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SUMMARY9

The meshfree approximation functions for shell analysis to date are formulated using parametric
coordinates, and this parametric description of shell kinematics limits the applications only to shell11
structures with simple geometries. On the other hand, construction of moving least square or repro-
ducing kernel (RK) approximation on shell surface using Cartesian coordinates leads to a singular13
system when RK basis functions and shell surface function are linearly dependent. In this study,
a constrained RK approximation formulated under Cartesian coordinate for approximation of shell15
kinematics in arbitrary shell geometry is proposed. Two methods, the dummy node approach and
the pseudo-inverse method, are presented. Further, stabilization of nodal integration for solving shear17
deformable shell is introduced. The performance of present formulation is demonstrated in several
benchmark problems. Copyright � 2006 John Wiley & Sons, Ltd.19

KEY WORDS: constrained reproducing kernel approximation; shear deformable shell; stabilized con-
forming nodal integration21

1. INTRODUCTION

The meshfree shell formulations [1, 2] proposed to date employed parametric coordinates in23
the construction of the approximation functions. Under the framework of element-free Galerkin
method [3, 4], it was demonstrated in References [1, 5] that the C1 continuity required in25
the solution of Kirchhoff plates and shells can be easily obtained using moving least square
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(MLS) approximation in parametric coordinates. In Reference [6], 3D meshfree method was1
directly adopted to analyse shell structures without employing shell theory which needs more
computational effort. In Reference [2], a shear deformable meshfree shell formation was intro-3
duced by employing a parametric mapping technique, where the MLS approximation was con-
structed using the mapped convected coordinates. In order to avoid shear and membrane locking,5
bi-cubic complete polynomial basis in convected parametric coordinates were adopted for the
approximation of kinematic variables. However, by the employment of parametric coordinates,7
neither MLS nor reproducing kernel (RK) approximations can be constructed when the shell
geometry is described by multiple parametric domains. On the other hand, formulating MLS9
or RK approximation using Cartesian coordinates leads to a singular moment matrix in the
construction of shape functions when the reproducing equations and the equation describing11
shell surface are linearly dependent.

To resolve the difficulty in formulating MLS/RK approximation using Cartesian coordi-13
nates, we propose a constrained RK approximation for meshfree analysis of shell structures.
To avoid the singular moment matrix, two methods are proposed. In the first approach, a set15
of dummy nodes perturbed from the physical nodes on the shell surface are introduced. By
formulating RK approximation using the physical and dummy nodes, in conjunction with a17
static condensation procedure by taking the limit of the distance between the physical and
dummy nodes, constrained Cartesian RK shape functions are obtained. The second approach19
is introduced by realizing that the right-hand side vector of the reproducing equations is or-
thogonal to the null space of moment matrix. This allows an employment of a pseudo-inverse21
formulation to solve reproducing equations that are linearly dependent in the global Cartesian
coordinates.23

This paper is organized as follows. The singularity in the Cartesian RK approximation on
constrained shell surface is illustrated in Section 2. In Section 3, two constrained Cartesian RK25
methods are given to deal with this singularity, one using a dummy node technique and the
other employing a pseudo-inverse method. Representation of shell geometry using constrained27
RK approximation is also shown. In Section 4, a meshfree shell formulation using the proposed
constrained Cartesian RK approximations is presented. A stabilization of nodal integration for29
curved shell surface is discussed in Section 5. Numerical examples are given in Section 6 and
conclusions are drawn in Section 7.31

2. SINGULARITY IN CARTESIAN RK APPROXIMATION ON SHELL SURFACE

Consider a shell structure with domain � ⊂ S, where S is a surface described by a surface33
function:

S = {x : F(x) = 0} (1)35

Let the problem domain � be discretized by a set of NP particles {x1, x2, . . . , xNP}, and xI ∈ S.
The RK approximation [7–9] of a function ui(x) is expressed as37

ui(x) =
NP∑
I=1

�a(x; x − xI )dI i (2)

Copyright � 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (in press)
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where �a and dIi are the shape functions and nodal coefficients associated with node I . In1
the RK approximation, the shape function �a is expressed as

�a(x; x − xI ) =
n∑

i+j+k=0
(x − xI )

i(y − yI )
j (z − zI )

kbijk(x)�a(x − xI )

≡
n∑

i+j+k=0
hijk(x − xI )bijk(x)�a(x − xI ) (3)

where hijk(x) = xiyj zk are monomial basis functions, and �a(x − xI ) is the kernel function3
with compact support of measure a centered at xI .

To obtain the coefficients bijk(x) in Equation (3), the following nth-order reproducing5
conditions are imposed:

NP∑
I=1

�a(x; x − xI )hijk(xI ) = hijk(x), 0�i + j + k�n (4)
7

Equation (4) can be recast as

M(x)b(x) = H(0) (5)9

where

M(x) =
NP∑
I=1

H(x − xI )HT(x − xI )�a(x − xI ) (6)

HT(x − xI ) = [1 x − xI y2 − yI z − zI (x − xI )
2 · · · (z − zI )

n] (7)

If the shell surface can be expressed by the linear combination of basis functions used in11
Equation (3), we have:

F(x) =
n∑

i+j+k=0
aijkhijk(x − xI ) = 0 (8)

13

When Equation (8) is met, the RK conditions in Equation (4) are clearly linearly dependent,
and this results in a singular moment matrix M(x).15

3. CONSTRAINED RK APPROXIMATION ON SHELL SURFACE

Two approaches are proposed in this section to resolve the singularity issue in the Cartesian17
RK approximation.

3.1. Dummy node method19

Let the shell surface be discretized by NP ‘physical’ nodes {xI , yI , zI }NP
I=1, as shown in Figure 1.

A layer of ‘dummy’ nodes {xI+NP, yI+NP, zI+NP}NP
I=1 are created with a perturbed distance21

Copyright � 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (in press)
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Figure 1. Dummy node approach.

vector t = {t1, t2, t3}, F(xI + t) �= 0, 1�I�NP, from the physical nodes as1

xNP+I = xI + t1

yNP+I = yI + t2

zNP+I = zI + t3

(9)

The moment matrix M associated with the RK approximation using both sets of nodes3
{xI , yI , zI }2NP

I=1 can be expressed in the following form:

M(x, t) =
possibly singular︷ ︸︸ ︷

M1(x) −M2(x, t)︸ ︷︷ ︸
nonsingular

(10)

5

where

M1(x) =
NP∑
I=1

2�a(x−xI )

⎛
⎜⎜⎜⎜⎜⎝

1 (x−xI ) (y−yI ) (z−zI )

(x−xI ) (x−xI )
2 (x−xI )(y−yI ) (x−xI )(z−zI )

(y−yI ) (x−xI )(y−yI ) (y−yI )
2 (y−yI )(z−zI )

(z−zI ) (z−zI )(x−xI ) (z−zI )(y−yI ) (z−zI )
2

⎞
⎟⎟⎟⎟⎟⎠

(11)

M2(x, t) =
NP∑
I=1

�a(x−xI )

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 t1 t2 t3

t1 [2t1(x−xI )−t2
1 ] [t1(y−yI )+

t2(x−xI )−t1t2]
[t1(z−zI )+
t3(x−xI )−t1t3]

t2
[t1(y−yI )+
t2(x−xI )−t1t2] [2t2(y−yI )−t2

2 ] [t2(z−zI )+
t3(y−yI )−t2t3]

t3
[t1(z−zI )+
t3(x−xI )−t1t3]

[t2(z−zI )+
t3(y−yI )−t2t3] [2t3(z−zI )−t2

3 ]

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(12)

Copyright � 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (in press)
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By the addition of the dummy nodes, the moment matrix M in Equation (10) can be shown1
to be nonsingular due to the second term on the R.H.S. of Equation (10). The resulting NP
pairs of RK shape functions can be expressed as follows:

3

�a(x; x − xI ) = HT(0)M−1(x)H(x − xI )�a(x − xI ) ≡ �1
I (x) (13)

�a(x; x − xI+NP) = ĤT(0)M−1(x)Ĥ(x − xI )�a(x − xI ) ≡ �2
I (x) (14)

where 1�I�NP and

H(x − xI ) =

⎡
⎢⎢⎢⎢⎢⎣

1

x − xI

y − yI

z − zI

⎤
⎥⎥⎥⎥⎥⎦ , Ĥ(x − xI ) =

⎡
⎢⎢⎢⎢⎢⎣

1

x − xI − t1

y − yI − t2

z − zI − t3

⎤
⎥⎥⎥⎥⎥⎦ (15)

5

Note that Equations (13) and (14) satisfy the following reproducing conditions:

2NP∑
I=1

�a(x; x − xI ) = 1

2NP∑
I=1

�a(x; x − xI )xI = x

2NP∑
I=1

�a(x; x − xI )yI = y

2NP∑
I=1

�a(x; x − xI )zI = z

(16)

7

By letting the perturbed distance t → 0, we have (x, y)I+NP → (x, y)I , and Equation (16)
reduces to9

NP∑
I=1

[�1
I (x) + �2

I (x)] =
NP∑
I=1

�I (x) = 1

NP∑
I=1

[�1
I (x) + �2

I (x)]xI =
NP∑
I=1

�I (x)xI = x

NP∑
I=1

[�1
I (x) + �2

I (x)]yI =
NP∑
I=1

�I (x)yI = y

NP∑
I=1

[�1
I (x) + �2

I (x)]zI =
NP∑
I=1

�I (x)zI = z

(17)

Thus the approximation of u by this constrained RK using NP physical nodes is11

uh(x) =
NP∑
I=1

�I (x)uI (18)

Copyright � 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (in press)
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where1

�I (x) = �1
I (x) + �2

I (x), 1�I�NP (19)

3.2. Pseudo-inverse method3

We first analyse the cause of singularity in the moment matrix M in Equation (5). Note
that M is the Gram matrix associated with basis functions HT(x − xI ) = [1 x − xI y2 − yI5
z − zI (x − xI )

2 · · · (z − zI )
n] with respect to kernel �a(x − xI ). If shell surface func-

tion is expressible by the linear combination of basis functions as F(x) =∑n
i+j+k=0 aijkhijk7

(x − xI ) = 0, where hijk(x − xI ) = (x − xI )
i(y − yI )

j (z − zI )
k , the surface function F(x) = 0

introduces a linear dependency in the basis functions. This leads to a singularity in the moment9
matrix M. Let the shell surface function be expressed as

F(x) = HT(x − xI )a = 0 (20)11

Since discrete points xI are on the shell surface, setting x = xI leads to the following condition
for the coefficients:13

a000 = 0 (21)

Using Equation (20), we have15

Ma =
(

NP∑
I=1

HHT�a

)
a =

NP∑
I=1

H(HTa)�a = 0 (22)

Combination of Equations (21) and (22) indicates that the coefficients in the linear combination17
of surface function in Equation (20), aT = [0, a100, . . . , a00n], span the null space of M with
nullity of 1. Note that aT = [0, a100, . . . , a00n] is orthogonal to H(0), and hence H(0) is19
orthogonal to the null space of M. Thus Equation (5) can be solved with a pseudo-inverse
approach.21

The eigenvector expansion of M is expressed as

M =
m∑

i=1
pivi ⊗ vi (23)

23

where m is the total number of nonzero eigenvalues, and pi’s, and vi’s are the eigenvalues and
eigenvectors of M, respectively. Since H(0) is orthogonal to the null space of moment matrix25
M, Equation (5) can be solved as

b(x) = M̃−1H(0) (24)27

where

M̃−1 =
m∑

i=1
p−1

i vi ⊗ vi (25)
29

With this pseudo-inverse approach, the coefficients b(x) and consequently the RK shape function
�I (x) can be directly obtained from Equations (5) and (3). In the case where the moment31
matrix is nonsingular, this pseudo-inverse recovers the standard definition of matrix inverse.

Copyright � 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (in press)
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Figure 2. Representation of constrained geometry.

Table I. Line representation using the constrained RK approximation.
(a) Dummy node method, (b) pseudo-inverse method.

Node xI yI

∑
�I

∑
�I xI

∑
�I yI

(a)
1 0.05000 0.10000 1.00032 0.05030 0.10060
2 0.85000 1.70000 1.00016 0.85013 1.70026
3 1.15000 2.30000 0.99998 1.14997 2.29993
4 1.90000 3.80000 1.00012 1.90020 3.80039
5 2.10000 4.20000 0.99998 2.09997 4.19993
6 2.65000 5.30000 0.99976 2.64934 5.29868
7 3.50000 7.00000 1.00018 3.50059 7.00117
8 3.60000 7.20000 1.00007 3.60023 7.20046
9 4.05000 8.10000 0.99950 4.04824 8.09648

(b)
1 0.05000 0.10000 1.00000 0.05000 0.10000
2 0.85000 1.70000 1.00000 0.85000 1.70000
3 1.15000 2.30000 1.00000 1.15000 2.30000
4 1.90000 3.80000 1.00000 1.90000 3.80000
5 2.10000 4.20000 1.00000 2.10000 4.20000
6 2.65000 5.30000 1.00000 2.65000 5.30000
7 3.50000 7.00000 1.00000 3.50000 7.00000
8 3.60000 7.20000 1.00000 3.60000 7.20000
9 4.05000 8.10000 1.00000 4.05000 8.10000

3.3. Examples1

Two geometries, a straight line and a circle as shown in Figure 2, are considered to illustrate how
the proposed methods overcome the singularity in the Cartesian kernel reproducing functions.3

3.3.1. Straight line representation. The nodal coordinates of a straight line with randomly
distributed nodes are shown in Figure 2(a) and listed in Table I. Employing the conventional5

Copyright � 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (in press)
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Table II. Circular ring representation using a constrained RK approximation on a set of co-circular
nodes. (a) Dummy node method, (b) pseudo-inverse method.

Node xI yI x2
I

y2
I

∑
�I

∑
�I xI

∑
�I yI

∑
�I x2

I

∑
�I y2

I

(a)
1 10.00000 0.00000 100.00000 0.00000 1.00003 10.00013 0.00021 99.99932 0.00345
2 6.69131 7.43145 44.77358 55.22642 1.00001 6.69137 7.43151 44.77442 55.22708
3 5.00000 8.66025 25.00000 75.00000 1.00001 5.00011 8.66029 25.00187 74.99946
4 8.82948 4.69472 77.95965 22.04035 1.00002 8.82954 4.69484 77.95881 22.04304
5 −5.00000 8.66025 25.00000 75.00000 1.00003 −4.99990 8.66048 25.00192 75.00145
6 −8.66025 5.00000 75.00000 25.00000 1.00002 −8.66026 5.00014 74.99896 25.00341
7 2.92372 9.56305 8.54812 91.45188 1.00002 2.92385 9.56310 8.55145 91.45056
8 −8.66025 −5.00000 75.00000 25.00000 1.00002 −8.66032 −5.00000 75.00013 25.00214
9 2.80427 9.59875 7.86395 92.13605 1.00002 2.80441 9.59881 7.86735 92.13470

10 −0.00000 −10.00000 0.00000 100.00000 1.00003 0.00003 −10.00006 0.00351 99.99909
11 9.43057 3.32631 88.93563 11.06437 1.00002 9.43064 3.32647 88.93447 11.06768
12 8.66025 −5.00000 75.00000 25.00000 1.00003 8.66050 −4.99982 75.00266 25.00074

(b)
1 10.00000 0.00000 100.00000 0.00000 1.00000 10.00000 0.00000 100.00000 0.00000
2 6.69131 7.43145 44.77358 55.22642 1.00000 6.69131 7.43145 44.77358 55.22642
3 5.00000 8.66025 25.00000 75.00000 1.00000 5.00000 8.66025 25.00000 75.00000
4 8.82948 4.69472 77.95965 22.04035 1.00000 8.82948 4.69472 77.95965 22.04035
5 −5.00000 8.66025 25.00000 75.00000 1.00000 −5.00000 8.66025 25.00000 75.00000
6 −8.66025 5.00000 75.00000 25.00000 1.00000 −8.66025 5.00000 75.00000 25.00000
7 2.92372 9.56305 8.54812 91.45188 1.00000 2.92372 9.56305 8.54812 91.45188
8 −8.66025 −5.00000 75.00000 25.00000 1.00000 −8.66025 −5.00000 75.00000 25.00000
9 2.80427 9.59875 7.86395 92.13605 1.00000 2.80427 9.59875 7.86395 92.13605

10 0.00000 −10.00000 0.00000 100.00000 1.00000 0.00000 −10.00000 0.00000 100.00000
11 9.43057 3.32631 88.93563 11.06437 1.00000 9.43057 3.32631 88.93563 11.06437
12 8.66025 −5.00000 75.00000 25.00000 1.00000 8.66025 −5.00000 75.00000 25.00000

RK approximation in two dimensions leads to a singular moment matrix M when linear1
reproducing conditions are imposed in Cartesian coordinates. In this particular case, since
(y − yI ) = c(x − xI ), it can be easily seen that the rows (and columns) in the M matrix3
are proportional to each other and thus leads to singularity. The reproduction of constant and
linear functions using the constrained RK approximation using both dummy node method with5
t1 = t2 = 0.001 and the pseudo-inverse method are shown in Table I. The results in Table I shows
that the dummy node approximation leads to an error ∝ t , whereas pseudo-inverse approach7
exactly reproduces linear function. On the other hand, pseudo-inverse approach requires solving
an eigenvalue problem, whereas the effort in constructing constrained RK approximation using9
dummy node is very similar to that of the standard RK approximation.

3.3.2. Representation of a circular ring. In a parametric-based CAD representation of a cir-11
cular ring, at least four parametric domains are required. It is not possible to construct
reproducing kernel shape functions with nodes located in four parametric systems. On the13
other hand, using Cartesian coordinates with quadratic basis functions in the RK approx-
imation on a ring results in a singular moment matrix M, since the second-order repro-15
ducing equations are linearly dependent to the ring function. The results in Table II show

Copyright � 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (in press)
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that this singularity in M can be resolved by the proposed constrained RK shape func-1
tions even when a second-order basis in Cartesian coordinate is used. The reproduction
of zeroth-, first-, and second-order functions by the constrained RK shape functions us-3
ing both dummy node method with t1 = t2 = 0.001 and the pseudo-inverse method are com-
pared in Table II. The results again shows that the constrained RK approximation leads5
to an error ∝ t , whereas pseudo-inverse approach exactly reproduces linear and quadratic
functions.7

4. CONSTRAINED RK SHEAR DEFORMABLE SHELL FORMULATION
IN CARTESIAN COORDINATES9

Let the shell surface be discretized by a set of points in a fixed global Cartesian coordinate.
At a shell mid-surface location x, a local coordinate system with basis vectors ê1, ê2, ê3 is11
defined, where ê1 and ê2 are tangent unit vectors, and ê3 is a unit vector normal to the surface
as shown in Figure 3.13

The displacement vector u(x) in a shell structure is represented by the combination of
translational and rotational degrees of freedom as15

u(x) = ut(x)︸ ︷︷ ︸
Translation

+ ur(x)︸ ︷︷ ︸
Rotation

(26)

Figure 3. Sign conventions in shell formulation.

Copyright � 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (in press)
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Using the local coordinates, this displacement vector can be expressed as1

û(x) =

⎛
⎜⎜⎝

û

v̂

ŵ

⎞
⎟⎟⎠ =

⎛
⎜⎜⎝

ût

v̂t

ŵt

⎞
⎟⎟⎠+

⎛
⎜⎜⎝

ẑ�2

−ẑ�1

0

⎞
⎟⎟⎠ (27)

where ẑ is the local coordinate in the ê3 direction, and the sign convention of the cross sectional3
rotations �1 and �2 is shown in Figure 3. Following Equation (27), the strain components in
the local coordinate system are expressed as5

�̂ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

�̂11

�̂22

�̂12

�̂23

�̂13

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

�û

�x̂

�v̂

�ŷ

�û

�ŷ
+ �v̂

�x̂

�û

�ẑ
+ �ŵ

�x̂

�v̂

�ẑ
+ �ŵ

�ŷ

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(28)

The strain �̂ can be split into membrane strain �̂m shear strain �̂s, and bending strain �̂b as7
follows:

�̂ =
(

�̂m + �̂b

�̂s

)
(29)

9

where

�̂m =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

�ût

�x̂

�v̂t

�ŷ

�ût

�ŷ
+ �v̂t

�x̂

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

, �̂b = ẑ� = ẑ

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

��2

�x̂

−��1

�ŷ

��2

�ŷ
− ��1

�x̂

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

, �̂s =

⎛
⎜⎜⎜⎝

�ŵt

�x̂
+ �2

�ŵt

�ŷ
− �1

⎞
⎟⎟⎟⎠ (30)

11

with � denoting the curvature.
In a shear deformable shell formulation, the variational equation can be expressed as13 ∫

�
��̂TĈ�̂ d� − �W ext = 0 (31)

Copyright � 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (in press)
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where Ĉ is the elasticity matrix in the local coordinate system. For linear isotropic material,1
the stress–strain law is

�̂ = Ĉ�̂ (32)3

where

�̂ = [�̂11 �̂22 �̂12 �̂23 �̂13]T, �̂33 = 0 (33)

Ĉ = E

1 − �2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 � 0 0 0

� 1 0 0 0

0 0
1 − �

2
0 0

0 0 0 k
(1 − �)

2
0

0 0 0 0 k
(1 − �)

2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, k = 5

6
(34)

Let the global displacement vector be approximated by Cartesian constrained RK shape func-5
tions as ⎛

⎜⎜⎜⎝
u

v

w

⎞
⎟⎟⎟⎠=∑

I

�I (x)

⎛
⎜⎜⎜⎝

uI

vI

wI

⎞
⎟⎟⎟⎠+∑

I

t�

2
�I (x)[êI1 − êI2]

(
�I2

�I1

)
(35)

7

where � is the thickness variable, and ẑ = �t/2.
The local displacement vector, û, can be related to the global displacement u vector by a9

coordinate transformation: ⎛
⎜⎜⎜⎝

û

v̂

ŵ

⎞
⎟⎟⎟⎠= Qu =∑

I

�I (x)[Q ẑQ]dI (36)

11

where Q, Q and dI are defined as

Q(x) =

⎛
⎜⎜⎜⎝

êT
1 (x)

êT
2 (x)

êT
3 (x)

⎞
⎟⎟⎟⎠=

⎛
⎜⎜⎜⎝

l1 m1 n1

l2 m2 n2

l3 m3 n3

⎞
⎟⎟⎟⎠ (37)
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Q = Q[êI1 −êI2] =

⎛
⎜⎜⎜⎝

êT
1 êI1 −êT

1 êI2

êT
2 êI1 −êT

2 êI2

êT
3 êI1 −êT

3 êI2

⎞
⎟⎟⎟⎠ (38)

dI = [uI vI wI �I2 �I1]T (39)

and (li , mi, ni) are direction cosines between local axis êi and global axes.1
By means of the strain–displacement relation of Equation (28), the local strain can be

expressed as3

�̂(xL) = ∑
I

Bm–s
I (xL)dI︸ ︷︷ ︸
�̂m+�̂s

+∑
I

ẑBb
I (xL)dI︸ ︷︷ ︸
�̂b

(40)

where5

Bm–s
I =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

��I

�x̂
l1

��I

�x̂
m1

��I

�x̂
n1 0 0

��I

�ŷ
l2

��I

�ŷ
m2

��I

�ŷ
n2 0 0

��I

�ŷ
l1+��I

�x̂
l2

��I

�ŷ
m1+��I

�x̂
m2

��I

�ŷ
n1+��I

�x̂
n2 0 0

��I

�ŷ
l3

��I

�ŷ
m3

��I

�ŷ
n3 �IQ21 �IQ22

��I

�x̂
l3

��I

�x̂
m3

��I

�x̂
n3 �IQ11 �IQ12

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(41)

Bb
I =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0
��I

�x̂
Q11

��I

�x̂
Q12

0 0 0
��I

�ŷ
Q21

��I

�ŷ
Q22

0 0 0
��I

�ŷ
Q11 + ��I

�x̂
Q21

��I

�ŷ
Q12 + ��I

�x̂
Q22

0 0 0
��I

�ŷ
Q31

��I

�ŷ
Q32

0 0 0
��I

�x̂
Q31

��I

�x̂
Q32

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(42)
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The derivative of constrained RK shape function with respect to the local coordinates is1
computed as

��I

�x̂j

= ��I

�xk

�xk

�x̂j

= Qjk

��I

�xk

= lj
��I

�x
+ mj

��I

�y
+ nj

��I

�z
(43)

3

The resulting stiffness matrix is then obtained by

K =
∫

�
(Bm–sT + ẑBbT

)Ĉ(Bm–s + ẑBb) d�

= t

∫
A

Bm–sT
ĈBm–s dA + t3

12

∫
A

BbT
ĈBb dA

= Km–s + Kb (44)

5. STABILIZATION OF NODAL INTEGRATION IN SHELL DOMAIN INTEGRATION5

A critical issue to be addressed in the shear deformable shell formulation is the removal of shear
and membrane locking in the limit of thin shell. In this study, this is achieved by introducing7
a nodal integration with stabilization in the domain integration of the discrete equations. To
avoid locking and maintain stability [10], the membrane and shear energies are integrated by9
a direct nodal integration, whereas nodal integration with stabilization is introduced for the
bending energy.11

To stabilize nodal integration for bending strain energy, a curvature smoothing is considered.
Although the curvature smoothing is to be performed on the shell curved mid-surface, it is13
more convenient to consider the shell curved mid-surface as a limiting geometry of a 3D solid
representation of shell structure when thickness approaches zero. Here, a nodal representative15
volume �L of node L with thickness t and mid-surface area AL for node xL as shown in
Figure 4(a) is defined. As shown in Figure 4(b), the upper and lower surfaces of this volume17

Figure 4. Solid representation of nodal domain for a node on shell surface.
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are denoted as A+
L and A−

L , respectively, and they approach AL as t → 0. The boundary SL1
of �L can be expressed by

SL = A+
L ∪ A−

L ∪ As
L (45)3

where As
L is the through-thickness area of the nodal representative volume as shown in

Figure 4(a).5
We first define the smoothed gradient of shape function at the node L over the nodal

representative domain �L following References [11–13] as7

∇̃i�I (xL) = 1

VL

∫
�L

�I,i(x) d� = 1

ALt

∫
SL

�I (x)ni dS (46)

where VL = ∫
�L

d� and n is the surface normal. Using Equation (45), the integral in9
Equation (46) can be expressed as a summation of three surface integrals:∫

SL

�I (x)ni dS =
∫

A+
L

�I (x)ni dS +
∫

A−
L

�I (x)ni dS +
∫

As
L

�I (x)ni dS (47)
11

As t → 0,
∫
A+

L
�I (x)ni dS → − ∫

A−
L

�I (x)ni dS, and Equation (47) reduces to∫
SL

�I (x)ni dS =
∫

As
L

�I (x)ni dS (48)
13

Since �I (x) and ni are defined on the shell mid-surface and not functions of t , Equation (48)
further reduces to15 ∫

As
L

�I (x)ni dS = t

∫
�s

L

�I (x)ni d� (49)

where �s
L is the contour surrounding the mid-surface of the nodal representative domain VL,17

and n is the surface tangent of the shell mid-surface along and normal to the contour �s
L.

Finally, the smoothed gradient of shape function can be expressed as19

∇̃i�I (xL) = 1

VL

∫
SL

�I (x)ni dS = 1

AL

∫
�s

L

�I (x)ni d� (50)

With this smoothing of shape function gradient in the global coordinates, the smoothing of the21
shape function gradients in the local gradient can be obtained using Equation (43):

∇̃
ĵ
�I = lj ∇̃x�I + mj ∇̃y�I + nj ∇̃z�I (51)23

This smoothed gradient is introduced to the curvature to yield

�̃(xL) = 1

AL

∫
AL

� dA = 1

AL

∫
�s

L

⎛
⎜⎜⎝

�2n1

−�1n2

−�1n1 + �2n2

⎞
⎟⎟⎠ d� (52)

25
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Introducing RK approximation equation (35) into Equation (52) gives1

�̃(xL) =
NP∑
I=1

B̃b
I (xL)dI (53)

Further considering that at the nodal point we have3

Q(xI ) = Q(xI )[êI1 − êI2] =

⎛
⎜⎜⎝

1 0

0 −1

0 0

⎞
⎟⎟⎠ (54)

Thus the smoothed bending gradient matrix becomes5

B̃b
I =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 ∇̃x̂�I 0

0 0 0 0 −∇̃ŷ�I

0 0 0 ∇̃ŷ�I −∇̃x̂�I

0 0 0 0 0

0 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(55)

Employing stabilized nodal integration for bending stiffness and direct nodal integration for7
membrane–shear stiffness, the stiffness takes the form

KIJ =
NP∑

L=1
AL

[
tB̃bT

I (xL)ĈB̃b
J (xL) + t3

12
Bm–sT

I (xL)ĈBm–s
J (xL)

]
(56)

9

6. NUMERICAL EXAMPLES

In the following examples, the quadratic basis and a normalized support size of 3.0 are employed11
in the constrained RK approximation.

6.1. Scordelis-Lo roof13

The Scodelis-Lo roof subjected to a self-weight q = 90 per unit area is depicted in
Figure 5. This is a classical problem to evaluate the ability of a numerical method to model15
membrane behaviour. The geometric parameters are: roof length L = 50, radius R = 25, thick-
ness t = 0.25, and the vertex angle of the arc � = 80◦. The material properties are Young’s17
modulus E = 4.32 × 108 and Poisson ratio � = 0. According to Reference [14], a reference
solution for the deflection at the centre of the free edge (A) is 0.3024. Due to symmetry19
of the structure, only a quarter of the roof is modelled. Normalized values of the transverse
displacement at point A obtained using different discretizations are plotted in Figure 6. FEM21
solutions using nine-node element with selective reduced integration (SRI) [15] and other
elements (RSDS, References [15, 16]) are also plotted for comparison purposes. The numerical23
results show good solution of the proposed method compared with several published finite
element solutions.25
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Figure 5. Geometry of Scordelis-Lo roof.

Figure 6. Comparison of normalized displacements underneath point load in the Scordelis-Lo roof.

6.2. Hemispherical shell with 18◦ hole1

A hemispherical shell with radius R = 10.0 and thickness t = 0.04, subjected to two equal
and opposite forces in the global x and y directions as shown in Figure 7 is analysed.3
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Figure 7. Geometry of hemispherical shell.

Figure 8. Meshfree discretizations of hemispherical shell.

The material constants are: Young’s modulus E = 6.825 × 107 and Poisson ratio � = 0.3. The1
reference solution of deflection under the point load is 0.093 [15]. Various discretizations as
shown in Figure 8 are employed in the analysis. The normalized transverse deflections under3
point load obtained by the proposed method are compared with the FEM solutions obtained
using nine-node element with SRI [17], nine-node shell element QUAD9∗∗ [18], and discrete5
Kirchhoff quadrilateral element DKQ [19] as shown in Figure 9. Note that since DKQ method
excludes shear energy, and it is only applicable to thin shell structures. The numerical results7
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Figure 9. Comparison of normalized displacements underneath point load in the hemispherical shell.

Figure 10. Problem statement of pinched cylinder with free ends.

show that the present approach performs very well compared to other well-known finite element1
solutions.

6.3. Pinched cylinder with free ends3

The problem statement of this problem is shown in Figure 10, where the length, radius and
thickness are selected as L = 10.35, R = 5.0, and t = 0.094. The material constants are Young’s5
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Figure 11. Meshfree discretization of pinched cylinder.

Figure 12. Comparison of the normalized displacement underneath point load in the
pinched cylinder with free ends.

modulus E = 3 × 106 and Poisson ratio � = 0.3. The self-equilibrated applied forces are of1
magnitude P = 100.0. The reference solution for the deflection beneath the load is 0.1139 [17].
Due to threefold symmetry, only one-eighth of the cylinder is modelled as shown in Figure 11.3

Various discretizations as shown in Figure 11 are used to study the convergence of the
numerical solutions. The normalized displacements near the point load location obtained by5
the proposed method compare very well with the solutions obtained from well-known finite
element solutions (9-SRI, References [15, 16]) in Figure 12. The deformed shape is also shown7
in Figure 13.
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Figure 13. Deformed shape of pinched cylinder with free ends.

Figure 14. Comparison of the normalized displacement underneath point load in the
pinched cylinder with end diaphragms.

6.4. Pinched cylinder with end diaphragms1

This problem is commonly used as a benchmark to test the numerical performance of shell
formulations in representing bending, shear, and membrane modes. With reference to Figure 10,3
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Figure 15. Deformed shape of pinched cylinder with end diaphragms.

the geometry parameters used in this problem are L = 600, R = 300, and thickness t = 3. The1
material constants are Young’s modulus E = 3 × 106 and Poisson ratio � = 0.3. The applied force
is P = 1.0. The analytical solution of the deflection under the point load is 1.82488 × 10−5 [20].3

In Figure 14, the proposed meshfree solution is compared with other finite element solutions
obtained using the methods by Simo et al. [20], Koziey and Mirza [16]; the nine-node shell5
element with selective and reduced integration [20], and the element-free Galerkin meshfree
shear deformable shell formulation using convected parametric coordinates with bi-cubic basis7
(n = 16) by Noguchi et al. [2]. The numerical solutions show that the solution of present
method is superior to those obtained from finite element solutions. The deformed geometry9
predicted by the present method is shown in Figure 15.

7. CONCLUSIONS11

In this paper, it has been demonstrated that when imposing the reproducing kernel conditions on
discrete nodes located on a constrained geometry (shell surface), the moment matrix associated13
with the RK shape function becomes singular if the shell surface function is linearly dependent
to the basis functions in the RK approximation. To surmount this singularity, two methods15
have been proposed: dummy node method and pseudo-inverse method. The constrained RK
approximation formulated using both methods allows the meshfree shape functions on shell17
surface be constructed using Cartesian coordinates. This constrained RK approximation is
applicable to shell structures with arbitrary geometry, which cannot be done using the stan-19
dard RK approximation on parametric coordinates. With the proposed constrained RK shape
functions, any open or enclosed surface can be represented. It was also shown that consistency21
conditions in the approximation are approximated within the level of perturbation on shell
surface using the constrained RK approximation. An alternative approach is introduced by a23
pseudo-inverse formulation which eliminates the nullity of the linearly dependent reproducing
equations. The resulting RK shape functions constructed by the pseudo-inverse method exactly25
satisfy reproducing conditions, but the method requires solving eigenvalue problem at every
evaluation point and thus consumes higher CPU.27
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Based on the proposed constrained RK approximation, a meshfree shell formulation in1
Cartesian coordinates was developed. In this approach, the membrane and shear energy terms
were integrated using a direct nodal integration to resolve locking, whereas stabilized nodal3
integration was used on the bending energy to achieve stability as well as computational
efficiency. A curvature smoothing technique on curved shell surface was also introduced in5
the stabilization of nodal integration. Various numerical examples were analysed, and good
performance of present formulation was demonstrated.7
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