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Abstract

Stabilized conforming nodal integration (SCNI) has been developed to enhance computational efficiency of
Galerkin meshfree methods. This paper employs von Neumann analyses to study the spatial semi-discretization
of Galerkin meshfree methods using SCNI. Two model problems were presented with respect to the normalized
phase speed and group speed for the wave equation, and normalized diffusivity for the heat equation. Both
consistent and lumped mass (capacity) discretizations are considered in the study. The transient properties in
the full discretization of the two model problems were also analyzed. The results show superior dispersion
behavior in meshfree methods integrated by SCNI compared to the Gauss integration when consistent mass
(capacity) matrix is employed in the discretization. For the lumped mass case, SCNI performance is comparable
to that of the Gauss integration, but exhibits considerable reduction of computational time. © 2002 Elsevier
Science B.V. All rights reserved.
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1. Introduction

Conventional Galerkin meshfree methods employ Gauss quadrature in the integration of the weak
form [1-5]. The intrinsic feature of the meshfree approximation theory, however, is not consistent
with this integration technique. Studies have shown that Gauss integration leads to considerable nu-
merical complexity in Galerkin meshfree method. Higher-order Gauss quadrature rules are required
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to minimize the error due to mismatching between shape function supports and the integration cells
[6]. In addition, Gauss integration does not satisfy linear exactness in the Galerkin approximation
with arbitrary discretization [7]. A stabilized conforming nodal integration (SCNI) [7] has been de-
veloped to address the integration issue in meshfree methods with enhanced efficiency and accuracy.
In this approach, a strain smoothing stabilization has been proposed to provide a stabilization of
nodal integration. The gradient matrix associated with the strain smoothing stabilization also sat-
isfies integration constraints and therefore meets linear exactness in the Galerkin method. Studies
have shown that SCNI significantly reduces computational effort with almost no loss of accuracy
in boundary value problems. In fact, since Gauss integration violates integration constraints, SCNI
provides better solution accuracy in meshfree methods than that of Gauss integration, particularly
when discrete nodal spacing is nonuniform [7].

The aforementioned studies were limited to static boundary value problems. This paper focuses
on the assessment of the numerical performance of SCNI meshfree methods in transient problems.
The investigation of the dispersive errors associated with discrete solutions has been used by nu-
merous researchers to characterize the numerical performance of certain discretization methods. The
dispersion characteristic of reproducing kernel particle method (RKPM) semi-discretization with tra-
ditional Gauss integration and direct nodal integration has been studied by Voth and Christon [8].
It has been shown that, with the consistent mass, fully Gauss-integrated RKPM formulation yields
the best numerical dispersion behavior. For the second-order wave equation, the aforementioned ap-
proach requires only three to four particles per wavelength for a phase error less than 5%. Finite
element, on the other hand, requires ten nodes to reach the same level of accuracy in phase speed.
In addition, it has been noted that the application of direct nodal integration introduces substantial
degradation in the behavior of the phase speed and diffusivity.

This paper employs von Neumann analysis to investigate SCNI effects on the characteristics of
meshfree semi-discretization in space. The combined effects of spatial and temporal discretizations
are also investigated with respect to transient analysis. Section 2 reviews integration constraints
and SCNI for Galerkin meshfree methods. Section 3 presents the formulation of the von Neumann
analysis for parabolic and hyperbolic model problems. The results of dispersion analysis for meshfree
methods using direct nodal integration, SCNI, and Gauss integration are presented. The characteristics
of meshfree full discretization in transient analysis are discussed in Section 4. Final conclusions are
drawn in Section 5.

2. Meshfree approximation and stabilized conforming nodal integration
2.1. Meshfree approximation

The first generation of meshfree methods, the smoothed particle dynamics (SPH) [9], introduced
kernel approximation and collocation of the conservation laws to formulate a system of discrete
equations. More recent meshfree methods, such as the element free Galerkin (EFG) [1], partition
of unity method (PUM) [2], reproducing kernel particle method [4], and HP-Cloud [3], are col-
lectively referred to as Galerkin meshfree methods. Galerkin meshfree methods are distinct from
SPH in two ways: (1) consistency is introduced to correct kernel estimates, and (2) discretiza-
tion is based on a weak form and Galerkin approximation, rather than direct collocation. With
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respect to the first distinction, consistency is imposed in the construction of shape function ¥;(x),
resulting in:

Pi(x) = C(X;X — X7)P,u(X — Xp), (D)

where @,(x — x;) is the kernel function used in the kernel estimate and C(x;x — X;) is the cor-
rection function obtained either from moving least squares (MLS) or the reproducing kernel (RK)
approximation:

C(x;x —x7) = H'(OM ™' (x)H(x — x/), (2)

where HY (x — x;) = {1,x; —x17,X2 — X27,,...,(x3 — x37)"} is the vector of monomial basis functions,
and M(x) is the Gram matrix of monomial basis functions with respect to kernel @,(x —x;). These
set of shape functions ¥;(x) satisfy

NP
Z () k= Xk 0<i4j4+k<n 3)

I=1
2.2. Stabilized conforming nodal integration

Conventionally, the discrete equations of Galerkin meshfree methods are formulated by intro-
ducing shape functions, Eqgs. (1)—(2), in the approximation of unknown variables and employing
the Gauss quadrature rule for the integration of weak form. For Gauss integration to be accu-
rate, the integrated function cannot terminate in the interior of the integration cells [6]. Unfortu-
nately, this constraint is difficult to meet, particularly for an nonuniform node distribution. Errors
induced by the inconsistent arrangement between the shape function supports and the integration
cell can be minimized using very fine integration cells with high-order quadrature rules. These
procedures are, however, computationally quite costly. Another drawback in Gauss integration for
meshfree methods is that it does not meet linear exactness in the Galerkin approximation even if
the shape functions have linear consistency [6,7]. The requirements to obtain an exact solution of
a second order value problem when the solution is linear (linear exactness) are: (1) shape func-
tions are linearly consistent, and (2) integration of the weak form meets integration constraints.
The first requirement can be easily satisfied by employing linear basis functions in H of Eq. (2).
The second condition requires that the integration of the weak form meet the following integration
constraint:

NIT

> VP (x)w =0 for {I: supp(¥))NT =0}, (4)
L=1

where I is the total boundary, x; is the integration points, w; is the weight, and NIT is the number
of integration points. For shape functions that intersect essential boundaries, a similar condition can
be obtained by enforcing flux equilibrium [7].

A stabilized conforming nodal integration [7] was proposed to improve efficiency and correct some
drawbacks in Galerkin meshfree methods. The SCNI method is based on an assumed strain method,
in which a modified gradient is introduced at the integration point (nodal point) in order to meet
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Fig. 1. Two-dimensional Voronoi diagram.

the integration constraint in Eq. (4):

N 1 1 N
Vil(x,) = — vu’?dQ:/ ndlr = V¥ (x)dy, 5
J(X1) Ay, v A ™ Z]: 1(xp)dir (5)
o 1
V‘FI(XL):A/ Y, (x)n(x)drl, (6)
L Iy

where €, and I'; are the representative domain and boundary, respectively, of node L obtained from,
for example, the Voronoi diagram in Fig. 1, and A4; is the area (or volume) of €;. It can be easily
shown that the smoothed gradient V¥,(x) meets the integration constraint in Eq. (4). By employing
the assumed strain method with the smoothed strain in Eq. (6), and introducing nodal integration to
the weak form, the final stiffness matrix for the elasticity problem is

NP
Ky = > B/ (x)DB,(x,)4;. (7)

L=1

where B, is the gradient matrix associated with the strain in elasticity constructed using
Eq. (6), and D is the elasticity matrix. For heat conduction, the conductivity matrix can be ob-
tained by replacing B; with V¥; in Eq. (7).

3. von Neumann dispersion analysis

Numerical schemes tend to bring in dispersion errors to the solution. This numerical dispersion
error is often used to measure the performance of the numerical method. Von Neumann dispersion
analysis provides an approach to analyze this numerical dispersion error for semi-discretization in
the spatial domain of the model partial differential equation.

The model problems in this study are the second-order wave equation (hyperbolic) and the heat
equation (parabolic).
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3.1. Second-order wave equation

The first model problem to be studied is a second-order wave equation:

Pu [ Pu Pu
= (G5 ®

where c¢ is the physical wave speed. By introducing the approximation

w(x) ~uf(x) =Y Pr(x)dy, 9)
1

the semi-discretization of weak form associated with Eq. (8) for infinite domain is
Md +Kd =0, (10)

where K and M are the stiffness and mass matrix, respectively. Von Neumann analysis employs the
discrete solution of the form

d(x,, yn) = do exp(1k(x,, cos 0 + y, sin 0) — 1&1), (11)

where (x,,, y,) is the location of discrete points, @ is the numerical circular frequency, and & is the
wave number. By considering a uniform space discretization X,,4; = X,, +1Ax, y,i; = y, +jAy, and
substituting Eq. (11) into Eq. (10), one obtains:

I
- 'ZZ Z {M o n)m-+i.nt ) €Xp(1k(iAx cos 0 + jAysin 0))}

i=—1 j=—J

I
+Z Z {Km,n)m+in+ /) €xp(tk(iAx cos 0 4+ jAysin 0))} = 0. (12)

i=—1 j=—J

The normalized phase speed is defined as p, = ¢/c, where ¢ = @/k is the numerical phase speed.
Using @ from Eq. (12), the normalized phase speed is obtained:

. i Zf:_[ Z‘{:_J {Km,n)m-ti,n+j) €xp(1k(ihy cos O + jh, sin 0))} (13)
"k 21{:71 ZJ:# {M . my(m+i,n+) exp(ik(ihy cos 0 + jh, sin 0))}

In one dimension, the normalized phase speed for semi-discretization is reduced to

1| Sf, Kywyicos(klh,)

"k 14
p Ck Zl]':—[ Mm,m-l,-[ COS(kth) ( )
and the normalized group speed in one dimension is defined as
0/0k

c
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3.2. Heat equation

The second model problem considered is a heat equation:
Ju Pu  Pu
— =0 ==+ 16
o “(ax2+ay2)’ (16)

where u is temperature variable, and « is the diffusivity. Following similar procedures used in wave
equation, the normalized diffusivity is obtained as

1> 20y {Kmmymrions ) exp(ik(ihy, cos 0 + jhy sin 0))}

dn=—75 7 J X . (17)
oak* S, Zj:_J {M i, m)mti,n+j) €Xp(1k(ihy cos 0 + jhy sin 0))}
and the reduced form for one dimension is
1 L Ky cos(kihy
217—[ ,m+ ( ) (18)

"k S My cos(kihy)

3.3. von Neumann analysis for meshfree methods

The normalized phase speed of wave equation computed by meshfree method using Gauss in-
tegration (GI), stabilized conforming nodal integration (SCNI), and direct nodal integration (DNI)
were compared. Different combinations of integration methods for K and M were evaluated, given
the following conventions: (1) GI-GI: both K and M were integrated using GI; (2) SCNI-GI: K
was integrated using SCNI and M was integrated using GI; (3) SCNI-DNI: K was integrated using
SCNI and M was integrated using DNI; (4) DNI-DNI: both K and M were integrated using DNI.
The effects of normalized support sizes a=1.0, 1.5,2.0 (the support of each particle covers 3, 4, and
5 particles) were also studied. In the following figures, the horizontal axis is the wave number, and
the vertical axis represents normalized phase speed.

Comparisons for consistent and lumped mass cases for wave equation are shown in
Figs. 2 and 3, respectively. As is evident, SCNI for stiffness and GI for mass matrix provide the

a=1.0 a=1.5 a=2.0
A P = e c e eccamemaaa
08 T 08 e Tl 08 T
06 06 o, T os
04 04 0.4
—GI=GTI . — — GGl
027 - - SCNI-GI N 02 - -. SCNI-GI 0211 - -. SCNI-GI
== SCNI-DN! === SCNI-DNI === SCNI-DNI
o -__DNI-DNI - _DNI-DNI 0 -_DNI-DNI
0 0.2 04 0.6 0.8 1 0 0.2 04 06 0.8 1 0 0.2 04 0.6 08 1

Fig. 2. Comparison of normalized phase speed using consistent mass in wave equation.
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Fig. 3. Comparison of normalized phase speed using lumped mass in wave equation.
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Fig. 4. Comparison of normalized diffusivity using consistent capacity in heat equation.
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Fig. 5. Comparison of normalized diffusivity using lumped capacity in heat equation.

best performance in the consistent mass case. For lumped mass, this integration approach is compa-
rable to that of GI-GI. It is also observed that increasing the support size yields a smaller phase
error for consistent mass. For the lumped mass case, a smaller support provides the better solution.
Similar behavior is observed in solution of the heat equation, for which the consistent and lumped
capacity cases are shown in Figs. 4 and 5. It should also be noted that for the case where a = 1.0,
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nN
n

-=- GI-GI - -+ SCNI-GI
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Fig. 6. Solution to Helmholtz equations with lumped mass.
the SCNI-GI and GI-GI solutions are identical. When the discretization is close to the Nyquist limit,
the DNI-DNI yields stationary wave, that is, the wave does not propagate at all. This behavior is
not observed for other three cases.

3.4. Helmholtz equation

In the wave propagation problem, if the phenomenon is assumed to be steady harmonic, that is

u(x,t) = u(x) exp(iot), (19)
the spatial distribution u(x) is then the solution to the Helmholtz equation:
Au+ kKu=0. (20)

Since u(x,t) is harmonic in time, it serves as a very convenient tool to study the semi-discretization
of the wave equation.
In the following, a one-dimensional Helmholtz equation is considered

Uy +K*u =0 in (0,L),
u0)=1, u(L)=0,

where k& = w/c denotes the wave number. Eq. (21) is studied to verify the dispersion characteristics
discussed in Section 3.3. A uniform spatial discretization was used for each case of integration

1)
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Fig. 7. Solution to Helmholtz equations with consistent mass.

procedures. Wave number k£ = 3 is used in the numerical examples, and the phase speed errors
were calculated for each case. Normalized support size @ = 1.5 is used for each particle in the
construction of shape functions. The domain discretization corresponds to a nondimensional wave
number kh,/nm =2h,/A=02 .

The Helmholtz equation is solved using the four integration techniques with both lumped and
consistent mass matrices. Fig. 6 shows the solutions of the various integration techniques with
lumped mass, while those with the consistent mass were demonstrated in Fig. 7. It is observed
that the behavior of the discretization errors in the numerical solution matches very well with that
predicted by von Neumann dispersion analysis results in Section 3.1. SCNI-GI yields the best
numerical performance among all integration methods under study. With little loss of accuracy,
additional saving in computational cost can be achieved by employing SCNI-DNI in the practical
implementation for both the lumped mass and the consistent mass cases.

4. Full discretization

The von Neumann analysis for the spatial semi-discretization shows that SCNI provides promising
prospective in dealing with the transient problems, at least in the model problems discussed. However,
it is the combined effects of space and time discretizations that are of practical importance. The
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Fig. 8. Elastic bar impacting onto a rigid wall.
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Fig. 9. Nonuniform particle distribution for lumped mass with explicit time integration.

intention of this section is not to seek the best way for the time integration procedure for the
Galerkin meshfree method, but rather employ the standard explicit and implicit time integration to
the transient problems, and investigate the numerical performance of the newly developed SCNI.

4.1. One-dimension wave equation

In this section, a one-dimension wave equation problem is tested. Consider an elastic bar impacting
onto a rigid wall with initial velocity vy as shown in Fig. 8.
The governing equation for this problem is given as

pi = Ettpy in (O,L),
ux(0,£) =0, u(L,1) =0,
u(x, 0) = 05 M(X,O) = Do, (22)

where £ =100, p =0.01, and L = 10.

The Newmark’s family of time integration is used: the explicit central difference method is used
with lumped mass, and the implicit average acceleration method is used with consistent mass.

In the first case, lumped mass with explicit time integration is studied. Nonuniform spatial dis-
cretization shown in Fig. 9 was used to investigate the sensitivity of discretization uniformity to the
numerical solution. The wave propagation at the center node is plotted.

It is observed in Fig. 10 that the nonuniformity introduced large phase error and amplitude error
in the solution by GI-GI, while the solution by DNI-DNI simply diverges. On the other hand, the
two cases using SCNI are quite satisfactory. Even the case SCNI-DNI, whose result is about the
same with SCNI-GI, shows small discretization error with less computational time. The time step
in this problem is chosen such that the procedure GI-GI yields a convergent solution. The stability
issue is not in the scope of this study, and will be studied in the future work.

In the next case, consistent mass with implicit time integration is considered. A more severe
nonuniform discretization as shown in Fig. 11 is employed to identify the performance of various
domain integration methods.
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Fig. 10. Solution to wave equation with nonuniform discretization and explicit time integration.

Again, the nonuniformity in the discretization deteriorates the solution accuracy of GI-GI greatly.
Although the implicit time integration guarantees convergence of the solution by
DNI-DNI, it does not converge to the exact solution. SCNI-GI, as usual, shows the best accuracy
among all procedures. SCNI-DNI appears to have large phase error and magnitude error, which are
about the same level as GI-GI (Fig. 12).

4.2. One-dimension heat equation

The following one-dimension heat conduction equation is studied:

ou U . ( n n)’

R A
U(x,0)= Uy + U, cos(kx),
Ux,t)=Uy on T, (23)

where Uy =1.0,U; = 1.0, and k = 3.0 are used for initial and boundary conditions.
For this problem, the solution of uniform particle distribution with 5, 9, and 13 nodes were ob-
tained to study the convergence behavior of each integration procedure. Both Forward Eular explicit
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Fig. 11. Nonuniform particle distribution for consistent mass with implicit time integration
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Fig. 12. Solution to wave equation with nonuniform discretization and implicit time integration.

time integration with lumped capacity, and Crank—Nicolson implicit time integration with consistent
capacity were investigated.

The solution of the four domain integration methods using explicit time integration with lumped
capacity matrix is shown first. The results of the temperature evolution at the center node x = 0
were plotted in Fig. 13. It is observed that GI-GI, SCNI-GI, and SCNI-DNI display about the same
level of convergence. The error in transient analysis is in good agreement with those observed in
the semi-discretization von Neumann analysis.

Similar to the semi-discrezation, GI-GI and SCNI-GI show superior convergence over the other
two methods, while SCNI-DNI has great improvement in accuracy over the case of DNI-DNI while

maintaining low cost compared to GI-GI and SCNI-GI. A similar trend is observed in the case of
implicit time integration with consistent mass as shown in Fig. 14.
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Fig. 13. Solution to heat equation with lumped capacity matrix.
5. Conclusion

Through the von Neumann analysis, the discretization characteristics of Galerkin meshfree method
using the stabilized conforming nodal integration, Gauss integration, and direct nodal integration
have been studied. Dispersion errors were minimized when the stiffness matrix was integrated using
SCNI and consistent mass was integrated using GI. In matching SCNI for the stiffness matrix, GI
performed better than DNI in the integration of the mass matrix. However, GI for the mass matrix
is not of concern with respect to computational efficiency, since the mass matrix is formed only
once in Lagrangian formulation. The von Neumann analysis results also show that, in the lumped
mass case, dispersion errors were about the same when stiffness matrix was integrated using either
SCNI or GI. It should be noted, however, that GI is computationally much more costly than SCNI.
The characteristics of diffusive errors were consistent with those of dispersion errors. In full (spatial
and temporal) discretization, matching SCNI for the stiffness matrix with GI for the mass matrix
provided the best solution accuracy.

Acknowledgements

The support of this work by NSF/DARPA OPAAL Program under grant DMS 98-74015 and
Sandia National Laboratories under the grant 5015 to the University of lowa and UCLA is greatly
acknowledged.



1012 Y. You et al. | Finite Elements in Analysis and Design 38 (2002) 999-1012
22 T shedesahal| 2 -=- 5Nodes SCNI-GI
+=:= 9 Nodes GI-GlI == 9 Nodes SCNI-GI
2 =+ 13 Nodes GI-GI 2r e 13 Nodes SCNI-GI
— Exact
o 1 2 3 2 3
22 == 5 Nodes SCNI-DNI ==+ 5 Nodes DNI-DNI
== 9 Nodes SCNI-DNI *=-= 9 Nodes DNI-DNI
2 = 13 Nodes SCNI-DNI 13 Nodes DNI-DNI
— Exact — Exact
0 1 ' 2 3 (] 1 2 3
Fig. 14. Solution to heat equation with consistent capacity matrix.
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