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Abstract

A formulation is proposed for homogenization of magnetostrictive particle-filled elastomers (MPFE) based
on an interface-enriched reproducing kernel particle method. A variational equation for obtaining the local
fluctuating deformation of MPFE is introduced. The magnetostrictive effect in the metal inclusion is modeled
as an eigen-deformation. An interface-enriched reproducing kernel approximation with embedded derivative
discontinuities on the material interface is presented. This approach does not require additional degrees of
freedom in the approximation of displacement field for the interface conditions compared to the conventional
reproducing kernel approximation. Microscopic solution and homogenized constitutive behavior of uniaxial
tension and simple shear deformation of MPFE are presented.
© 2003 Elsevier Science B.V. All rights reserved.
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1. Introduction

The magnetostrictive particle-filled elastomer (MPFE) is a new class of smart material that exhibits
sound mechanical properties under the magnetic field and thus allows an active control of spring rate
for vibration isolation applications [1,2]. Micromechanics-based approaches [3] have been employed
to estimate the overall properties of magnetostrictive particle-reinforced composites [4,5] undergo-
ing small deformation. Studies also have been undertaken for the particle-filled elastomers without
magnetostrictive effect [6,7].
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In composite materials, the effective properties may be obtained by finite element based strain- and
stress-control homogenization methods for linear [8—10] and nonlinear [11-18] problems. Generally,
the finite element discretization of heterogeneous material unit cell requires matching elements along
the material interface. In the case of MPFE, due to the large difference in the constituent moduli, the
much softer rubber component undergoes relatively large and complex deformation compared to the
metal particles. This increases the complexity in constructing the matched mesh along the material
interfaces that meets the resolution requirement of the two constituents. Localized large deformation
in the rubber component is an additional challenge to the finite element based analysis.

In this paper a Galerkin meshfree method is proposed for effective large deformation analysis of
MPFE microstructure. Meshfree methods such as element free Galerkin (EFG) [20,21], reproducing
kernel particle method (RKPM) [22-25], partition of unity method (PUM) [26,27], and HP clouds
[28,29] employ smooth meshfree shape functions with overlapping supports that cannot properly
represent jump conditions across the material interface. Methods have been proposed to model the
material interfaces under the meshfree framework by introducing interface jump conditions in the
weak form of meshfree discretization via a Lagrange multiplier method [30] or by enriching special
jump functions in the meshfree shape functions [31]. In both approaches, additional degrees of
freedom are introduced in the approximation of displacements, which result in a larger discrete
system.

In this study, we first present a variational formulation for homogenization of MPFE under large
deformation. Since the ferromagnetic Fe particle inclusion under magnetic field leads to a dimension
change, an eigen-deformation in the unit microstructure is introduced to account for this effect. The
microscopic deformation of MPFE is composed of external macroscopic deformation, locally periodic
fluctuating deformation, and the deformation associated with internal eigen-deformation.

The discretization of MPFE variational homogenization equation is performed using an interface-
enriched reproducing kernel particle method (I-RKPM). We formulated I-RKPM by coupling the re-
producing kernel shape function and an interface enrichment function via the reproducing conditions.
Compared to earlier work [30,31], this approach does not introduce additional degrees of freedom
in the approximation of displacements. Using the proposed method, we analyzed the effective non-
linear stress—strain relations of MPFE in tension and simple shear, and also studied the effect of
magnetostrictive eigen-deformation on the overall stress—strain behavior of MPFE.

This paper is organized as follows. The kinematics of MPFE unit microstructure and MPFE ho-
mogenization equation are presented in Section 2. Section 3 introduces an I-RKPM with embedded
interface conditions for the discretization of MPFE microstructure. In Section 4, meshfree discretiza-
tion of MPFE homogenization equation is presented. Finally, we conduct microscopic analyses and
homogenization of MPFE in Section 5, followed by concluding remarks in Section 6.

2. Variational homogenization equation of MPFE microstructure
2.1. MPFE microstructure kinematics in 2-dimension
Homogenization is the process of taking a heterogeneous microscale field and finding its effective

properties at a macroscale. If the variation of a field function f (such as strain, stress) in the
macrostructure is much larger than the wavelengths A; of the microstructure, the field f in the
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Fig. 1. Microstructure of MPFE.

2-dimensional microstructure is assumed A;-periodic, such that
S(X1,X) = f(Xi +nid, Xo +mady), (2.1)

where ny,n, are small arbitrary integers, A, 4, are the microstructure wavelengths in two directions,
and X;,X, are the material coordinates defined in the microstructure.

With the consideration of A;-periodicity in Eq. (2.1), a MPFE unit microstructure as shown in
Fig. 1 is defined in the undeformed configuration as

2

Q¢ =[] 10,4, (2.2)

i=1

where Qy=0Q} UQY is the material domain of MPFE, while €} and QF denote the material domains
of rubber and magnetostrictive particle, respectively. The boundary of the MPFE unit microstructure,
Iy="TYU"TYU'Ir},uU~T%, is the union of surface pairs {*I'};, "I\, }2 | in each i-direction. The
interface of rubber and the magnetostrictive particle is denoted as I} in the material domain. In the
microstructure, the deformation gradient is defined by

0x ou

14+ 2.
x~_ T 23)
where x is the microscale spatial coordinate, 1 is the 2nd rank identity tensor, # is the microscale
displacement field, and the microscale deformation gradient is A;-periodic:

F —

F(X1,X) = F(Xi + ni41,X + nady). (2.4)

The periodicity of the deformation field in the microscale suggests that it admits additive decom-
positions into (1) macroscale contributions which are constant on the microscale, and (2) purely
oscillatory contributions which can vary quite significantly on the microscale. Further considering
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the magnetostrictive eigen-deformation, F(X) in the MPFE microstructure can be expressed as
F(X)=F — F’ + F*(X), (2.5)

where F is the macroscale deformation, F* is the locally periodic fluctuating deformation which can
vary quite significantly on the microscale, and F° represents the magnetostrictive eigen-deformation
of ferromagnetic particle inclusion which is assumed to be constant in the inclusion. The local
deformation F* results from the local heterogeneity of microstructure, and it can be shown that

(F(X))g, =F — F". (2.6)

With a strain-controlled homogenization, the macroscopic deformation F and magnetostrictive eigen-
deformation F° (deformation gradient associated with eigen-strain) are specified, and the microscale
displacement field is

uX)=(F-F’—1)- X +u*(X), (2.7)

where u(X) is the total microscale displacement and #*(X') denotes the locally periodic fluctuating
displacement to be solved.

The constitutive relationship for a hyperelastic material can be defined by a strain energy density
function . On the microscale, the work conjugate stress to the deformation gradient is the first
Piola—Kirchhoff stress, denoted by P and given by

ow
P'(X)=— 2.
(X) =5 (2.8)
- - k
Al =3)+ Aoy =3) + () — 17 if X €,
W= . (2.9)
EE:C:E if X € Qy,

where 1, 211[3_2/3, I, 212]3_2/3, J:I;/z, 11, I, and I are the first, second and third invariants of the
right Cauchy—Green deformation tensor G = FT - F, E = (G — 1)/2 is the Green—Lagrangian strain,
C is the elasticity tensor of magnetostrictive particle, and A;, A, and k are material constants of
rubber.

For the stress field, the periodicity condition (2.1) also implies

P(X1,X3) = P(Xi + ni41, X2 + mada) (2.10)
and the macroscale first Piola—Kirchhoff stress is obtained by
P = (P(X))q,- (2.11)

2.2. Variational equation

With the absence of body force, the equilibrium equation expressed by the first Piola—Kirchhoff
stress P is

Vo P =0, (2.12)

Vo= =5 (2.13)
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The corresponding variational equation of Eq. (2.12) is
ou-(Vy-P)dQ=0, (2.14)
Qx

where Qy is the undeformed configuration (material domain) of the unit microstructure. Integration
by parts of (2.14) yields

OF : PTdQ = du-P"-NdI, (2.15)
.Q)( I X
where NV is the surface normal on the material boundary I'y of unit microstructure in the undeformed

configuration. From Egs. (2.5) and (2.7), it can be shown that
oF = 6F~, (2.16)

ou = ou*. (2.17)
Substituting Eqs. (2.16) and (2.17) into (2.15) yields
OF* : P'dQ= [ ou*-P'-NdI. (2.18)
QX FX

Further considering the periodicity of the stress P and displacement Ju*, it can be concluded that
the right-hand side of (2.18) vanishes for the unit microstructure and this yields

OF* : PTdQ =0, (2.19)
Qx

subjected to the periodic boundary conditions
@)y = (u— )| . (2.20)

In Eq. (2.20), TI"% and ~I% denote a surface pair which have the same configuration before and
after deformation (Fig. 1), and # is the displacement of a specific reference material point on *I'
and ~T'%. Usually the surface centroid is chosen as the reference point. Introducing Eq. (2.7) into
Eq. (2.20) yields the periodic condition on the fluctuating displacement #*(X) as

u'lop o =u'|p (2.21)

3. Meshfree discretization
3.1. Interface-enriched reproducing kernel particle method

The reproducing kernel approximation is the foundation of the RKPM [22,23]. The accuracy and
rate of convergence of RKPM is determined by the order of reproducing conditions introduced in
the reproducing kernel approximation. The reproducing conditions have been employed for coupling
of finite element and meshfree methods [32] and for development of a reproducing kernel interpo-
lation function [33]. To deal with problems with material interface in this study, we first consider
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Fig. 2. Discretization of material interface.

the following reproducing kernel approximation of displacement u, denoted by #", at the material
coordinate:

W(X)= > U(X)dy+ > Pi(X)Bu. (3.1)

lZX]QFj( ]IX]EFE(

where ' is the material interface in the undeformed configuration, ‘IA’[(X (r,8)) = @(r)p;(s) is the
interface enrichment function [31] defined at the discrete points along Iy, and » and s are the
coordinates normal to and along I, respectively, as shown in Fig. 2. The function ¢'(r)€ C™!
possesses derivative discontinuities on Iy, and ¢;(s) is a smooth kernel function along I} as

demonstrated in Fig. 3. The resulting interface enrichment function ‘fff and 6‘?’1/& also are plotted
in Fig. 3.
The reproducing kernel shape function defined at points X; ¢ I'} is expressed as

Pi(X)=H"(X — X)b(X)P,(X — X)), (3.2)
where @, is the kernel function and H is the monomial basis vector defined as
H' (X — X)) =[1,Xi — Xi1,X2 — Xor, .., (Xo — Xo1)"]- (3.3)

The coeflicient vector b(X) in Eq. (3.2) is obtained by imposing the nth order reproducing conditions
as follows:

Y mXOXX+ Y POXX = XX, 0<i+j<n (3.4)
IX; €Iy X ery

By substituting Eq. (3.2) into (3.4), one obtains
b(X)=M"'(X)[H(0) - F(X)], (3.5)
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Fig. 3. Interface enrichment function and its derivative.

where
FX)= 3 P(XOHX - X)), (3.6)
X €Ty
M(X)= Z H(X — X)H"(X — X))D,(X — X)). (3.7)
L X €1

Finally the reproducing kernel shape function is
P,(X) = H'(X — X)M ' (X)[H(0) — F(X)]®,(X — X)). (3.8)

Since ¥;(X) is introduced locally on the material interface, for a point of evaluation X that
is not covered by the influence zone of the interface enrichment functions, 'f’I(X ) vanishes, and
Eq. (3.8) reduces to the standard reproducing kernel shape function.

In summary, the interface-enriched reproducing kernel approximation of Eq. (3.1) can be written
in the following form:

wl(X) =Y Wi(X)dy (3.9)
1



772 D. Wang et al. | Finite Elements in Analysis and Design 39 (2003) 765-782

0.8

07

0.6

0.5

0.4

0.3

02

0.1}

0

0.1 I L I I L I I
2 3 4 5 6 7 8 9 10

Fig. 4. Coupling between the interface enrichment function and the reproducing kernel function.
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Fig. 5. One-dimensional bi-material rod.

(X) for I: X, eTI%,
Yi(X) = . (3.10)
H'(X — X))M ' (X)[H(0) — F(X)]®,(X — X;) otherwise.
The coupling between the reproducing kernel shape function and interface enrichment shape func-
tion according to Eq. (3.8) is shown in Fig. 4. In this paper, the meshfree method formulated using
the above reproducing kernel estimation with interface enrichment is called the [-RKPM.

3.2. Numerical test

3.2.1. One-dimensional bi-material elastic bar
Following [31], the one-dimensional bi-material bar as shown in Fig. 5 is subjected to a body
force b(x)=ag+ a1x + ax* +a3x>. In this study two cases are considered: (1) ap=a; =a, =a3 =0;
(2) ap=0, a; =25, ap = —17.5, a3 = 0.5. The elastic moduli of the two materials are £, = 10000
and E, = 1000. The governing equation of this problem is
d

du
i <E(x) dx) +b(x)=0, x€]0,10][,

u(0)=0, u(10)=1. (3.11)

The elastic constants are

E( ) El: XG[O,S], (3 12)
X)= .
E,, xe€]5,10].
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The exact solution of this problem is

1
E—[Esz + C(x)], x €[0,5],

ux)=4 ! COx) — C(10) (3.13)
L4 B —10) 4+ SO =CUO 15 10,

E,
E\E; — C(xp)(Ey — Ey) — C(10)E,

B= , 3.14

Eb[(Ex — Ev)xp + 10E] G.14)
x? x3 x* x°
C(x):—<a02+a16+a212+a320>, (3.15)

where x; is the separation point of materials 1 and 2, in this example x, = 5.

We analyze this problem using the conventional RKPM and the proposed I-RKPM, both consume
the same degrees of freedom in the discretization. Due to the use of smooth kernel, the strain solution
obtained by RKPM is highly oscillatory as shown in Fig. 6 for case (1). This deficiency can be
corrected with the I-RKPM without additional degrees of freedom in the approximation. Similar
behavior is observed in the case of higher order solution as shown in Fig. 7.

3.2.2. Inclusion with eigen-strain in an infinite plate
A circular inclusion with a constant equal-biaxial eigen-strain ¢° is embedded in an infinite matrix
as shown in Fig. 8. The exact solution of displacement for this problem is

Clra l"gR,

u, = RZ
C] -, r 2 R.
r

(3.16)
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The corresponding radial strain filed of this problem is

Cla }"<R,
Epp = R2
_Cl o r ZRa
r
C — (21 + 1)e°
1 — 5 >
it e

(3.17)

(3.18)

where R is the radius of inclusion, 4; and y; are Lame constants of material phase: i=1 for inclusion
and i=2 for matrix, and ¢° denotes the prescribed constant equal-biaxial eigen-strain in the inclusion.

The material constants used for this example are A, = 497.16, u; = 390.63, A, = 656.79, and
1> =338.35. The equal-biaxial eigen-strain ¢° of the inclusion is given as 0.01. Due to the symmetry,
only one-quarter of the domain is analyzed as shown in Fig. 8, where each side of the quarter domain
is of length 5, and the radius of the inclusion is R = 1. Exact displacement boundary conditions
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Fig. 9. Comparison of radial strain: (a) RKPM and (b) I-RKPM.

are imposed on the top and right surfaces, and symmetric boundary conditions are imposed on the
bottom and left surfaces. The solutions of radial strain using RKPM and I-RKPM are compared in
Fig. 9, and improved accuracy is obtained using the proposed [-RKPM.

4. Discretization of homogenization variational equation

For a given value of macroscale deformation F and an eigen-deformation F°, the microscale
displacement filed is approximated by
NP
(X)) = (Fiy = Fjy = )X, + Y Vi(X)d}, (4.1)
I=1
where YV, are the interface-enriched reproducing kernel shape functions of Eq. (3.10), NP is the total
number of discrete particles, and d}; are coefficients of the local fluctuating periodic displacements
to be solved. Introducing Eq. (4.1) into the linearization form of Eq. (2.19), the incremental discrete
equation is obtained as

(KM + K9 Ad* = —f™, (4.2)

K = / B DBY 40, (4.3)
Qo

KS— [ B 18540 (4.4)
Qo

fint = /Q B3 dQ, (4.5)
0
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where
Y. 0
0 Yo oY
BY = . Y=L (4.6)
¥, 0 0X;
0 WI,I
lIj]’l 0
BY=| 0 ¥.,]|, (4.7)
1 s
T[,z Y1

Dy Dz Dun
D= | Dy Dup»n Dyppl, (4.8)
| Dizit Dz Diziz

Sy 0O Sy, O
0 S 0 Sy

T-— , (4.9)
S 0 S» 0
L0 Sz 0 Sy
=[Py Pn Py P, (4.10)

where Dy =F;,F chfnjqz, C*=0’W/OEJE is the material response tensor, E is the Green—Lagrangian
strain, and S is the second Piola—Kirchhoff stress S =P - F~T.

In the solution of the incremental equation (4.2), the periodic boundary conditions (Eq. (2.21))
are imposed on Ad*. These periodic conditions of the fluctuating displacement field Ad* can be
imposed by enforcing the particle pair on the opposite boundaries of the unit cell to share the same
degrees of freedom.

At the end of nonlinear calculation, the volume average of the first Piola—Kirchhoff stress is

obtained by
PE<P>E/ P(X)dQ. (4.11)
V- Jao,
The corresponding homogenized Cauchy stress G can be obtained from P by transformation:

o=

F-P, J=det[F]. (4.12)

<l -
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5. Numerical examples

In this study we consider a unit microstructurel with a 21% volume fraction. The rubber material
is modeled by a Moony—Rivlin strain energy density function (Eq. (2.9)) with 4; = 1.69 kg/cm?,
A>=0.7 kg/cm?, and bulk modulus k=10* kg/cm?. A relatively large elastic constant £=500 kg/cm?
is used for the inclusion. In this example, the dimension of unit cell is 4 cm x 4 cm, the radius of
the inclusion is 1.0342 cm such that the volume fraction is 21%.

As shown in Fig. 10, the unit microstructure is discretized by a set of uniformly distributed points,
and the interface solution is enhanced by interface enrichment functions following Egs. (3.9) and
(3.10). It can be seen that with the proposed approach the discretization of bi-material microstructure
is quite straightforward.

5.1. Uniaxial tension test

We first analyze the tension response of MPFE. To evaluate the effect of magnetostrictive eigen-
strain (magnetostriction) to the behavior of MPFE, various degrees of magnetostriction, ranging from
1 to 10%, are considered. In the uniaxial tension test the macroscopic deformation is given as

; 14 00 5
SN 0.0 0714 | :

Note that MPFE is assumed nearly incompressible, and the prescribed macroscopic deformation
(5.1) is volume preserving. The magnetostriction of the inclusion is purely dilatational with volume
preserving. As an example, the deformation gradient corresponding to a 3% magnetostriction is given
by

FO

(5.2)

1.03 0.0
00 097"

Fig. 11 shows the local fluctuating deformation and overall combined deformation fields for the
case without magnetostriction. The local fluctuating deformation and overall combined deformation
fields for the case with a 3% magnetostriction are plotted in Fig. 12. The responses of homogenized
axial Cauchy stress versus axial stretch are compared to experimental data [19]

o000 o000
LR X N J L X
L N ) LN
oo 00 LN
LR X N J L X J
L N J LN
LR N J L X J
o0 0 o000
oe o0 L N
LA N LN
LR N LN
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L N 00
LR N J LN
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Fig. 10. Meshfree discretization of unit microstructure.
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Fig. 12. Deformation of uniaxial tension with 3% magnetostriction: (a) local fluctuating deformation, and (b) micro-
scopic total deformation.

in Fig. 13, which shows that the existence of magnetostriction has noticeable influence on the overall
tension behavior of MPFE.

5.2. Simple shear test

For the simple shear test the macroscopic deformation is given by

_ 1.0 1.0
Fshear = . (53)
0.0 1.0

Similar to the tension test, we also consider the magnetostriction ranging from 1 to 10%. Figs. 14
and 15 show the local fluctuating deformation and overall combined deformation fields for the cases
without and with a 3% magnetostriction, respectively. Fig. 16 shows the homogenized stress—strain
curves for the simple shear case. Since the magnetostriction is dilatational, it has little effect on the
overall behavior of MPFE in the simple shear deformation.
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6. Conclusion

In this paper we present the computational formulation for analyzing the microscopic and macro-
scopic behavior of magnetostrictive particle-filled elastomer (MPFE). For effective modeling of MPFE
unit microstructure, we employed a Galerkin meshfree method based on a reproducing kernel ap-
proximation. The interface conditions between rubber and magnetostrictive particle components are
embedded in an interface-enriched reproducing kernel approximation for the displacement field. The
proposed interface-enriched reproducing kernel approximation is constructed by coupling the
reproducing kernel shape function and the interface enrichment shape function via the reproducing
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Fig. 15. Displacement fields with 3% magnetostriction for simple shear test: (a) local fluctuating deformation, and
(b) microscopic total deformation.
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Fig. 16. Cauchy shear stress versus shear strain.

conditions. This approach significantly improves the near-interface solution of the reproducing kernel
approximation without using additional degrees of freedom in the approximation of displacements.
We also presented a homogenization variational equation for obtaining microscale deformation
of MPFE for general large deformation conditions. The microscale deformation is composed of the
macroscale deformation, the local fluctuating deformation, and the magnetostrictive eigen-deformation.
The local displacement is approximated using the proposed interface-enriched reproducing kernel
approximation and thus the meshing complexity of MPFE microstructure is simplified. Using the
proposed method, the effective nonlinear stress—strain relations of MPFE uniaxial tension and simple
shear deformation have been obtained. The effects of the magnetostriction on the overall MPFE
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behavior have also been analyzed. The results show that the magnetostrictive properties in the par-
ticle inclusions have stronger influence on the MPFE behavior under dilatational deformation.
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