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Abstract Two major dif®culties are encountered in the
meshfree solution of incompressible boundary value
problems. The ®rst is due to the employment of higher-
order quadrature rules that leads to an over-constrained
discrete system in incompressible problems. The second is
associated with the treatment of essential boundary con-
ditions and contact conditions owing to the loss of Kro-
necker delta properties in the meshfree shape functions.
This paper discusses some recent enhancements in
meshfree methods for incompressible boundary value
problems, carries out numerical convergence analysis, and
compares accuracy and ef®ciency improvement of these
methods. Presented methods are a pressure projection
method to remedy the over-constrained discrete system,
and a mixed transformation method and a boundary sin-
gular kernel method for imposition of essential boundary
conditions and contact constraints. Several linear and
nonlinear problems were analyzed to demonstrate the ef-
fectiveness of the new approaches.

1
Introduction
The fully integrated displacement based lower-order ®nite
elements are suffered by volumetric locking, which usually
accompanies pressure oscillation, in incompressible
problems. Methods that have been proposed under the
®nite element framework include, but are not limited to
the mixed formulation (Herrmann 1965; Scharnhorst and
Pian 1978; Belytschko and Bacharch 1986; Sussman and
Bathe 1987; Liu et al. 1988; Atluri and Reissner 1989;
Chang et al. 1991; Chen et al. 1996 a,b), the selective re-
duced integration method (Malkus and Hughes 1978), the
hourglass control method on under-integrated elements
(Flanagan and Belytschko 1981; Belytschko et al. 1984), the
B-bar typed formulation (Hughes 1980; Simo et al. 1985;
Liu et al. 1985), and pressure projection method (Chen
et al. 1996a).

Recent advances in the development of meshfree
methods provide attractive features in dealing with frac-
ture (Belytschko et al. 1994, 1996a, b), multiple-scale (Liu
et al. 1995, 1996a, b; Li et al. 1998), large deformation

hyperelasticity, plasticity, and contact problems (Chen
et al. 1996b, 1997b, 1998), and the methods also provide
high rate of convergence (Li et al. 1999; Atluri and Zhu
1998a, b) and are effective in implementing adaptivity
procedures (Duarte and Oden 1995, 1996; Liszka et al.
1996; Melenk and Babuska 1996). It has been reported in
Belytschko et al. (1994) and Chen et al. (1997b) that the
meshfree methods formulated by the moving least-squares
and reproducing kernel approximations are free of locking
in incompressible problems; provided that a suf®ciently
large support size in the meshfree shape functions is em-
ployed in the formulation. This property makes some
meshfree methods better choices than the conventional
®nite element methods for incompressible problems.
However, the use of large support size in the meshfree
shape functions signi®cantly increases computational
complexity in meshfree computation. Further, pressure
oscillation cannot be removed with this approach (Chen
et al. 1999a). A pressure projection method originally de-
veloped under the ®nite element framework (Chen et al.
1996a) was extended to a meshfree formulation (Chen
et al. 1999a) to resolve locking and pressure oscillation
dif®culties in linear and nonlinear incompressible prob-
lems. In this approach, the pressure is projected onto a
lower-order space locally at each integration zone to cor-
rect the over-constrained situation in the meshfree dis-
cretization of incompressible problems due to the use of
higher-order quadrature rules. The employment of a full
integration in the projection equation leads to an identical
weak formulation to a perturbed Lagrangian mixed for-
mulation (Sussman and Bathe 1987), and the use of a re-
duced integration in the pressure projection equation
results in a form of selective reduced integration. This
approach permits the use of a small support size in the
meshfree shape functions for substantial ef®ciency im-
provement, and the method also resolves locking and
pressure oscillation in incompressible problems.

Another cause of high CPU in the meshfree computa-
tion is due to the complexity involved in the treatment of
boundary conditions. In general, the meshfree shape
functions are not interpolation functions, and the discrete
unknown variables are not expressed in nodal values. The
Lagrange multiplier method is the most commonly used
approach (Belytschko et al. 1994) to impose essential
boundary conditions. With this approach, more unknown
variables need to be solved, and the Babuska-Brezzi sta-
bility condition (Babuska 1973; Brezzi 1974) should be
considered in the selection of shape functions for Lagrange
multipliers. On the other hand, the transformation method
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(Chen et al. 1996b, 1997b) provides a straightforward
treatment for boundary conditions. The method is usually
used in conjunction with the Lagrangian shape functions
so that the transformation matrix and its inversion need to
be computed only at the pre-processing stage in nonlinear
computation. The ef®ciency of this method was later im-
proved by introducing a mixed coordinate so that only the
boundary nodes are expressed in nodal coordinates, and
the size of the corresponding transformation matrix is
proportional to the essential boundary degrees of freedom
(Chen and Wang 1999b). Coupling with ®nite elements has
also been introduced so that the essential boundary con-
ditions can be imposed with the standard ®nite element
procedures (Krongauz and Belytschko 1996). Another
approach is to conduct D'Alembert's principle (Gunther
and Liu 1998) with a Gram-Schmidt orthogonalization on
boundary constraints and on the Jacobian of a coordinate
transformation matrix for a reduced unconstrained matrix
equation. A penalty method has also been used to yield a
straightforward imposition of essential boundary condi-
tions (Zhu and Atluri 1998). Introduction of singularity
in the kernel functions leads to an interpolation function
in MLS approximation (Lancaster and Salkauska 1981),
and this property has been applied to the Element Free
Galerkin (EFG) method (Kaljevic and Saigal 1997).
However, some undesired convergence properties have
been observed in this approach. A modi®cation of this
approach is to introduce singularity only to the essential
boundary nodes to improve the accuracy while still
maintaining the simplicity of the method (Chen and Wang
1999b).

The purpose of this paper is to discuss a few im-
proved meshfree approaches for incompressible prob-
lems, and to perform a numerical convergence study of
the pressure projection method and the boundary sin-
gular kernel method for incompressible ®nite elasticity
applications. Section 2 reviews the reproducing kernel
approximation that forms the basis of meshfree formu-
lation. Section 3 discusses the fundamental dif®culties in
the meshfree formulation for nearly incompressible ®-
nite elasticity and introduces a pressure projection
method for this class of problems. In Sect. 4, several
boundary condition treatments for meshfree discretiza-
tion are presented. The methods to impose contact
constraints in contact problems are discussed in Sect. 5.
Section 6 provides numerical analysis on the conver-
gence properties of the pressure projection method and
compares the accuracy and convergence of transforma-
tion and boundary singular kernel methods. Conclusions
are given in Sect. 7.

2
Reproducing kernel approximation

2.1
Continuous reproducing kernel approximation
The reproducing kernel approximation (Liu et al. 1995) of
a function u�x� in a domain Xx is expressed by:

uR�x� �
Z

Xx

u�s��U�n�a �x; xÿ s�ds �2:1�

where uR�x� is the reproduced function of u�x�, and
�U
�n�
a �x; xÿ s� is a reproducing kernel of degree n

with compact support measured by a dilation parameter a.
To qualify as a reproducing kernel of degree n, the fol-
lowing reproducing kernel conditions need to be satis®ed:Z

Xx

si
1s

j
2sk

3
�U�n�a �x; xÿ s�ds � xi

1x
j
2xk

3

for 0 � �i� j� k� � n �2:2�
or equivalently,Z

Xx

�x1 ÿ s1�i�x2 ÿ s2�j�x3 ÿ s3�k �U
�n�
a �x; xÿ s�ds

� di0dj0dk0 for 0 � �i� j� k� � n �2:3�
A form of reproducing kernel proposed by Liu et al.
(1995) is:

�U
�n�
a �x; xÿ s� � C�n��x; xÿ s�Ua�xÿ s� �2:4�

and C�n��x; xÿ s� is a correction function to impose
reproducing conditions:

C�n��x; xÿ s� �
Xn

i�j�k�0

�x1 ÿ s1�i�x2 ÿ s2�j�x3 ÿ s3�kbijk�x�

� b�n�
T�x�H�n��xÿ s� �2:5�

In Eq. (2.5), H�n��xÿ s� is a vector of n-th order monomial
basis functions

H�n�
T�xÿ s� � �1; �x1 ÿ s1�; �x2 ÿ s2�; �x3 ÿ s3�;

�x1 ÿ s1�2; . . . ; �x3 ÿ s3�n� �2:6�
and b�n��x� is the coef®cient vector to be obtained from the
reproducing conditions

b�n�
T�x� � �b000�x�; b100�x�; b010�x�; b001�x�;

b200�x�; . . . ; b00n�x�� �2:7�
Note that in Eq.(2.7) the coef®cients are allowed to be
functions of x. Equation (2.3) can be rewritten asZ

Xx

H�n��xÿ s��U�n�a �x; xÿ s�ds � H�n��0� �2:8�

Substituting Eqs. (2.4) and (2.5) into Eq. (2.8), b�n��x� can
be obtained by

b�n��x� � M�n�
ÿ1�x�H�n��0� �2:9�

where

M�n��x� �
Z

Xx

H�n��xÿ s�H�n�T�xÿ s�Ua�xÿ s�ds

�2:10�
Finally the continuous form of reproducing kernel
approximation is obtained by

uR�x� � H�n�
T�0�M�n�ÿ1�x�

�
Z

Xx

H�n��xÿ s�u�s�U�n�a �x; xÿ s�ds �2:11�
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2.2
Reproducing kernel shape functions
To derive the reproducing kernel shape functions for
solving PDE's using the Galerkin method, the discrete
reproducing kernel approximation is considered. Suppose
the domain Xx is discretized by a set of nodes
fx1; x2; . . . ; xNPg, where xI is the position vector of node I,
and NP is the total number of nodes. The discrete coun-
terpart of the continuous reproducing kernel approxima-
tion (Eq. (2.1)) is

uh�x� �
XNP

I�1

�U
�n�
a �x; xÿ xI�dI �

XNP

I�1

WI�x�dI �2:12�

where WI�x� � �U�n�a �x; xÿ xI� is the reproducing kernel
shape function, and �U

�n�
a �x; xÿ xI� is expressed by

�U
�n�
a �x; xÿ xI� � C�n��x; xÿ xI�Ua�xÿ xI� �2:13�

C�n��x; xÿ xI� � b�n�
T�x�H�n��xÿ xI� �2:14�

H�n�
T�xÿ xI� � �1; �x1 ÿ x1I�; �x2 ÿ x2I�; �x3 ÿ x3I�;

�x1 ÿ x1I�2; . . . ; �x3 ÿ x3I�n� �2:15�
For �U�n�a �x; xÿ xI� to qualify as a reproducing kernel of
degree n, the following discrete reproducing conditions
need to be satis®ed:XNP

I�1

xi
1Ix

j
2Ix

k
3I

�U
�n�
a �x; xÿ xI� � xi

1x
j
2xk

3

for 0 � �i� j� k� � n �2:16�
Equation (2.16) can be recast asXNP

I�1

�x1 ÿ x1I�i�x2 ÿ x2I�j�x3 ÿ x3I�k �U
�n�
a �x; xÿ xI�

� di0dj0dk0 for 0 � �i� j� k� � n �2:17�
orXNP

I�1

H�n��xÿ xI��U�n�a �x; xÿ xI� � H�n��0� �2:18�

Substituting Eqs. (2.13) and (2.14) into (2.18), the co-
ef®cient vector b�n��x� can be obtained from the same
equation in Eq. (2.9), only replacing M�n��x� by

M�n��x� �
XNP

I�1

H�n��xÿ xI�H�n�
T�xÿ xI�Ua�xÿ xI�

�2:19�
Combining Eqs. (2.12)±(2.14), and (2.19), ®nally the
reproducing kernel shape function WI�x� is obtained by

WI�x� � �U
�n�
a �x; xÿ xI�

� H�n�
T�0�M�n�ÿ1�x�H�n��xÿ xI�Ua�xÿ xI�

�2:20�

3
Incompressible finite elasticity

3.1
Basic equations and fundamental difficulties
Consider an elastic solid initially occupies a domain XX

with a bounded surface CX . Under the action of external
forces, the elastic body deforms into a con®guration with
domain Xx and boundary Cx. The deformation of the solid
is described by u. A point X 2 XX in the initial con®gu-
ration becomes a point with coordinate x � u�X� 2 Xx

after the deformation, and detru�X� > 0 for X 2 XX . Note
that the displacement is u�X� � u�X� ÿ X. A general form
of an elasticity boundary value problem is

inffP�u� : u � g on Cg
Xg �3:1�

with

P�u� �
Z

XX

W�ru�X��dXÿWext �3:2�

Here, Cg
X � CX is the essential boundary; the constraint

u � g on Cg
X says that the deformation on Cg

X is a priori
speci®ed; W�ru� is the stored strain energy density
function; and Wext is the external work done by the ex-
ternal forces. When the material is isotropic, the stored
strain energy density function can be written in the form

W�ru�X�� � W�I1; I2; I3� �3:3�
where I1; I2; I3 are the three principal invariants of the
Green deformation tensor C � ruTru, i.e.,

I1 � tr C; I2 � tr�adj C�; I3 � det C �3:4�
The notation adj C denotes the transpose of the matrix of
cofactors of C. When C is invertible, adj C � �det C�ÿ1CÿT.
For nearly incompressible materials, it is more convenient
to use reduced invariants

�I1 � I1I
ÿ1=3
3 and �I2 � I2I

ÿ2=3
3 �3:5�

A deviatoric-volumetric decoupled strain energy density
function is expressed by

W�ru� � �W��I1; �I2� � k ~w�J� �3:6�
where J � detru � I

1=2
3 , and k is a penalty number to

impose incompressibility. The reduced invariants �I1 and �I2

are measures of pure distortional (isochoric) deformation,
J is related to volume change, and �W and k ~w are referred
to as the distortional and dilatational strain energy density
functions, respectively. It has been shown (Chang et al.
1991) that the pressure is solely related to the dilatational
strain energy density by

P � k ~w0�J� �3:7�
One example of ~w is given by

~w�J� � 1
2�J ÿ 1�2 �3:8�

and the corresponding pressure quantity is

P � k�J ÿ 1� �3:9�
To study the performance of meshfree method based on
reproducing kernel approximation in nearly incompress-
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ible media, we introduce the method of constraint count
(Hughes 1987). Let us introduce a rectangular domain
partitioned into n integration zones per side, and each
integration zone contains m nodes as shown in Fig. 1. A
discrete constraint ratio rc is de®ned by

rc � lim
n!1

Neq

Nc
�3:10�

where Neq is the number of discrete equilibrium equations,
and Nc is the number of independent constraint equations.
We want the discrete constraint ratio rc to go toward the
number of equilibrium equations divided by the number
of incompressibility constraints in the continuum system
when the number of discrete nodes approach in®nity.
Using an integration order of � ����m

p � 2� � � ����m
p � 2�

(Belytschko et al. 1994), the pressure equation obtained
from Eq. (3.9) is computed at each integration point xl:

P�xl� � k�J�xl� ÿ 1� for l � 1; . . . ; � ����m
p � 2�2

�3:11�
For nearly incompressible materials, k!1, and for
pressure to be bounded at each integration point the fol-
lowing condition must hold

J�xl� ÿ 1 � 0 for l � 1; . . . ; � ����m
p � 2�2 �3:12�

Equation (3.12) is the incompressibility constraint in ®nite
elasticity. Note that in the iterative procedure of nonlinear
computation, the linearized form corresponding to
Eq. (3.12) is

J�xl�Dui;i�xl� � 0 ! Dui;i�xl� � 0

for l � 1; . . . ; � ����m
p � 2�2 �3:13�

Equation (3.13) is analogous to the divergence free con-
dition in incompressible linear elasticity. It is important to
realize that the incompressibility constraints at the inte-
gration points are not necessarily linearly independent.
The number of independent constraints of Eq. (3.13),
nK

c , of an integration zone XK is determined by
nK

c � min nK
int; n

K
ind

ÿ �
, where nK

int is the number of in-

tegration points, and nK
ind is the independency measure of

fWI;x;WI;ygI2SK where SK is a set of nodes with their cor-
responding reproducing kernel shape functions covering
XK. In the case of polynomials, the number nK

ind can be
directly computed. For example, in the case of 4-node ®-
nite element with bi-linear shape function that covers only
up to the adjacent nodes and with 2� 2 integration in each
integration zone, nK

int � 4, and nK
ind � 3, and therefore

there are only 3 independent constraints in each integra-
tion zone although 4 integration points are used. The
discrete constraint ratio of this case is rc � 2=3.

In the reproducing kernel approximation, the depen-
dency of the discrete constraint equations is also in¯u-
enced by the support size of the reproducing kernel shape
functions. Consider a set of functions f fa�xÿ xI�gN

I�1 with
support measure ``a''. An indicator of the dependency of
functions in f fa�xÿ xI�gN

I�1 is the condition number the
Gram matrix of f fa�xÿ xI�gN

I�1. Here we consider the
following functions

1: Linear function

fa�xÿ xI� � 1ÿ xÿxI

a

�� �� 0 � xÿxI

a

�� �� � 1

0 otherwise

�
�3:14�

2: Exponential function

fa�xÿ xI� � eÿ
xÿxI

aj j2ÿeÿ1

1ÿeÿ1 0 � xÿxI

a

�� �� � 1

0 otherwise

(
�3:15�

3: Rational function

fa�xÿ x1� �
2

1� xÿxI
aj j2 ÿ 1 0 � xÿxI

a

�� �� � 1

0 otherwise

(
�3:16�

To demonstrate the dependency of functions
f fa�xÿ xI�gN

I�1, a total of 11 sampling points equally spaced
in domain 0 � x � 1 is used to de®ne the center locations of
f �xÿ xI� in Eqs. (3.14)±(3.16). The effect of normalized
support size R (support a divided by the nodal distance) on
the condition number (CG) of Gram matrix G,
GIJ �

R 1
0 fa�xÿ xI�fa�xÿ xJ�dx, for three functions are

shown in Fig. 2. A larger condition number indicates a
higher degree of dependency in ffa�xÿ xI�gN

I�1. For the case
of a linear function, it is clear that if a point is covered by

Fig. 1. Standard RKPM discretization

Fig. 2. The effect of support size on the condition numbers of
a set of functions f fa�xÿ xI�gN

I�1

140



more than two linear functions, only two of which are lin-
early independent. Therefore, dependency exists when
a > Dx and dependency increases as a increases. The curves
of exponential and rational functions also show that the
increase of support size leads to the increase of dependency.

The commonly used � ����m
p � 2� � � ����m

p � 2� integration
order in the meshfree stiffness integration, with m the
number of nodes in each integration zone as shown in
Fig. 1, leads to a constraint ratio of
rc � 2� ����m

p ÿ 1�2=�� ����m
p � 2�2 ÿ nd�, where nd is the

number of dependent constraint equations that is related
to the degree of dependency in fWI;x;WI;ygI2SK . In the case
of meshfree domain partitioning using a 4-node integra-
tion zone, the constraint ratio is rc � 2=�16ÿ nd� and one
needs to signi®cantly increase the dependency of the dis-
crete constraint equations to avoid locking. This can be
achieved by increasing the support size of the reproducing
kernel shape functions to increase the dependency of
fWI;x;WI;ygI2SK as shown in Fig. 2. This approach avoids
locking as has been observed in (Chen et al. 1997b),
however it comes with a cost of an intensive computation
and ill-conditioning in the stiffness matrix. Of course
using m!1 results in an optimum constraint ratio but
the approach is not practical.

3.2
L2 pressure projection
The number of independent constraint equations in
each integration zone can be reduced by projecting
displacement calculated pressure (Eq. (3.11)) onto a
lower-order space. Concerning the most over-constrained
situation when each integration zone contains 3 or 4
nodes, only one independent constraint equation is
allowed to enhance the discrete constraint ratio to 1 and 2
for 3-node and 4-node integration zones, respectively.
Recall the potential energy in Eq. (3.2), for which the
stationary condition is

dP �
Z

XX

dFij
o �W

oFij
dX �

Z
XX

dFij�PJFÿ1
ij �dXÿ dWext � 0

�3:17�
An L2 projection of pressure k�J ÿ 1� to a constant ®eld in
each integration zone Xs

X is to minimize

H�Ps� � kk�J ÿ 1� ÿ Psk2
L2�Xs

X� �3:18�
where �k k2

L2�Xs
X� is the L2 norm in the integration zone Xs

X .
The minimization of H�Ps� leads to

Ps �
k
R

Xs
X
�J ÿ 1�dX

As
�3:19�

The pressure in Eq. (3.19) is projected onto a constant
®eld. Further taking the linearization of the variation of
potential energy leads to

DdP �
Z

XX

dFij
o2 �W

oFijoFkl
DFkl dX

�
Z

XX

dFij P
oJFÿ1

ij

oFkl

 !
DFkl dX

�
Z

XX

dFijJF
ÿ1
ij DP dXÿ DdWext �3:20�

Similarly, in each integration zone Xs
X we project the

pressure increment onto a constant ®eld by an L2 pro-
jection by minimizing

Ĥ�DPs� � kJ
oDui

oxi
ÿ DPs





 



2

L2�Xs
X�

�3:21�

By minimizing Ĥ and introducing the reproducing kernel
shape functions for displacement Du, one obtains the
projected pressure in Xs

X

DPs �
k
R
Xs

X
gB dX

As
Dd �3:22�

where g is the row vector form of JFÿ1
ij and B is the gra-

dient matrix associated with the deformation gradient
constructed using reproducing kernel shape functions.
Note that Eq. (3.22) is the linearization of Eq. (3.19). In the
incremental solution update process, the unbalanced
pressure in Eq. (3.19) is added to the right side of Eq.
(3.22) for pressure updating. The tangential stiffness ma-
trix and internal force vector are obtained by introducing
the displacement shape functions and substituting the
projected P and DP in Eqs. (3.19) and (3.22) into the
variational equation in Eq. (3.17) and its linearization in
Eq. (3.20) to result in

Ks
IJ �

Z
Xs

X

BT
I ��C� ~C1�BJ dX

� kAsÿ1

Z
Xs

X

BT
I gT dX

 ! Z
Xs

X

gBJ dX

 !
; �3:23�

f int
ÿ �s

I
�
Z

Xs
X

BT
I ��r� ~r�dX �3:24�

where the notation ���sIJ denotes the stiffness matrices as-
sociated with particle I; J integrated over the integration
zone Xs

X , �C, ~C1, �r, and ~r are associated with o2 �W=oFijoFkl

and Po�JFÿ1
ij �=oFkl, o �W=oFij, and PJFÿ1

ij , respectively, with
P updated using Eq. (3.19)-(3.20). Note that with a con-
stant pressure projection, the discrete constraint ratio is 1
for a 3-node integration zone, and is 2 for a 4-node inte-
gration zone. One way to further increase the discrete
constraint ratio for a 3-node integration zone is to increase
displacement degrees of freedom by adding points into
each triangular integration zone.

The pressure projection formulation can be degenerated
to linear elasticity by setting Fij ! dij and using the rela-
tionship of shear modulus l � 2�A10 � A01� to yield

Ks
IJ �

Z
Xs

X

BT
I
�CBJ dX� kAsÿ1

bT
I bJ �3:25�

where k � k� 2l=3, k and l are Lame constants, and

bI �
Z

Xs
X

�WI;X;WI;Y �dX �3:26�

�Cijkl � l dikdjl � dildjk ÿ 2
3dijdkl

� � �3:27�
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4
Treatments of essential boundary conditions

4.1
Full transformation method
Due to the lack of Kronecker delta properties in the re-
producing kernel shape functions in Eq. (2.20), the es-
sential boundary conditions need to be introduced with
additional effort. Using the Lagrangian reproducing kernel
shape functions (Chen et al. 1996b), the kinematic ad-
missible displacement uh

i �X� of the variational equation
requires the satisfaction of the following conditions:

uh
i �XJ� �

PNP

I�1
WI�XJ�diI � gi�XJ�

duh
i �XJ� �

PNP

I�1
WI�XJ�ddiI � 0

9>>=>>; 8 J 2 ggi
�4:1�

where ggi
denotes a set of particle numbers in which the

associated particles are located on Cgi

X . Equation (4.1)
represents two sets of constraint equations that need to be
solved simultaneously with the equilibrium equation. A
transformation between the nodal value uh

i �XJ� � d̂iJ and
the ``generalized'' displacement diJ can be established by

d̂iJ �
XNP

I�1

WI�XJ�diI �4:2�

or

d̂ � Kd �4:3�
where

d̂ �

uh
1�X1�

uh
2�X1�

uh
1�X2�

uh
2�X2�

..

.

uh
1�XNP�

uh
2�XNP�

26666666664

37777777775
; d �

d11

d21

d12

d22

..

.

d1NP

d2NP

26666666664

37777777775
�4:4�

K �

A1T

1

A2T

1

A1T

2

A2T

2

..

.

A1T

NP

A2T

NP

266666666664

377777777775
; A1

J �

W1�XJ�
0

W2�XJ�
0
..
.

WNP�XJ�
0

2666666664

3777777775
; A2

J �

0
W1�XJ�

0
W2�XJ�

..

.

0
WNP�XJ�

26666666664

37777777775
�4:5�

For an easy illustration of the concept, consider a single
boundary constraint ui�XJ� � gi�XJ�. By use of the coor-
dinate transformation on dd, the discrete equilibrium
equation becomes

dd̂TK̂Dd � dd̂TDf̂ ; k̂ � KÿTK; Df̂ � KÿT�fext ÿ f int�
�4:6�

where K, fext, and f int are the stiffness matrix, external, and
internal force vectors, respectively. Since the nodal value

of ui at XJ is given, dd̂iJ � 0, and the corresponding
2�J ÿ 1� � i th equation of Eq. (4.6) becomes redundant
and can be replaced by the constraint equationPNP

I�1 WI�XJ�Ddil � Dgi�XJ� in the following form

K̂Dd � Df̂ �4:7�
where

K̂ � Li
J�K̂� �

k̂T
1

..

.

k̂T
Mÿ1

AiT

J

k̂T
M�1

..

.

k̂T
2�NP

2666666666666664

3777777777777775
 2�J ÿ I� � i th;

k̂T
l � �K̂l1; K̂l2; . . . ; K̂l�2�NP�� �4:8�

Df̂ � `i
J�Df̂� �

Df̂1

..

.

Df̂Mÿ1

Dgi�XJ�
Df̂M�1

..

.

Df̂2�NP

2666666666664

3777777777775
 2�J ÿ I� � i th �4:9�

Here Li
J is a matrix operator that replaces the 2�J ÿ 1� � i

th row of K̂ by AiT

J , and `i
J is a vector operator that replaces

the 2�J ÿ 1� � i th component of Df̂ by Dgi�XJ�. In the case
of multiple boundary constraints, similar procedures are
repeated, and the resulting stiffness matrix and force
vector are

K̂ � LiNC
JNC
� � � Li2

J2
Li1

J1
�K̂� and Df̂ � `iNC

JNC
� � � `i2

J2
`i1

J1
�Df̂�
�4:10�

where Nc is the number of constraint equations.

4.2
Mixed transformation method
The transformation method introduced in Sect. 4.1 re-
quires the inversion of the transformation matrix. Al-
though the inversion can be done only once at the initial
stage of the incremental computation in nonlinear prob-
lems, the multiplication of matrices needs to be performed
at every iteration of each load step. In this section, we
introduce a mixed coordinate such that the coordinate
transformation is only needed for the degrees of freedom
associated with the essential and contact boundaries.

The nodes are partitioned into two groups: a boundary
group GB contains all the nodes subjected to kinematic
constraints, and an interior group GI which contains the
rest of the nodes. Node numbers are re-arranged in the
following way:
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d̂ � d̂B

d̂I

� �
� KBB KBI

KIB KII

� �
dB

dI

� �
� K̂d �4:11�

where dB and dI are the generalized displacement vectors
associated with groups GB and GI , respectively, and d̂B and
d̂I are their nodal displacement counterparts.

Here, we introduce a mixed displacement vector d� by

d� � d̂B

dI

� �
� KBB KBI

0 I

� �
dB

dI

� �
� K�d �4:12�

and K� and its inverse are:

K� � KBB KBI

0 I

" #
and

K�ÿ1 � KBBÿ1 ÿKBBÿ1

KBI

0 I

" #
�4:13�

Only the inversion of KBB is required in Eq. (4.13). The
relationship between the generalized displacement, the
nodal displacement, and the mixed displacement is

d̂ � K̂d � K̂K�ÿ1d� � K̂�d� �4:14�
where

K̂� � K̂K�ÿ1 � 0 I
KBIKBBÿ1

KII ÿ KBIKBBÿ1

KIB

� �
�4:15�

The equilibrium equation can be transformed using a
mixed coordinate for dd to yield

dd�TK�Dd � dd�TDf�; K� � K�ÿTK;

Df� � K�ÿT�fext ÿ f int� �4:16�

Since the constrained nodes belong to the boundary group
in which the nodal values are prescribed in the mixed
displacement vector, the boundary condition
ui�XJ� � gi�XJ� leads to dd�ij � 0, and the 2�J ÿ 1� � i th
equation of Eq. (4.16) again becomes redundant and can
be replaced by the constraint equationPNP

I�1 WI�XJ�DdiI � Dgi�XJ�. Following similar procedures
in Eqs. (4.7)±(4.10), the incremental equilibrium equation
is obtained by

K�Dd � Df � �4:17�
K� � LiNc

JNc
� � � Li2

J2
Li1

J1
�K�� �4:18�

df � � `iNc
JNc
� � � `i2

J2
`i1

J1
�df�� �4:19�

where Li
J and `i

J are the matrix and vector operators de®ned
in Eqs. (4.8) and (4.9), respectively, following the new node
numbering in the mixed coordinate system. According to
Eq. (4.13), the computation in Eq. (4.16) is much less in-
tensive than that in the full transformation method, espe-
cially when the number of boundary nodes is much smaller
than the number of interior nodes.

4.3
Boundary singular kernel method
The original paper of Moving Least Squares (MLS)
method by Lancaster and Salkauskas (1981) has

suggested that by introducing a singularity into the
weight function, the approximation leads to interpolat-
ion. This concept was ®rst introduced by Kaljevic and
Saigal (1997) to the element free Galerkin formulation. In
their approach, singular weight functions are employed at
all discrete nodes, and Kronecker delta properties are
recovered in the MLS shape functions. In the approach
discussed herein (Chen and Wang 1999b), the repro-
ducing kernel shape functions constructed with singu-
larities are introduced only to the essential boundary
nodes. As such, this method does not generate interpol-
ation functions at the interior nodes or at the boundary
restrained nodes, but is suf®cient to obtain nodal values
at the boundary restrained nodes for direct imposition of
boundary conditions.

The reproducing kernel shape functions fWJ�X�gNP
J�1 are

constructed by imposing the discrete reproducing con-
ditions on a set of kernel functions fUa�Xÿ XJ�gNP

J�1. A
singularity is introduced to the kernel function associated
with a designated node I located at ~XI on the essential
boundary by

~Ua�Xÿ ~XI� � Ua�Xÿ ~XI�
f �Xÿ ~XI�

�4:20�

where f �0� � 0, and the superposed ``�'' on the nodal
coordinate denoting the node with singularity imposed in
the associated kernel function. The function f is chosen to
have the form

f �Xÿ ~XI� � X ÿ ~XI

ax

� �2

� Y ÿ ~YI

ay

� �2
"

� Z ÿ ~ZI

az

� �2
#p

; p > 0 �4:21�

where 2p re¯ects the order of singularity. Following the
imposition of discrete reproducing conditions discussed in
Sect. 2, the reproducing kernel shape function associated
with this singular kernel is

~WI�X� � H�n�
T�0� ~M�n�ÿ1�X�H�n��Xÿ ~XI�~Ua�Xÿ ~XI�

�4:22�
~M�n��X�

�
XNP

J�I;J 6�I

H�n��Xÿ XJ�H�n�
T�Xÿ XJ�Ua�Xÿ XJ�

" #
�H�n��Xÿ ~XI�H�n�

T�Xÿ ~XI�Ua�Xÿ ~XI� �4:23�
This resulting singular kernel shape function ~WI�X� has
the property (Chen and Wang 1999b)

~WI�X! ~XI� � 1 �4:24�
Other non-singular kernel shape functions WJ�X�, J 6� I
have the following property:

WJ�X! ~XI� � 0 �4:25�
The singular kernel shape function and non-singular
kernel shape functions near the singular point ~XI are
plotted in Fig. 3. Note that ~WI�X! XJ� 6� 0, and therefore
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~WI�X� is not an interpolation function. Recall the repro-
ducing kernel approximation of the displacement

uh�X� �
XNP

J�I;J 6�I

WJ�X�dJ

" #
� ~WI�X�dI �4:26�

Using the properties in Eqs. (4.24) and (4.25), one can
show

uh�~XI� �
XNP

J�1;J 6�I

WJ�~XI�dJ

" #
� ~WI�~XI�dI � dI �4:27�

i.e., the coef®cient associated with the singular kernel
shape function is the nodal value of the approximated
function, even though ~WI�X� is not an interpolation
function. Note that using the concept of coordinate
transformation, one can show that the component of the
force vector associated with the singular node is not a
nodal force since Kronecker delta properties are not ex-
actly satis®ed. If singularity is introduced to all the nodes
of discretization, it is clear ~WI�X! ~XJ� � dIJ 8 I; J.

5
Contact constraints
Contact problem is formulated by variational inequality,
which is a projection of the solution onto a constraint set.
Since a variational inequality problem is equivalent to a
constrained minimization problem, a penalty method is
often used as an approximation of a contact problem
subjected to impenetration and stick constraints (Slip is
treated as non-constrained condition). Consider two
contacting bodies in 2-dimension, one designated as
master body with domain XM

x and boundary CM
x , and the

other designated as a slave body with domain XS
x and

boundary CS
x as shown in Fig. 4(a). The penalized contact

variational form is de®ned by

dP�
Z

CC
x

�bndhn � btdht�dC � 0; CC
x � CS

x \ CM
x

�5:1�
where dP is the virtual potential without the contribution
from the contact traction, CC

x is the contact surface de®ned
as the intersection of slave surface CS

x, and master surface
CM

x , and bn and bt are related to the penalty numbers:

bn � ÿxnhn;

bt �
ÿxtht if jxthtj � jlbnj (stick )

ÿlbn sgn�ht� otherwise (slip)

�
�5:2�

where l is the coef®cient of friction, hn is the normal
gap (negative for penetration), ht is the tangential
relative movement, xn and xt are the penalty numbers,
and Eq. (5.2) is the penalized version of the classical
Coulomb law.

Figure 4b is the discretization of the potential contact
surfaces with xS a designated slave node and xM1 ÿ xM2 a
master segment closest to the slave node xS. The length `,
tangential unit vector t, and the normal unit vector n of the
master segment are de®ned as

` � kxM2 ÿ xM1k; t � 1

`
�xM2 ÿ xM1�; n � e3 � t

�5:3�

Fig. 3. Reproducing kernel shape functions associated with
one singular point ~XI

Fig. 4. Multi-body contact conditions. a Continuum contact bodies; b discrete contact surfaces
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where e3 is the unit vector normal pointing outward of the
plane.

To introduce reproducing kernel approximation of
the contact variational equation, we ®rst consider a
discretization of master surface into piecewise linear
segments, and a discretization of the slave surface by a
set of slave nodes. For a piecewise linear representation
of the master segment, the location of the closest
point projection of the slave node xS onto the master
segment xM1 ÿ xM2; xC, is described by the following
forms:

xC � �1ÿ aC�xM1 � aCxM2 ; �5:4�
aC � �xS ÿ xM1� � t=`

� ��XS ÿ XM1� � �d̂S ÿ d̂M1�� � t=` �5:5�
` � k�XM2 ÿ XM1 � �d̂M2 ÿ d̂M1�k �5:6�
where a in Fig. 4b is a natural coordinate along the master
segment xM1 ÿ xM2, aC is the natural coordinate of the
closest point projection, and d̂S, d̂M1, and d̂M2 are nodal
displacement of xS, xM1, and xM2, respectively.

We also use the nodal coordinate to express normal gap
hn and tangential relative movement ht

hn � �xS ÿ xM1� � n � �XS ÿ XM1� � n� �d̂S ÿ d̂M1� � n
�5:7�

and

h � �aC ÿ a0
C�l0 ; �5:8�

where a0
C and l0 are computed according to Eqs. (5.5) and

(5.6) based on the previously converged load step.
The penalized variational equation with a collocation

discretization of the contact penalty terms is

dP�
X

S

�bndhn � btdht�S � 0 �5:9�

where S is summed over the slave nodes xS when they are
detected in contact with the master segments, and each
term of the summation contains three unknowns�
d̂S; d̂M1; d̂M2

�
expressed in the nodal coordinate. At each

slave node xS, one can show

�bndhn � btdht�S � dhd̂iTS �q̂C�S �5:10�

�D�bndhn � btdht��S � dhd̂iTS �^̂kC�SD�d̂�S �5:11�
where ���S denotes the evaluation of ��� at the slave node xS,
and hd̂iS is a composite vector

hd̂iTS � �d̂T
S ; d̂T

M1; d̂T
M2� �5:12�

and q̂C and
^̂
kC are the corresponding nodal contact force

vector and contact stiffness matrix obtained from Eqs.
(5.10) and (5.11) (Chen et al. 1998), respectively.
Using the ordering in the partitioned displacement vector
d̂T � �d̂BT

; d̂IT �, the assembly of Eqs. (5.10) and (5.11) to
the global system can be arranged asX

S

�bndhn � btdht�S � dd̂Tf̂C �5:13�
X

S

�D�bndhn � btdht��S � dd̂T ^̂KCDd̂ �5:14�

where

f̂C � A
S
�q̂C�S

0

� �
�5:15�

^̂KC � A
S
�^̂kC�S 0

0 0

" #
�5:16�

and A is the assembly operator. If essential boundary
conditions are imposed using the mixed transformation
method, the nodes on the contact surfaces are assigned as
part of the boundary group. For employment of the
boundary singular kernel method, singular kernel func-
tions are used at the potential contact nodes to construct
the reproducing kernel shape functions. By following the
derivation on the treatment of essential boundary condi-
tions discussed in Sect. 4, the ®nal incremental equation of
a contact problem is generalized in the following form:

KtanDd � Df �5:17�
where Ktan and Df are de®ned in Table1: fest, f int, and K are
associated with the discretization of external energy, in-
ternal energy, and the linearization of the potential energy,
respectively, and Li

J and `i
J are the essential boundary

condition matrix and vector operators de®ned in Eqs. (4.8)
and (4.9), respectively.

6
Numerical examples
In this section, two linear problems are ®rst analyzed to
study the convergent rates of the proposed methods, and
then followed by study of nonlinear problems. The
meshfree formulation for ®nite elasticity with pressure
projection can be degenerated to a linear formulation by
setting deformation gradient F � I, shear modulus
l � 2�A10 � A01�, and taking k as the bulk modulus shown
in Eqs. (3.25)±(3.27). The corresponding Young's modulus
and Poisson's ratio can be obtained by using the relation
k � k� 2l=3 with k and l are the Lam'e constants, see
Chen et al. (1999a) for details. The error norms used in the
numerical study are de®ned as:

Table 1. Ktan and Df for dif-
ferent boundary condition
treatments

Ktan Df

Full transformation L
iNc
JNc
� � � Li1

J1
�KÿTK� ^̂KCK� `

iNc
JNc
� � � `i1

J1
�KÿT�fext ÿ f int� ÿ f̂C�

Mixed transformation L
iNc
JNc
� � � Li1

J1
�K�ÿTK� ^̂KCK� `

iNc
JNc
� � � `i1

J1
�K�ÿT�fext ÿ f int� ÿ f̂C�

Boundary singular kernel K� ^̂KC fext ÿ f int ÿ f̂C
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Displacement error norm

�
Z

Xx

�uh ÿ uexact� � �uh ÿ uexact�dX

� �1=2

�6:1�

Energy error norm

� 1

2

Z
Xx

�eh ÿ eexact� : �rh ÿ rexact�dX

� �1=2

�6:2�

We use RKPM (reproducing kernel particle method) to
denote meshfree method with reproducing kernel
approximation.

6.1
Inflation of a incompressible plane-strain tube
This is a standard test problem designed to identify stress
oscillation and volumetric locking since the elasticity of
this problem is dominated by pressure, and the con-
straints in axial direction further intensi®es the numerical
dif®culty in incompressibility. An in®nitely long tube,
with an inner radius of 3 and an outer radius of 9, is
subjected to an internal pressure as shown in Fig. 5. The
material properties are E � 100, l � 0:4999, and pressure
is P � 1. This problem is analyzed by an axisymmetric
formulation with constraints introduced in the axial di-
rection to impose a plane-strain condition. Several nodal
re®nements in the radial direction, 2� 2, 2� 3, 2� 9,
2� 13, and 2� 25, are used for convergence study. The
4-node integration zones with a 5� 5 quadrature rule are
used for domain integration. The analytical solution of
this problem can be found in Timoshenko and Goodier
(1970).

6.1.1
Treatment of incompressibility
To study the effectiveness of pressure projection (PP)
method in incompressible problems, the boundary con-
ditions are imposed by the transformation method. The
displacement solutions obtained from RKPM without and
with pressure projection are compared in Table 2. A severe
locking is encountered without the pressure projection
unless a relatively large normalized support (R) in the
reproducing kernel shape function is used in the ®nest

model. On the other hand, RKPM with pressure projection
produces a very accurate solution even with a small sup-
port size in relatively coarse models. Radial stress solu-
tions of a 2� 25-node model are compared in Fig. 6, and
the case without pressure projection produces severe
stress oscillation. It is also important to observe that,
unlike the locking phenomenon, stress oscillation cannot
be eliminated simply by increasing the support size of
shape functions. Figure 7 compares the displacement and
energy norms using the two approaches. The numbers in
the ®gures are slopes of the lines. The locking and stress
oscillation encountered in RKPM without pressure pro-
jection (PP) leads to a slower convergent rate and larger
errors when compared to the case with pressure projec-
tion, especially when the normalized support size R of the
shape function is small.

6.1.2
Imposition of boundary conditions
Since boundary singular kernel (BSK) method employs
different shape functions on the essential boundaries, the
approximation space of this approach is different from
that of the full transformation method (FTM) and mixed
transformation method (MTM). Note that FTM and MTM
are expected to produce identical solutions, only MTM and
BSK are compared in the convergence analysis. The dis-
placement and energy norms of MTM and BSK are com-
pared in Fig. 8. In this particular problem all the nodes are
located on the boundary, therefore ``boundary'' singular

Fig. 5. Incompressible plane-strain tube subjected to internal pressure. a Axisymmetric plane-strain model; b meshfree models

Table 2. Normalized inner radial displacements predicted by
RKPM without and with pressure projection

Support
size R

Number of nodes

2 ´ 2 2 ´ 3 2 ´ 7 2 ´ 13 2 ´ 25

RKPM without pressure projection
1.0 0.00205 0.00561 0.03890 0.13590 0.38416
2.0 0.00205 0.01182 0.16427 0.59789 0.92239
3.0 0.00205 0.01380 0.62379 0.96917 0.99683

RKPM with pressure projection
1.0 0.88379 0.95463 0.99347 0.99831 0.99957
2.0 0.88379 0.97816 0.99860 0.99981 0.99999
3.0 0.88379 0.98098 0.99981 0.99999 1.00000
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kernel actually applies to all the nodes; leading to a worse
rate of convergence in BSK compared to that of the MTM.
Figure 9 compares the radial stresses of a 2� 25-node
model MTM and BSK, and the results of the two methods
are almost indistinguishable for normalized support sizes
of R � 1:0; 2:0; 3:0. The CPU comparison is given in
Table 3. Due to the fact that all the nodes are on the
boundary in this problem, there is virtually no difference
in computation time between FTM and MTM since the
sizes of the transformation matrices for the two methods
are identical. The reduction of CPU in BSK is also mar-
ginal in this case.

6.2
Pressure-loaded half plane
The convergence properties of the pressure projection
method and boudary singular kernel method are further
studied in this problem. The problem statement and

numerical model of 3� 3 region which takes into account
symmetry and boundary traction �hx; hy� from analytical
solution are shown in Fig. 10 (following Beissel et al.,
1996). The material properties are E � 100 and l � 0:4999,
and the pressure load is P � 1. The nodes are completely
®xed along x � 3, and the surface traction is prescribed
along y � ÿ3 according to the analytical solution. Several
levels of nodal re®nements for convergence study are
shown in Fig. 11.

Fig. 6. Radial stress distribution predicted by RKPM without and with pressure projection

Fig. 7. Displacement and energy error norms of RKPM without and with pressure projection

Table 3. Normalized CPU time comparison in tube in¯ation
problem

R Full
transformation

Mixed
transformation

Boundary
singular kernel

1.0 1.00 1.00 0.71
2.0 2.14 2.14 1.86
3.0 3.86 3.86 3.57
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6.2.1
Treatment of incompressibility
To identify the numerical dif®culties associated with
incompressibility in RKPM, the boundary conditions are
imposed using the transformation method in this study.
Figure 12 compares the displacement and energy error
norms of RKPM without and with pressure projection (PP)
using nodal re®nements displayed in Fig. 11. The
convergent rate of displacement and energy norms of
the case without pressure projection is particularly low
when the normalized support size R is small. Using the
pressure projection method, the displacement and energy
errors are signi®cantly reduced, and the rates of
convergence are increased. The y-normal stress results of
the 16� 16-node model compared in Fig. 13 show that
the stress oscillation is severe without the pressure
projection, and the increase of support size R acutally
results in a more severe stress oscillation. The stress
oscillation is effectively eliminated with the pressure

Fig. 9. Radial stress distribution predicted by RKPM using a
mixed transformation method (MTM) and a boundary singular
kernel (BSK) method

Fig. 10. Problem statement of a pressure-loaded half plane

Fig. 8. RKPM displacement and energy error norms using a
mixed transformation method (MTM) and a boundary singular
kernel (BSK) method
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projection method and it performs well regardless of
the support size.

6.2.2
Imposition of essential boundary conditions
For a clear examination of the effectiveness and conver-
gence properties of different boundary condition treat-
ments, the pressure projection method is employed to
avoid locking and pressure oscillation in the following
analysis. Note that the full transformation method (FTM)
and mixed transformation method (MTM) are expected to

generate identical numerical solutions, and therefore only
MTM and boundary singular kernel (BSK) method are
compared in the convergence analysis. The error norms of
the RKPM using BSK are compared with those obtained
from the MTM in Fig. 14. The results show that when the
normalized support size R is smaller than 3.0, the
two approaches perform equally well. Accuracy and con-
vergent rate in the BSK approach start to deteriorate when
the normalized support size is larger than 3.0. The y-
normal stress solutions of the 16� 16-node model shown
in Fig. 15 indicates a small stress oscillation near the

Fig. 11. Meshfree models for
the pressure-loaded half plane
problem

Fig. 12. Displacement and energy error norms of RKPM without
and with pressure projection
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boundary when the normalized support size R � 3:0 is
employed using the BSK method. While the accuracy of
BSK is comparable to the transformation methods, a
substantial time saving is achieved in MTM and BSK as
shown in Table 4.

6.3
Rubber ring compression

6.3.1
Plane-strain Mooney-Rivlin rubber ring
A plane-strain rubber ring, with inner radius 4.14 cm and
outer radius 6.35 cm is compressed between two rigid
plates as shown in Fig. 16. The following strain energy
density function is used to describe the nearly incom-
pressible hyperelastic behavior of rubber:

W �
X1
i�j�I

Aij��I1 ÿ 3���I3 ÿ 3� � k

2
�J ÿ 1�2 �6:3�

where �I1 and �I2 are de®ned in Eq. (3.5), and the materials
properties are A10 � 40:68 N/cm2, A01 � 10:17 N/cm2 and
k � 105 N/cm2. The large value of k=�A10 � A01� imposes
incompressibility to the problem. Up to 5.08 cm of the
relative vertical displacements between the plates are
prescribed. Frictional contact between the rubber ring and
the rigid plates is considered with coef®cient of friction
l � 0:4, and contact penalty numbers are set to be
xn � xt � 107.

Three model re®nements as shown in Fig. 16 are used
in the numerical study. Figure 17 shows that the use of a
coarse model (model 1) leads to a locking situation when
the pressure projection method is not employed in

Fig. 13. Y-normal stress distri-
bution by RKPM without and
with pressure projection

Fig. 14. RKPM displacement and energy error norms using a
mixed transformation method (MTM) and a boundary singular
kernel (BSK) method
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RKPM. Locking can be resolved either by increasing the
shape function support size (Fig. 17) or by re®ning the
model (Fig. 18), but both are costly. With the employ-
ment of pressure projection, locking is removed, and
accurate solution can be obtained with coarse model and
with small supports, and this signi®cantly increases ef®-
ciency.

6.3.2
Plane-stress polyurethane rubber ring
The experimentally measured load-displacement response
of a polyurethane rubber ring under compression (Dureli
and Parks 1970) is compared to examine the effectiveness
of the proposed boundary condition treatments. Because
the thickness (1.27 cm) of the ring speciman is smaller
than the planner dimensions, a two-dimensional, plane-
stress condition is assumed. The Saint Venant-Kirchhoff
strain energy density function is used to describe the
nonlinear behavior of the polyurethane rubber:

W � 1
2CijklEijEkl; Cijkl � kdijdkl � l�dikdjl � dildjk�

�6:4�
where E is the Green Lagrangian strain, and k and l are
Lam'e constants. The material properties of the test

Fig. 15. Y-normal stress distribution
predicted by RKPM using a mixed trans-
formation method (MTM) and a boun-
dary singular kernel (BSK) method

Table 4. Normalized CPU time comparison in a pressure loaded
half-plane problem

R Full
transformation

Mixed
transformation

Boundary
singular kernel

1.0 1.00 0.53 0.45
2.0 1.10 0.65 0.54
3.0 1.44 0.97 0.86

Fig. 16. Undeformed con®guration and
meshfree model of the ring compression
problem
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speciman (Dureli and Parks 1970) are E � 406:79 N/cm2,
v � 0:48. Frictional contact between the rubber ring and
the rigid plates is considered with the coef®cient of friction
l � 0:4, and contact penalty numbers are set to be
xn � xt � 107.

Model 3 with 287 nodes is used to compare the RKPM
solution using the transformation methods and the
boundary singular kernel method, and the normalized
shape function support size of R � 2:0 is employed. Up to
5.08 cm of the relative vertical displacements between the
plates are prescribed using ®ve equal incremental steps.
The computed load-de¯ection results obtained from dif-
ferent boundary condition treatments are compared fa-
vorably with experimental data in Fig. 19, and the ring
deformations are plotted in Fig. 20. In this problem 78 out
of 287 nodes belong to the boundary group, and the mixed
transformation method and the boundary singular kernel
method reduce 68% and 72% CPU time of that in the full
transformation method as shown in Table 5.

6.4
Engine mount
The engine mount geometry and the associated loading
conditions are described in Fig. 21. In this problem, the

outer metal casing and the inner metal piece are treated as
rigid bodies, and only the rubber materials are modeled.
The outer surface of the rubber model is completely ®xed,
and the interfaces between the rubber components and the
inner metal piece are moved downward as rigid surfaces.
The rubber properties of Eq. (6.3) are A10 � 0:145 MPa,
A01 � 0:062 MPa, and k � 6900 MPa. A 9-node ®nite ele-
ment mesh is generated for comparsion of ®nite element
and meshfree solution. Two RKPM models are generated
using ®nite element mesh as the integration zones for
RKPM computation as shown in Fig. 21.

The RKPM analysis without pressure projection is ®rst
performed using a coarse model and a re®ned model with
shape function support size a � 0:46. Since high material
distortion near the lower corner of the lower rubber leg is
expected, a larger dilation parameter a � 0:66 is used near
this corner area. The coarse model without the employ-
ment of pressure projection (PP) leads to a locking situ-
ation as shown in Fig. 22. With the use of a re®ned model,
locking is relieved and softer response is obtained. On the
other hand, by employing pressure projection in the
RKPM formulation, the use of coarse model is capable of
obtaining a solution close to the much re®ned the RKPM
solution without pressure projection. A 619-node Finite

Fig. 17. RKPM analysis of tube compres-
sion without and with pressure projection:
effect of shape function support size
(using model 1)

Fig. 18. RKPM analysis of tube compres-
sion without and with pressure projection:
effect of model re®nement (using R � 1:8)
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Element model using a 9-node mixed formulation with a
linear pressure ®eld (Chen et al. 1996a) generates a very
similar result as that of the RKPM solution. However,
Finite Element Computation diverged at an early stage due
to the mesh distortion near the corners of rubber legs. As
can be seen in the deformation plots shown in Fig. 23, the
localized buckling is very well captured by the RKPM with
pressure projection. Severe pressure oscillation in the so-
lution of the RKPM method is totally eliminated using
pressure projection as shown in Fig. 24. In this problem
the three boundary condition treatments generate almost
identical results, and the CPU time comparison is given in
Table 6.

7
Conclusions
Several enhancements in meshfree methods for incom-
pressible small/®nite strain elasticity problems have been
presented. The ®rst improvement is to cure the de®ciency
in the meshfree discretization of an incompressibility
constraint in a boundary value problem. Due to the em-
ployment of higher-order shape functions in the meshfree
formulation, higher-order quadrature rules are required
when the Gauss integration method is employed. This
leads to an over-constrained discrete system in the
meshfree discretization, and volumetric locking and
pressure oscillation are consequences of an over-con-
strained discrete system. Such numerical defect can be
corrected by increasing the degree of dependency in the
discrete constraint equations to relax the over-constrained
situation. This can be achieved by enlarging the support
size of the meshfree shape functions, but the high com-
putational costs make this simple approach unattractive.
The numerical observation also shows that although
locking can be effectively removed with an increase of
support sizes, no improvement was found in reducing
pressure oscillation.

An alternative approach is to project pressure, which is
a bi-product of the incompressibility constraint, onto a
lower-order space to reduce the number of independent
discrete incompressibility constraints. The projection is

Fig. 19. Load-displacement of the polyurethane rubber ring
under compression

Fig. 20 a, b. Deformed
geometries of the polyurethane
rubber ring under compression.
a mixed transformation
method; b boundary singular
kernel method

Table 5. CPU comparison of the polyurethane rubber ring under
compression

Full
transformation

Mixed
transformation

Boundary
singular kernel

1.0 0.32 0.28

Fig. 21. Engine mount
problem statement and analysis
models
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Fig. 22. Engine mount load-displacement
curves by RKPM and FEM

Fig. 23. Deformed geometries of engine
mount predicted by RKPM and FEM

Fig. 24. Pressure distribution predicted by RKPM without and with pressure projection
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accomplished by a least-squares L2 projection locally at
each integration zone of the meshfree discretization. The
numerical results show that pressure projection effectively
resolves locking and pressure oscillation dif®culties.
Convergent rates are increased substantially especially
when small support sizes in the shape functions are used.
With this approach, high accuracy can be obtained with-
out the need of using large support size in the meshfree
shape functions, and thereby signi®cantly improves the
computational ef®ciency.

Several methods were presented to improve the time
consuming boundary condition procedures in meshfree
discretization of boundary value problems. To avoid the
use of a Lagrange multiplier method that involves addi-
tional unknowns, a transformation method was ®rst in-
troduced. The nodes in meshfree discretization are
partitioned into essential boundary nodes and the interior
nodes. A mixed coordinate is introduced so that only the
essential boundary nodes are expressed in nodal coordi-
nate. The size of the corresponding transformation matrix
is reduced since it is only proportional to the displacement
degrees of freedom on the essential boundary. Conse-
quently, coordinate transformation can be performed ef-
fectively to provide a direct imposition of boundary
conditions. Another attempt to simplify boundary condi-
tion imposition is to introduce singularity to the kernel
functions associated with the boundary constrained nodes.
Although Kronecker properties are not recovered with this
approach, the coef®cients associated with the boundary
nodes become nodal values and therefore essential boun-
dary conditions can be imposed directly. While this ap-
proach completely removes the need of coordinate
transformation or the solution of Lagrange multipliers, we
are concerned whether the numerical performance of
meshfree approximation will be deteriorated when singu-
lar kernel functions are used to construct meshfree shape
functions for the essential boundary nodes. The numerical
convergence study suggests that as long as the normalized
support size of the meshfree shape function stays within
about 3, no deterioration in the accuracy and rate of
convergence is experienced. Contact constraints can be
easily implemented with the standard procedures using
the proposed transformation and boundary singular ker-
nel methods. Numerical examples of contact and small/
®nite strain elasticity problems demonstrate the effec-
tiveness of the proposed boundary condition treatments.
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