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Abstract
Adaptive procedures of a Galerkin particle method are presented. In the Galerkin particle
method, the construction of shape functions and domain integration of weak form are entirely
particle based. The stabilized conforming nodal integration is employed in the domain
integration of weak form. The Voronoi diagram used as the nodal representative domain in the
stabilization of nodal integration is employed as the hierarchy for adaptive refinement. Recovery
based error indicator is introduced in the adaptive analysis. Owing to the smooth shape
functions in Galerkin particle method, the stress recovery error indicator does not require any

projection as was needed in the C’ finite element methods.

1. Introduction
In recent years, a new class of numerical methods, collectively called the meshfree method, has
been developed as a generalization of finite element methods for computational mechanics [1-
10]. Meshfree methods employ new approximation theories, such as moving least-squares [11]
and reproducing kernel approximation [4] that allow the construction of shape functions without
the need of an explicit mesh. These shape functions are naturally conforming and thus are ideal
for adaptive computation.

An issue to be addressed in meshfree adaptivity is the domain integration. Gauss integration is
commonly used in meshfree methods for integration of weak form. Due to the complexity
involved in Gauss integration for meshfree methods, attempts have been made to develop nodal
integration methods for meshfree computation [12-18]. Meshfree method with stabilized
conforming nodal integration [18], herein referred to as a Galerkin particle method, offers a
convenient hierarchical structure for adaptive refinement in meshfree analysis. In the stabilized
conforming nodal integration, a strain smoothing stabilization was introduced as a means to meet
integration constraints and to provide a stabilization for nodal integration. The strain smoothing
is performed in the nodal representative domain generated by the Voronoi diagram. Using the
properties of Voronoi diagram, Voronoi cells can be conveniently used as the reference for
inserting nodes uniformly into the existing randomly distributed particles. The support sizes of
the shape functions in the adaptive refinement can be determined using the geometry of Voronoi
cells. Further, Voronoi cells also provide neighboring particle information for constructing the
data structure in adaptivity analysis.

Recovery based error indicator is employed in the present work [19, 20]. Since the meshfree
shape functions can be arbitrarily smooth, the stress recovery approach in the error indicator can



be formulated without projection procedures employed in the finite elements due to the C’
approximation of displacements.

This paper is arranged as follows. Section 2 reviews reproducing kernel approximation and the
stabilized conforming nodal integration for Galerkin particle method. The implementation of
adaptive method under the framework of Galerkin particle method is introduced in Section 3.
Two numerical tests are presented in Section 4 to examine the effectiveness of the proposed
method, and conclusions are given in Section 5.

2. Galerkin Particle Method

2.1 Shape Function
We start with a moving least-square or reproducing kernel approximation of a variable u(x),

denoted by u"(x ), as
NP
uh(x)=ZC(x,'x—x,)¢al(x—x,)u, (2.1)
I=1

where @, (x—x,) is a kernel function with compact support “a,”, u, are the coefficients of

approximation, NP is the number of particles, #,(x) is the meshfree shape function, and

C(x;x—x, ) is the correction function that introduces reproducibility of n-th order polynomial:

C(x"x_xl) = Zn: (x1 X )p(xz — X5 )q(x3 — X3 )rbpqr(x) = HT(x_xl )b(x) (2-2)

p+q+r=0
H' (x—x,)={1,X,~%,,%, =Xy, (%, = x;, )" } (2.3)

By requiring exact representation of n-th order polynomial, b(x ) in Eq. (2.2) is solved and the
shape function is obtained

W,(x)= BT (0)M(x)H(x~x, )B,(x~x,) (2.4)
M(x)=3 H(x—x, )JH' (x—x, )(x~x,) 2.5)

I=1

2.2 Stabilized Galerkin Particle Method
For illustration, consider the following linear elasticity model problem:

Vie=b in Q (2.6)



u=g on [I°* (2.7)

ne=h on I (2.8)
c=C:¢ (2.9)
8=§[(Vu)+(uV)T]EVSu (2.10)

where (2 is the problem domain, 7% and I~ " are the Dirichlet and Neumann boundaries,
respectively. If the approximation of u is kinematicly admissible, the Galerkin approximation of
the above problem can be expressed as

j&h:C:g’ldg—puh.fdg—j5u”.hdr=0 2.11)
0 0 1—-/1
e =V'u"=) Bu, (2.12)
1

where B, is the gradient matrix associated with V°u". Gauss integration is commonly used in

Eq. (2.11) in Galerkin based meshfree methods. Issues associated with Gauss integration [17, 21]
are (1) a specialized integration zone pattern is required, (2) Gauss integration fails to satisfy
linear exactness in the Galerkin approximation, and (3) high computational cost. A direct nodal
integration of Eq. (2.11), on the other hand, leads to a rank deficiency and numerical instability.

Linear exactness in Galerkin approximation of this model problem first requires at least linear

basis be employed in the shape function for #”in Eq. (2.3). Second, numerical integration of
stiffness and force must meet the following condition for interior nodes:

IV‘P,(x )d Q2 = j ¥, (x)ndI" (2.13)

where n is the surface normal on /™. Equation (2.13) is called the integration constrain.

A stabilized conforming nodal integration (SCNI) method has been proposed [17] to: (1) provide
stability to nodal integration, and (2) meet the integration constraints in Eq. (2.13). It starts with a

smoothing of Vu" at the nodal representative domain by

Vu'(x,) :Ai [vulde; 4,=[do (2.14)
2

L Q,

where €2, is a nodal representative domain as shown in Fig. 2.1, and V is the smoothed
gradient operator.



Figure 2.1 Nodal representative domain

The integration constraints can be accomplished by applying divergence theorem to Eq. (2.14) to
yield

Vu'(x, )= Ai [ nular (2.15)

LT,

where 7/, is the boundary of the representative domain of node L as shown in Fig. 2.1.
Introducing reproducing kernel shape functions into Eq. (2.15) yields

Vi (x, )= V¥ (x, Juy (2.16)
where
V¥, (x, )= ALL J V¥, (x)dQ = ALL Fj ¥, (x)n(x)dIl" (2.17)

Here V ¥,(x, ) is the smoothed V¥, (x) evaluated at point x, . It has been easily shown that

this smoothed shape function gradient V ¥,(x,) meets the integration constraint for nodal
integration with weight 4, .

Following Eqns. (2.14)-(2.17), a smoothed strain can be defined as

gh(xL)zAi [viud2=3 Bu, (2.18)
EII(xL) 0
Bi(x,)=| 0  by(x,) (2.19)

512 (x,) ~11(-"& )



bu(%,) =~ [ ¥ (xm(x)ar (2.20)

LT,
Finally, a modified variational equation using an assumed strain method is introduced

[o&":C:&8"d 2~ ou" -bd2- [ 54" -hd I =0 2.21)
Q Q rh

Introducing approximation of &" following Eq. (2.18), and performing nodal integration in the
variational equation, the discrete equation is obtained:

Ku=f (2.22)

K, =Y B/(x,)CB,(x,) (2.23)

2.3 Numerical Test on Stability and Convergence

Stability of SCNI is studied by an eigenvalue analysis of the stiffness matrix of a discretization
shown in Fig. 2.2a. With a direct nodal integration without stabilization, 4 zero engenvalues are
obtained with the 4-th zero eigenvalue corresponds to a spurious singular mode shown in Fig.
2.2b. Using SCNI, on the other hand, a correct nullity of 3 is obtained, the modes correspond to
the 4-th smallest eigenvalue are two deformation modes shown in Fig. 2.2¢.
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Figure 2.2 Eigenvalue analysis (a) Discrete model, (b) spurious mode in nodal integration, (c)
deformation modes corresponding to the -4" smallest eigenvalue in SCNI.

A beam problem in Fig. 2.3a is analyzed to study the convergence of SCNI. The L, error norm

of the direct nodal integration, Gauss integration with 5xJ5 quadrature rule, and the SCNI are
compared in Fig. 2.3b, and favorable results of SCNI is shown.
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Figure 2.3 Beam problem (a) problem description, (b) L, error norms of displacements

3. Adaptive Procedures
3.1 Shape function update
Meshfree shape functions are conforming and this offers considerable advantage in adaptivity
analysis. In response to the newly added particles, the M(x) matrix in the shape functions of
the existing particles must be reconstructed locally to ensure consistency in the reproducing
kernel approximation as follows

NEy NB,,,,
M(x)= z H(x_xl)HT(x_xl)@a(x_x1)+ z H(x_x[)HT(x_xl)@a(x_xl)
1=1 I=1
3.1)
NP,

= old(x)+ZH(x_x[)HT(x_xl)@a(x_x[)

I=1

Note that at x, the moment matrix M(x) changes only when x is in a region covered by shape

functions of the newly added particles. As shown in Fig.3.2, in addition to the shape functions of
the newly added particles, only the shape functions of existing particles with supports intersect
with this region need to be updated according to Eq. (3.1). A one-dimensional example with is
shown in Fig. 3.2. Inserting a particle between particles 6 and 7 requires reconstruction of shape
functions of particles 4, 5, 6, 7, 8, 9 and the new shape function of the new particle 12.

o Existing particles
e Newly inserted particles

o Influenced particles

Figure 3.1 Particles influenced by the newly inserted particles in adaptive refinement
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Figure 3.2 Local reconstruction of shape function: (a) before adaptivity (b) after adaptivity

The topology of Voronoi diagram used in the SCNI discussed in Section 2 is used herein as a
reference for inserting particles. Using the properties of Voronoi cell boundary being the
perpendicular bisector hyper-plane of a line connecting any two particles, new particles are
added at the vertices of the Voronoi cell as shown in Fig. 3.3. Multi-level adaptive refinements
for initially uniform and non-uniform particles are shown in Figures 3.4 and 3.5.

o Existing particles

® Newly inserted particles
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Figure 3.4 Multi-level adaptive refinement on a set of uniformly distributed particles



° Existing particles ® Newly inserted particles

Figure 3.5 Multi-level adaptive refinement on a set of non-uniform distributed particles

In adaptive refinement, the shape function support sizes need to be properly determined. This can
be done by using the Voronoi cell information. Denote the Voronoi cell of particle P, as V(P ).

Using Voronoi diagram, the neighboring particles of particle / are first identified and grouped as
B, as shown in Fig. 3.6.

B, ={P, :V(P,)"V(F)#D) (3.2)
The support size a, of particle P, is selected as
a,=a,-max{d, :d,=PP,, VP eB,)} (3.3)

In practice, ¢, is the chosen between 1.0 and 2.0.

B,={R.P,.P,.P,.PR}

Figure 3.6 Determination of shape function support size



3.2 Error indicator

The recovery-based error estimators were first introduced by Zienkiewicz and Zhu [19]. For
element Galerkin method, H.J. Chung and T. Belytschko [20] introduced local and global error
estimates for the element-free Galerkin (EFG) method. The essence of this error estimate is to
use the difference between the values of the recovered stress and those obtained directly by the
EFG solution. Since in meshfree method smooth shape functions can be easily constructed, stress
recovery can be calculated directly using shape functions as

6'(x)=2 ¥ (x)a"(x,)= D2 F(x)C[ Y VF(x,)dy ] (3.4)

Equation (3.4) is the reproducing kernel interpolation for stresses. The interpolation error of
reproducing kernel interpolation is:

m+1 h
Cw <C,a""|o

|o" - (3.5)

Hm+[ ([_))

. h
Since Ha -0

2@ —0 as a—0, it can be concluded that the recovery solution ¢ will

approach the true solution & in the limit. Thus the error indication of & is defined as
¢ =¢ —o" (3.6)

When the model is sufficiently fine, e, approaches true error e, =6 —6". In meshfree

calculation, we define the relative error in energy norm 7 and nodal energy error density p, as

follows
e
n' =1l 3.7)
"l
e: o {éZ(O'*(xl )= O'h(xl ))T c” (O'* (x,)- O'h(xl ))AI} 3.8)
o, =5 0" x, )€ 0" x4, (3.9)
P; = (é (O'* (x,)- O'h(xl ))TC_](O'* (x,)- O'h(xl ))j (3.10)



4. Numerical Examples

4.1 High-gradient Problem in One Dimension

Consider the following problem

d—zl+b(x):0 in Q2e(0,1) (4.1)
dx
b(x)=2s"sech’[s(x—0.5)] 4.2)

with boundary conditions given by
u(0)=—tanh(0.5s) (4.3)
u(1)=tanh(0.5s) (4.4)

Five uniformly refined models with 11, 21, 41, 81, 161 particles (Fig. 4.1a) are used for
comparison with the solutions of adaptive models. The meshfree solution is first obtained using
11-particle uniform discretization, and several levels of adaptive refinements are performed
based on error indication of each adaptive analysis. The multi-level adaptive refinements are
shown in Fig. 4.1b, and the corresponding estimated and true nodal energy error densities for
level 2, 3, and 4 are compared in Fig. 4.2. Comparisons of solution u and du/dx using different
levels of adaptive refinements are given in Figs. 4.3 and 4.4, respectively. The energy error
norms of uniform refinement models and adaptive models plotted in Fig. 4.5 show that an
adaptive model can achieve the same level of accuracy as that of the uniform refinement model
with much fewer particles.

Level-0

Level-l EFEEEEEEEEEEEEEEEEEEEE: T T
Level-2  cevcecsvcssccncccrcsccsscssccsscssncscccnse

Level-3 . . . o oo ssssssssssesssses s s o
Level-4 . . . o o s sssemmmmmmmmessss o o

(a) (b)

Figure 4.1 (a) Uniform refinements, and (b) adaptive refinements

10



4 4
3 3
Level-3 )
1 1
0Ot L L ! 0 T L L r
0 02 04 08 08 1 0 0.2 04 0.6 0.8 1
X X
5 5
4 4
3
Level-4
2 2
0 0.2 0.4 0.6 08 1 0 02 04 0.6 08 1
X X
4 4
Level-5 ° :
2 2
1 1
| Y, ), VS | 0-————*—r—*—"“(/W\‘vA-—f—‘—°——'
0 02 0.4 0.6 0.8 1 0 02 04 06 08 1
X X
(a) (b)
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Figure 4.3 Solution of different adaptive refinement models: (a) u, (b) du/dx
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Figure 4.5 Energy error norms of uniformly refined and adaptive models

4.2 Adaptivity of a L-shaped Component
An elastic L-shaped component subjected to a pressure load is shown in Fig. 4.6. Plane stress
condition is assumed with the Poisson’s ratio of 0.3 and Young’s modulus E=10°. The energy

norm of the solution of a very fine model, considered as an “exact solution”, is ”“”Z =0.31132.

For comparison with solution of adaptive models, uniformly refined models as shown in Fig. 4.7
are generated. Three levels of adaptive refinements based on the energy error density indicator
are shown in Fig. 4.8. The error indicator of each adaptive refinement shows large errors near the
corner of the L-shaped component. The shear stress distributions of the 833-node uniformly
refine model and the 235-node adaptive model are compared in Fig. 4.9, and the results show
very good agreement. The energy error norm comparison of the uniformly refined models and
the adaptive models in Fig. 4.10 demonstrates the effectiveness of the proposed adaptive
Galerkin particle method.
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50 50

Figure 4.6 L-shape domain in plane stress condition
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Figure 4.8 (a) Adaptive refinement (b) corresponding energy error density indicator
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Figure 4.9 Comparison of shear stress for uniform and adaptive refinement models
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Figure 4.10 Energy error norms of uniform and adaptive refinement models

5. Conclusions

Particle based adaptive procedures under the framework of Galerkin particle method has been
introduced. The Voronoi diagram used in the stabilized conforming nodal integration in the
Galerkin meshfree method provides a basic structure for adaptive refinement. The Voronoi
diagram is used for the following purposes: (1) as a geometric reference for particle insertion, (2)
for determination of shape function support sizes in the adaptive refinement, (3) obtaining
neighboring particle information in data base management.

The conforming and smoothness properties of the reproducing kernel approximation provide
substantial advantages in meshfree method over the conventional finite element methods. The
error indication based on stress recovery can be implemented effortlessly. This particle based
adaptivity approach can be easily extended to large deformation and fracture problems.
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