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Summary. In this paper we introduce various forms of strain smoothing for stabi-
lization and regularization of two types of instability: (1) numerical instability re-
sulting from nodal domain integration of weak form, and (2) material instability due
to material strain softening and localization behavior. For numerical spatial insta-
bility, we show that the conforming strain smoothing in stabilized conforming nodal
integration only suppresses zero energy modes resulting from nodal domain integra-
tion. When the spurious nonzero energy modes are excited, additional stabilization
is proposed. For problems involving strain softening and localization, regularization
of the ill-posed problem is needed. We show that the gradient type regularization
method for strain softening and localization can be formulated implicitly by intro-
ducing a gradient reproducing kernel strain smoothing. It is also demonstrated that
the gradient reproducing kernel strain smoothing also provides a stabilization to the
nodally integrated stiffness matrix. For application to modeling of fragment penetra-
tion processes, a nonconforming strain smoothing as a simplification of conforming
strain smoothing is also introduced.

Key words: Strain smoothing, Stabilization, Regularization, Meshfree, Nodal
integration

1 Introduction

Nodal integration offers considerable efficiency in Galerkin type meshfree
methods, but it encounters spatial instability due to under integration and
vanishing derivatives of meshfree shape functions at nodes. Several methods
have been introduced as a correction and stabilization of nodal integration.
Beissel et al. [1] proposed a least-squares stabilization technique. Randles et
al. [12] introduced stress point method to enhance collocation formulation for



2 J. S. Chen, W. Hu, M. Puso, Y. Wu, and X. Zhang

SPH. Bonet et al. [2] presented a correction term into the derivative of shape
function at nodal point, which is constructed by satisfying a linear patch test.
Chen et al. [5, 6, 13, 14] proposed a conforming strain smoothing in a stabi-
lized conforming nodal integration (SCNI) as a stabilization of rank instability
in nodal integration, and as a mechanism to pass linear patch test. Our recent
study showed that SCNI produces spurious low energy modes under certain
conditions. A modified SCNI is introduced, and its stability in reproducing
kernel particle method is examined. For application to modeling of fragment
penetration processes, a nonconforming strain smoothing as a simplification
of conforming strain smoothing is also introduced.

Material instability refers to the event of strain softening and localization
that yields an ill-posed problem. The difficulty in strain localization arises
because solutions possess features of measure zero, and as such, characteristic
length of the mesh introduces a mesh-size perturbation. The dependence on
the discretization is not only with respect to mesh refinement but is also with
respect to the mesh alignment. The inability of the classical continuum theory
to describe the discontinuous strain fields can be corrected if the discontin-
uous strain field is regularized (smoothed). A commonly used regularization
method in strain localization is the gradient method [8, 9, 10]. The classi-
cal gradient type regularization results in a governing equation with higher
order differentiation, and thus requires additional nonphysical boundary con-
ditions for a solution. A gradient reproducing kernel strain smoothing has
been introduced as a regularization of strain localization problem [7, 4]. This
gradient type regularization can be implicitly imbedded in a reproducing ker-
nel approximation of strain, and thus does not require additional nonphysical
boundary conditions to solve the regularized governing equation. In this work,
we show that this gradient strain smoothing offers a stabilization of nodally
integrated stiffness matrix similar to the one-point integrated stiffness with
stabilization obtained from Taylor expansion of gradient matrix in the finite
element setting [11].

This paper is organized as follows. In Section 2, we review the conforming
strain smoothing in the stabilized conforming nodal integration (SCNI) for
rank instability. In Section 3, we show that SCNI only eliminates improper
zero energy modes, and additional stabilization is introduced to suppress spu-
rious nonzero energy modes. In Section 4, we first demonstrate how gradient
type regularization method for strain localization can be formulated under a
gradient reproducing kernel strain smoothing. The eigenmodes associated with
the regularized weak form integrated by nodal integration are also examined.
For application to fragment problems in Section 5, we introduce a noncon-
forming strain smoothing as a simplification of conforming strain smoothing
in SCNI. Concluding remarks are given in Section 6.



Strain Smoothing for Stabilization and Regularization 3

2 Conforming Strain Smoothing for Rank Instability

Domain integration of weak form poses considerable complexity in Galerkin
meshfree method. Employment of Gauss quadrature rules yields integration
error when background grids do not coincide with the covers of shape func-
tions. Nodal integration, on the other hand, results in rank deficiency. Further,
both Gauss integration and nodal integration methods do not pass linear patch
test for nonuniform point distribution. For demonstration of rank instability,
consider the following Poisson problem with Dirichlet boundary condition:

VZu+Q=0in 2 (1)

By introducing test function v”, the corresponding Galerkin approximation is

a (vh,uh) = (Uh,Q) (2)
By introducing nodal integration we have the following discrete bilinear form
associated with the differential operator:

N
a" (v ul) = Z Vol (xp) - V' (xp)wr (3)

L=1
where wy, is the weight associated with point L. A rank instability resulting
from nodal integration in (3) is shown in figure 1 (a), where the test and trial
functions are approximated by reproducing kernel approximation with linear
basis. Low convergence rate in nodal integration is also observed in figure 1

(b).
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Figure 1. Nodal integration of weak form yields (a) rank instability (b) low con-
vergence rate.

It is shown in figure 1, even when the approximation of test and trial functions
is linearly complete, the first order accuracy is not guaranteed in the Galerkin
approximation due to nodal integration. Integration constraints are necessary
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conditions for linear exactness in the Galerkin approximation [5]. There are
two requirements for linear exactness in the Galerkin approximation of second
order differential equations. The first condition requires the approximation
functions ¥; (x) of u" and v" to possess linear consistency:

NP NP
ZW[ (x) =1, ZW[ (x)xr =x (4)
I=1 I=1

These conditions are automatically satisfied in the reproducing kernel shape
functions ¥y (x) if complete linear bases are used. The second condition re-
quires the numerical integration to satisfy the following integration constraint
[5]:

A

AN
/ VU dR = / ¥ndl’ (5)
(9 o

A
where [ denotes numerical integration. A stabilized conforming nodal inte-

gration (SCNI) [5] has been introduced to satisfy linear patch test and to
remedy rank instability of nodal integration. In SCNI approach, a conforming
smoothed gradient operator at nodal point xy, is introduced as

Vul (xp) = Z V¥ (x1)dy (6)
T

_ 1 1
VW[ (XL) = wa VWIdQ = wa/ andf, wyr, = / df? (7)
21 oy, 2,

Here (2}, is the nodal representative domain, which can be obtained from
triangulation or Voronoi cell of a set of discrete points as shown in figure 2.
Note that a divergence theorem has been used in (7) to pass linear patch test
when the weak form is integrated by nodal integration. It can be easily shown
that the conforming smoothed gradient satisfies integration constraint of (5)
using nodal integration, i.e.,
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Figure 2. Nodal representative domains.

Note that to yield the results of (8) we have used the conforming property
of nodal representation domain {2; as shown in figure 2. Introducing the
smoothed gradient of (7) into (3) yields the following discrete differential
operator:

NP
a" (v ul) = Z Vol (x1) - Vu' (xp)wy, (9)
L=1

The corresponding stiffness matrix is
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NP
K[] = Z B? (XL) ]_3] (XL) wy,
L=1
1 AN
B] (XL) = wa / lI/1ndF
o2,
wy, = /dQ (10)
2

The problem in figure 1 is solved again for comparison of solution of using
SCNI, nodal integration, and the fifth order Gauss quadrature rule as shown
in figure 3.
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Figure 3. Comparison of solution obtained from various domain integration meth-
ods.

3 Additional Stabilization for Spurious Nonzero Energy
Modes

The spurious zero energy mode with alternating gradient generates zero
smoothed gradient at nodal point, except on the boundary. Thus for a fi-
nite domain, zero energy modes cannot propagate as the nonzero smoothed
gradient on the boundary precludes the zero energy mode. However, the en-
ergy of an oscillatory mode can be very small and stability is not ensured as
the mesh is refined. The V; coercivity requires the following condition for any
non rigid body modes:

h(,h ,h h||2

a” (") 2y [|lu”|]

where v is a mesh independent constant. Consider a uniform discretization
of a one-dimensional domain by N + 1 uniformly distributed points, and let

(11)
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the nodal value of u to take the oscillating pattern [+1, —1,+1,---+1,—1] we
have the following bilinear form of SCNI with smoothed gradient:

h (us —u; 2 U3z — Up 2
_h( h ,hy_ "1 - -
a(v,u)—2( ; >+h< 2h>+ +

untr —un—1\>  h (unsr—un)’
2N+l T BN D INAL T BN
+h< 2 ) *2( z >

4
I 12
- (12)
where h is the nodal distance. It can also be shown
) L L
[ :/ u2dx+/ 2, da
1 1
=3 (u%—i—ulug—&—u%)h—&—g (u%—i—ugug—l—ug)h—i—-n—i—
1 us —ug\
+3 (u?v+uNuN+1+u?v+1)h+< 2 - 1) h+
uz — Uz 2 UN+1 — UN g
() e ()
1 4
=-L+ =L
37 e
h? +12
= L 13
3h2 ( )
It follows v = a” (vh7 uh) / ||uh|ﬁ = L(%ﬁu) — 0 as h — 0 and thus violating

coercivity. One way to gain coercivity in SCNI is to consider the following
modification:

al (vh,uh)

= 3" Vol (xp) - Vu' (x1) +
L=t SCNI

+ [cf—f ((Vvh)f — Vol (xL)) : ((Vuh)f — Vul (XL))} wy,
KeSp

Additional stabilization

(14)
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where (Vuh)f is Vu” evaluated at the centroid of the K-th Delaunay tri-

angles associated with node L as shown in figure 4, cX is the stabilization
parameter, and S, is the set containing Delaunay triangles associated with
node L.

e ®

! K-th Delaunay

-——,‘——-—’ triangle of node L

Figure 4. Voronoi cell and Delaunay trangulation.

In elasticity, the Galerkin approximation is

a (vh,uh) = (vh,b) + (Vh,h)6 (15)

where (Vh,b) and (vh7 h)@ﬂhi
Neumann boundary 92" respectively, b is the body force vector, h is the
traction vector, and a (vh, uh) in elasticity is

nhi

are the standard linear forms in domain {2 and

a(vhu") = /sth :C:ViudR = /E‘ (vM):C:e(u")dn (16)
2 7

s 1 oul oul
e(u"), = (V') = 5 <an + a:é) (17)

and C is the 4-th rank elasticity tensor. By taking a similar modified SCNI
procedure with smoothed gradient on V?, we have the following discrete equa-
tion:

h

ah (Vh,llh) = (vh,b)h + (Vh,h)(,mhi (18)
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Here (vh,b)h and (vh, h) ZQ,” are obtained by nodal integration, and

at (Vh, uh)

NP
:Z F:(Vh)L:C:F:(uh)L—i—
L=t SCONT

Additional stabilization

(19)
where
11 (out  out
— (' h _ L Loy uj
2
A
_ 1 1 o h, . b h, dar
= r 5( uing + Oulin;)
o,
NP )
= 5 (ViWIde + Vj@[di[) (20)
I=1
1 A
?i% = — / anidl“, (2].)
wr,
12X07%

and € (uh)f ise (uh) evaluated at the centroid of the K-th Delaunay trian-
gles associated with node L as shown in figure 4, and cKis the stabilization

parameter.

A first nonzero eigenmode associated with the stiffness in two dimensional
elasticity (E = 1,v = 0.499) integrated using SCNI is shown in figure 5. The
corresponding eigenvalue of this mode is 0.0211. The first nonzero energy
eigenmode obtained using modified SCNI (M-SCNI) with stabilization pa-
rameter ¢cX = ¢ = 0.01, which will be used for all the following numerical

examples, has shown to provide stabilization.

A cantilever beam shown in figure 6 is analyzed. Figure 7 compares the results
of SCNI and M-SCNI with different stabilization parameters c. It is shown
that the use of ¢ = 0.01 in M-SCNI that properly suppresses spurious nonzero
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energy modes in figure 5 also generates good convergence rate in figure 7.
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Figure 5. First nonzero energy eigenmode generated using (a) SCNI and (b) M-
SCNI with ¢ = 0.01.

1] -

I L |

—— SCNI
—e— M-SCNil(c=1)

-5 —— M-SCNI(c=0.1)
—&— M-SCNI(c=0.01)
_5—'8,7 —0‘.6 —0‘.5 —0.‘4 —013 —0‘.2 —0‘.1 0
Iogmh

Figure 7. Convergence rate of Ly error norm.
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The numerical studies show that the use of a minimum value in X = ¢ = 0.01
is required for stability. Employment of c& larger than 0.01, on the other hand,
yields reduction of convergence rate. It is recommended that ¢& = ¢ = 0.01
be employed in M-SCNI for stability and accuracy.

4 Gradient Strain Smoothing Regularization for
Material Instability in Strain Localization

Strain localization is usually a precursor of catastrophic material failure. In
the event of strain softing and localization, the change of sign in the tangent
moduli yields an ill-posed problem and requires a regularization for unique
solution. A commonly used regularization method in strain localization is the
gradient method [8, 9, 10], where a "nonlocal strain” € is introduced as

Ex)=e(x)+ Y BijDije(x) (22)

i+ji=1

where ¢ is any component of strain, and Dy;(-) = 8"+ (-)/dz}dx),. However,
introducing strain regularization of (22) into equilibrium equation leads to
a PDE with higher order differentiation and thus requires additional non-
physical boundary conditions to solve the problem. Until now, the physical
explanation of these additional boundary conditions is still lacking [9]. The
issue of additional boundary conditions has been addressed by introducing a
gradient reproducing kernel strain smoothing [4, 7] as follows:

E(x) = /Q B, (x;x — s)e(s)ds (23)

We write the discrete counter part of the strain smoothing equation as

NP
E(x) = E D, (x;x — x7)e(xr) (24)
=1

where @,(x;x — x;) is a smoothing function that takes the following repro-
ducing kernel form:

n

Do(x;x —x7) = | > (21— 211) (w2 — 221)7bij (%) | Pulx — x1)
i4+j=0

= HT (x — x7)b(x)P,(x — x7) (25)

The vector b(x) is obtained by imposing the following gradient reproducing
conditions according to the gradient regularization equation (22):
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NP n
Yo alwg ba(x —xp) = alwg + Y fiyDij(ahah)
I=1 i+j=0
0<p+g<n, Boo=0 (26)
It can be shown that the above equation is equivalent to
NP

Z(Z‘l — Z‘lj)p(l‘g — $21)qd~5a(X;X — XI) = p05q0 + ﬁpq(—l)p+qp!q!
I=1

0<p+qg<n, Bpo=0 (27)

This leads to a system of discrete equations for b(x)

M(x)b(x) = g (28)
where g is the vector form of g;; = 8,080 + B;;(—1)"7ilj!, and
NP
M(x) = Y H(x —x)H (x — x7)®u(x — x1) (29)

~

=1

[ay

Substituting b(x) = M~
ing function

(x)g into (25), we obtain the following strain smooth-

Do(x;x —x;) = H(x — x7)M ™ (x)gdq (x — x7) (30)
Due to the employment of gradient reproducing conditions in the construction
of smoothing function @,, we have the following property:

NP n
Ex) =) dxix—x))e(x))mex)+ Y BiDye(x) (31)
I=1 i+j=1
For example, in one-dimension, if 274 order basis and g7 = [1,0,20] are used
in the construction of @, in (30), we have the following property:

NP _
E(x) =Y B(x;x — x1)e(x1) ~ £(X) + B2 4 (x) (32)
I=1

Recalling strain smoothing equation (24), and introducing approximation of
displacements, we obtain

2
)

£(x) an(x;x—xj)e(xf)

Bulx — x7) {; [8 o) s (z);’)] }

27

Il
T
"U.‘_.

(BinjJ + BdeiJ) (33)

<
Il
—
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where

2

N | =

Z oW, (x7)

B- =
iJ 6331

Do (x;x — x;) (34)

~
Il
—_

A one-dimensional damage mechanics problem as shown in figure 8 is ana-
lyzed. A rod with imperfection in the middle of the bar is subjected to a
uniaxial tensile deformation as shown in figure 8. The equilibrium equation of
this problem is

[E(1—D)e] , =0, 0<z<L
u(0) =0
u(L) =g (35)

where D is the damage function. Here, we consider the following damage
function:

c(e—ei) -
D(e) = { emen HeiSe<e )
1 if e>e,

45mm 10mm, 45mm !
| I F— ¢
— X / /
A=9 5mm- A=10mm?-

Figure 8. One-dimensional bar model.

Equations (35) and (36) represent a linear softening behavior as shown in
figure 9.

The following parameters are used: e; = 1.0 x 1074, e, = 6.25 x 1072, and
E = 2 x 105N/mm?. An imperfection of the cross sectional area between
z = 30 mm and x = 40 mm is introduced to initiate bifurcation from a ho-
mogeneous state of deformation. It is expected that the strain will localize in
the imperfection zone, while the rest of the structure will relax elastically. We
consider a second order gradient regularization & = e+ ¢ 5, with 8 = 0.0408,
and third order basis functions are employed in the smoothing function. The
force-displacement curves obtained using four spatial discretizations regular-
ized with the second order gradient method shown in figure 10 demonstrate
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Figure 9. Linear softening stress-strain relation of 1-D elastic damage model.
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Figure 10. Force-displacement curves obtained by second order strain gradient
method.

a mesh-independent results using the proposed method.
The regularized strain approximation in (33)-(34) also provides a stabilization

to the nodally integrated discrete differential operator. Consider the weak form
with the smoothed strain as follows:

a (Vh,llh) = (vh,b) + (vh,h){mhi (37)

where
a(vhu") = /é (vh):C:&(u")de (38)

The nodal integration of (38) yields:
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NP
a"(vhoa)y =Y "&(v"), :C:e(u"), wy (39)
L=1
Note that by using the gradient producing properties in (31), we have:

at (Vh,uh)
NP
= Zé(vh)L C E‘(uh)LwL
L=1
NP
= € (vh)L + ZﬁijDijs (vh)L :C: e (uh)L + ZﬁijDijs (uh)L wr,
L=1 ij ij

(40)

This is analogous to the use of Taylor expansion of gradient matrix in the
stiffness matrix as a stabilization of the one-point integrated stiffness matrix
[11] in finite element.

Figure 11 shows the comparison of the first nonzero eigenmodes of a nodally
integrated stiffness matrix of 2-dimensional elasticity obtained using SCNI
from (9), modified SCNI (M-SCNI) from (19), and gradient SCNI (G-SCNI)
from (40), and no spurious oscillation is observed in M-SCNI and G-SCNI.

b b lo. toits

ushdbdua
Sandsauanaga.
LA ALE

(a) Eigenvalue = 0.0211 (b) Eigenvalue = 0.0356 (c) Eigenvalue = 0.0390

Figure 11. The first nonzero energy eigenmodes of nodally integrated stiffness using
(a) SCNI, (b) M-SCNI, and (c¢) G-SCNL

5 Application to Fragment Penetration Problems

5.1 Stabilized Nonconforming Nodal Integration(SNNT)

In transient large deformation problems, consider the following governing
equation:
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pu=V -7+ bin {2 (41)

with boundary conditions u; = g; on I' and 7;;n; = h; on F,’c“, where (2,
I'9", and F,'(”are the domain, Dirichlet boundary, and Neumann boundary
at the current configuration, respectively, p is density, 7 is Cauchy stress,
b is the body force vector, h; is the traction. The corresponding Gakerkin

approximation is

(vh,puh) +a (vh,uh) = (vh,b) + (vh7h)

For fragment problems, updated Lagrangian formulation is employed, and the
above weak form is integrated over the domain and boundary at the current
configuration, in which a (Vh, uh) is expressed as:

aNhi (42)

a(vh,u") = /Ql Vevh o (Veut) de = /Ql e(v") i1 (e(u"))d2 (43)

where (2, is the domain at the current configuration, and

s 1 ( Oul ou”
e(u"), = (V") = 3 <axj - a:é) (44)

and z; is the spatial coordinate at the current configuration. In updated La-
grangian formulation, the approximation of u” is formulated at the current
configuration [3], and constructing Voronoi cell for conforming strain smooth-
ing in SCNI becomes tedious, and sometimes impossible during the fragmen-
tation processes. To simplify the conforming strain smoothing in SCNI, we
consider the following stabilized nonconforming nodal integration (SNNI), in
which a simple nonconforming circular smoothing domain wy, with boundary
Owy, is used, as shown in figure 12. For elasticity, a nonconforming strain
smoothing is introduced

i 1

1
Eij (xz) =

2mr?

572 / (uij +uff)d2 =
wr,

/ (ufn] + ué‘ni)df (45)
Owr,

where r is the radius of the circular smoothing domain.

Remark 1. Additional stabilization in the construction of stiffness follows (19),

where € (u") X can be evaluated at the centroid of the quarter circle associated

L
with node L.
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Figure 12. Averaging domain for SNNI.

5.2 Test of Convergence Property of SNNI in Elastostatics

A cantilever beam as shown in figure 6 is analyzed, where L = 10m, H = 2m,
P =1.0x10*N, E = 2.11 x 107 Pa, v = 0.3. The meshfree discretization (of
half the beam) and the corresponding Voronoi nodal representative domain for
SCNI and smoothing domain for SNNI with o = 1.5 are shown in figure 13(a)

and figure 13(b), where a = \/wa dQ/\/fQL df2. Since this beam geometry

has large surface to volume ratio, we do not add the additional stabilization in
SNNI. The tip displacement normalized by the analytical solution is shown in
table 1. The comparison of Ly error norms of the solution obtained with vari-
ous integration methods are compared in figure 14. The numerical experiment
shows that the smoothing domain with « around 1.0 gives the best conver-
gence rate for SNNI and is used for the following fragment problem. Although
SNNI method offers a slight reduction in the solution accuracy compared to
that of SCNI, the simplicity in the strain smoothing makes it particularly
attractive for fragment problems. For problems that exhibit excessive particle
motion and large degree of material separation, SNNI is the obvious choice
over SCNI.

Integration Method|Accuracy (%)
Gauss 5 x 5 95.0
Direct Nodal 192.8

SCNI 99.2
SNNI 98.5

Table 1. Accuracy of tip displacement of beam problem by different integration
techniques.
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Figure 13. Nodal representative and smoothing domains for SCNI and SNNI.
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Figure 14. L, error norms of solution obtained from SNNI (e = |[u”" — ul|o) with

various « values, SCNI, and Gauss integration.

5.3 High Velocity Penetration

A Carbon-Tungsten projectile ball is impacting on a 0.4m x lm concrete
wall. Plane strain assumption is assumed. The material constants of the
ball are: Young’s modulus E = 630G Pa, Poisson’s ratio v = 0.33, density
p = 8700kg/m?, initial yield stress o, = 800M Pa and the initial velocity of
the ball is 500m/s. The ball is discretized into 100 particles. The material
constants of the concrete wall are: Young’s modulus E = 30G Pa, Poisson’s
ratio v = 0.2, density p = 2400kg/m?, initial yield stress oy = 40M Pa. The
wall is fixed at both vertical ends and uniformly discretized into 41 x 17 = 697
particles. The two vertical surfaces of the concrete wall are fixed. The SNNI
domain integration is employed. The progressive deformation of the penetra-
tion is shown in figure 15.



Strain Smoothing for Stabilization and Regularization 19

Figure 15. Progressive deformation in high velocity penetration.

6 Conclusions

In this paper, we have introduced several forms of strain smoothing for stabi-
lization and regularization of numerical instability resulting from nodal in-
tegration of meshfree Galerkin weak form and material instability due to
strain softening and localization. In many large deformation and fragment
penetration problems, nodal integration in meshfree methods is highly desir-
able for the ability to trace complex material motion and for computational
efficiency. Nodal integration, however, yields spatial instability. Conforming
strain smoothing in stabilized conforming nodal integration (SCNI) has been
introduced to stabilize spurious zero energy modes. This study demonstrated
that SCNI does not guarantee coercivity. The energy of an oscillatory mode
can be very small and spurious nonzero energy modes can exist as the mesh
is refined. To recover coercivity, an additional stabilization has been added
to the SCNI with a rather simple construction. Test problems have been an-
alyzed to examine the stability and convergence of the modified SCNI method.

In the event of strain softing and localization, the change of sign in the tangent
moduli yields an ill-posed problem and requires a regularization for unique so-
lution. The classical gradient type regularization operating on strain results
in a governing equation with higher order differentiation, and thus requires
additional nonphysical boundary conditions for a solution. This strain gradi-
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ent regularization can be implicitly imbedded in a gradient reproducing kernel
strain smoothing, leading to a naturally regularized weak form without the
need of additional nonphysical boundary conditions. It is shown in the numer-
ical test that the imbedded gradient term in the gradient strain smoothing
offers a stabilization to the nodally integrated stiffness matrix similar to the
stabilization obtained from Taylor series expansion of the one-point evaluated
gradient matrix in finite element [11].

For application to fragment and penetration problems, the construction of
Voronoi cells in the conforming strain smoothing in SCNI is too tedious and
sometimes impossible. We have introduced a stabilized nonconforming nodal
integration (SNNI) in which a nonconforming circular strain smoothing zone
has been employed. It is shown that although the conforming property is
relaxed in SNNI strain smoothing which results in a slight reduction in the
solution accuracy compared to that of SCNI, the simplicity in the nonconform-
ing strain smoothing makes it particularly attractive for fragment penetration
problems.
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