed in the form of asymptotic
expansion to yield the leading-order equations in the expanded variational equation. This
approach yields multi-scale Euler equations representing grain structure equilibrium and grain
boundary evolution equations on meso- (fine) and macro- (coarse) scale levels, and also yields
the scale-coupling relationship. The scale-coupling function between coarse and fine material
velocities allows a dynamic down-scaling (homogenization) and up-scaling (localization)
as the microstructure evolves. To solve the scale-coupling function numerically, a double-
grid discretization was employed. This double-grid method allows arbitrary evolution of
microstructure topology. The grain boundary jump conditions also were handled properly
by the interface enrichment functions. The proposed formulation was applied to multi-scale
modelling and homogenization of stressed grain growth. The effect of grain growth process
on the homogenized elasticity tensor also was characterized.
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Appendix A. Orthogonal scaling and wavelet functions

A multi-resolution analysis makes use of a function φ and a nested sequence of closed subspaces
{Vj }j∈Z in which each subspace is related to its next finer subspace through the scaling law:

φ(x) ∈ Vj ⇔ φ(2x) ∈ Vj+1, j ∈ Z. (A.1)

The translates of φ(x) span the same subspace, i.e.

φ(x) ∈ V0 ⇔ φ(x − n) ∈ V0, for all n ∈ Z. (A.2)
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Hence any function in V0 can be expressed in terms of the basis functions of V1, i.e.

φ(x) =
∞∑

n=−∞
anφ(2x − n), (A.3)

where an are given values for each particular function φ(x), referred to as the ‘scaling function’.
The orthonormal complement of Vj−1 in Vj , Wj−1, is defined for any j ∈ Z, j > i,

Vj = Vi ⊕
(

j−i−1⊕
k=0

Wi+k

)
⊕
j∈Z

Wj = L2(R). (A.4)

By imposing orthogonality conditions [11], orthonormal wavelet basis functions can be
obtained

ψj,n(x) = 2j/2ψ(2j x − n), n, j ∈ Z. (A.5)

These wavelet functions ψj,n(x) constitute an orthonormal basis for Wj . By virtue of (A.4),
the wavelet function ψ(x) can be expressed in terms of the scaling function φ(x) at the next
finer scale:

ψ(x) =
∞∑

n=−∞
bnφ(2x − n). (A.6)

An orthogonal scaling function with respect to translation now can be constructed by the
Fourier transform of the following relationship

φ(x) =
∑

n

cn

√
2φ(2x − n), n ∈ Z, (A.7)

where cn are given for any particular scaling function. For an arbitrary scaling function φ

(candidate function), the orthogonal scaling function φ∗ can be represented by moving the
candidate function along the x-axis:

φ∗(x) =
∑

n

αnφ(x − n), (A.8)

in which αn are obtained through imposing the orthogonality condition in the Fourier space.
The orthogonal wavelet function then can be constructed by applying the Fourier transform to
the two scale relation in equation (A.6) to yield

ψ∗(x) =
√

2
∑
−n−1

(−1)n−1d−n−1

∑
m

αmφ(2x − m − n), (A.9)

where d−n−1 are the wavelet coefficients which can be obtained by taking the Fourier transform
of equations (A.6) and (A.7). The procedures for construction of the piecewise linear
orthogonal scaling and wavelet function shown in figure 1 can be found in [11]. Once we
have the orthogonal scaling and wavelet functions constructed, we can utilize them as shape
functions in the wavelet Galerkin method.

Appendix B. Transformation matrices for Haar basis and linear basis

The discrete operators Pj and Qj for the Haar basis and the wavelet transformation operator
wj take the form of

Pj = 1√
2




1 1 0 0 · · · 0 0
0 0 1 1 · · · 0 0
...

...
...

... · · · ...
...

0 0 0 0 · · · 1 1




2j−1×2j

,
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Qj = 1√
2




1 −1 0 0 · · · 0 0
0 0 1 −1 · · · 0 0
...

...
...

... · · · ...
...

0 0 0 0 · · · 1 −1




2j−1×2j

(B.1)

wj =
[
Qj

Pj

]
= 1√

2




1 −1 0 0 · · · 0 0
0 0 1 −1 · · · 0 0
...

...
...

... · · · ...
...

0 0 0 0 · · · 1 −1
1 1 0 0 · · · 0 0
0 0 1 1 · · · 0 0
...

...
...

... · · · ...
...

0 0 0 0 · · · 1 1




(B.2)

For the linear scaling function and wavelet, the discrete transformation operators Pj and
Qj can be written as

Pj =




aj−2k 0 0 0 0 · · ·
aj−2(k+1) aj+1−2(k+1) aj+2−2(k+1) 0 0 · · ·
aj−2(k+2) aj+1−2(k+2) aj+2−2(k+2) aj+3−2(k+2) aj+4−2(k+2) · · ·

...
...

...
...

...
...

0 0 0 0 0 · · ·
0 0 0 0 0 · · ·

0 0 0
0 0 0
0 0 0
...

...
...

aj+m−2−2(k+n−1) aj+m−1−2(k+n−1) aj+m−2(k+n−1)

0 0 aj+m−2(k+n)




(B.3)

Qj =




bj−2k 0 0 0 0 · · ·
bj−2(k+1) bj+1−2(k+1) bj+2−2(k+1) 0 0 · · ·
bj−2(k+2) bj+1−2(k+2) bj+2−2(k+2) bj+3−2(k+2) bj+4−2(k+2) · · ·

...
...

...
...

...
...

0 0 0 0 0 · · ·
0 0 0 0 0 · · ·

0 0 0
0 0 0
0 0 0
...

...
...

bj+m−2−2(k+n−1) bj+m−1−2(k+n−1) bj+m−2(k+n−1)

0 0 bj+m−2(k+n)




(B.4)
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and the corresponding transformation matrix takes the form of

wj =
[
Qj

Pj

]
, (B.5)

where k, n and m are specified from the non-zero coefficients of the sequence ai and bi [11],
and j is the level of resolution.
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