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Abstract

A perturbed Lagrangian formulation for nearly incompressible and incompressible hyperelasticity is developed by performing a
conjugate transformation on the volumetric energy function. The formulation is developed without reference to any specific
material models or volumetric energy functions. Solution existence conditions for general nearly incompressible hyperelasticity
problems and their discrete counterparts are described. A discussion on the convergence of nearly incompressible solutions to an
incompressible solution of continuous as well as discrete hyperelasticity problems is given. The rate of convergence with respect to
the compressibility parameter is shown to be one in several numerical examples.

1. Introduction

The displacement based finite element methods encounter a great deal of difficulties in treating
incompressible problems owing to the requirement of the satisfaction of the incompressibility constraint
exactly. Even with nearly incompressible materials, ill-conditioning exists. The displacement accuracy is
totally lost with low-order elements and the phenomenon is referred to as ‘volumetric locking’.

The most extensive development for nearly incompressible and incompressible problems is in the
area of multifield variational principles. The multifield variational principles eliminate the difficulties
encountered in the single field variational principle. One of the early developed principles for nearly
incompressible and incompressible elasticity is given by Herrmann [15]. Herrmann’s principle is a
reduced form of the Hellinger—Reissner principle where displacements and ‘mean pressure’ are treated
as two independent field variables. Herrmann’s principle was extended to orthotropic materials by
Taylor et al. [33] and Key [18]. Application to nonlinear hyperelasticity problems was made by many
researchers (cf. [24,1,31,21,19,2]). It was recognized that equal-order displacement—pressure formula-
tions are not effective, and some simple lower order elements such as 4-node element with constant
pressure generate pressure oscillation. Special methods such as pressure smoothing techniques by Sani
et al. [30], Hughes et al. [17] and rank-one filtering method by Chen et al. [11] were proposed to obtain
smooth pressure. Rigorous mathematical investigation on mixed finite elements was initiated in [3,6].
For a comprehensive presentation of mathematical theory of the mixed finite element method, see [7].

Another type of approach is made by modifying the conventional displacement based formulation. A
selective reduced integration method which under-integrates volumetric stiffness matrix effectively
alleviates volumetric locking. Malkus and Hughes [20] showed the equivalence between selective
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reduced integration method and certain types of multifield variational principles. Oden and Kikuchi [25]
studied the stability and convergence criteria of reduced integration method and penalty method.
Belytschko and co-authors [14,4] proposed an hourglass control method on under-integrated elements.
Chen et al. [10,12] introduced a least-squares based pressure projection method to project the
displacement calculated hydrostatic pressure onto appropriate pressure field at element level. If certain
projection procedures are applied, this method degenerates to a form of selective reduced integration
for nearly incompressible hyperelasticity.

In incompressible problems, the use of Lagrange multipliers leads to a nonpositive definite global
stiffness matrix. A perturbed Lagrange multiplier method was introduced [5,32,8] to relax the
incompressibility constraint. Sussman and Bathe [32] introduced a modified energy function that uses
pressure and displacement as two independent variables. The modified energy function was developed
by requiring that the pressure obtained from the modified energy correctly represents physical meaning
of pressure. In addition, the energy function should reduce to the unmodified energy function if the
pressure—displacement relation is exactly imposed. Alternatively, Chang et al. [8] introduced a
complementary energy as a function of displacement and pressure. By establishing a relationship for
volume ratio to be expressed in terms of pressure, a perturbed Lagrangian formulation was developed.

In this paper, we introduce existence conditions for nearly incompressible problems, both for
continuous and discrete problems. The convergence behavior of nearly incompressible solutions to an
incompressible solution as the small parameter representing the compressibility of the material
approaches to zero is discussed. We also propose a general procedure to derive the perturbed
Lagrangian formulation of a two-field principle using a conjugate transformation technique for nearly
incompressible hyperelasticity. The derivation of the formulation is not limited to any particular finite
element formulation or material models. In numerical examples, we use total Lagrangian formulation in
conjunction with higher-order Rivlin type strain energy density function. In the next section, the
statement of a nearly incompressible hyperelasticity problem is given. Existence conditions of the nearly
incompressible problem and the convergence to the incompressible case are discussed. The derivation
of perturbed Lagrangian formulation and finite element discretization are presented in Section 3. The
numerical study on the rate of convergence with respect to the compressibility parameter is given in
several numerical examples in Section 4.

2. Nearly incompressible and incompressible hyperelasticity problems

As in [8], we use the total Lagrangian formulation to describe the deformation of an elastic solid, and
the reference frame is limited to a rectangular Cartesian system. Initially, the elastic solid occupies a
domain {2, with a bounding surface I'. The elastic solid is deformed under the action of external forces.
We will use ¢ to denote the deformation, i.e. a point x € {2 in the initial configuration becomes a point
with coordinates ¢(x) after the deformation. Here, by a deformation we mean a differentiable function
mapping from 2 = Q2 UT to R® which is injective in {2 and is orientation-preserving, i.e. det Ve(x) >0
for x € £2. Notice that the displacement is u(x) = ¢(x) — x.

Roughly speaking, a general form of a hyperelastic problem is

inf(I(¢) : ¢ = ¢, on I}, 2.1)

with

1) = | WVp) o~ W)

Here, I, CT is the essential boundary, with meas(I},) > 0; the constraint ‘¢ = ¢, on I}, says that the
deformation on I is a priori specified; W(Ve) is the stored strain energy density function; and W, ,(¢)
is the work done by the applied external forces. When the material is isotropic, the stored strain energy
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density function can be written in the form
W(Ve) =W, 1, L) ,

where [,, I, and I, are the principal invariants of the Green deformation tensor C =V Ve, i.c.

I,=trC,
L=tr(adj C),
y=detC.

The notation adj C denotes the transpose of the matrix of cofactors of C. When C is invertible,
adjC = (detC)C™".

For nearly incompressible materials, it is more convenient to use modified invariants [26,28,10]
L =L;'" and I,=LI;*’.

In this paper we will assume the material is hyperelastic, isotropic and nearly incompressible or
incompressible. It is proved in [9] that the stored strain energy density function for the material can be
written in the form

— 1
W(Ye) =W(l,, ) + 7 G(J),
where J=detVeo =1;'> and £>0 is a small parameter describing the degree of compressibility.
Formally, & = 0 corresponds to the incompressibility, and in this case, we drop the second term in the

stored energy function above.
The following existence result is proved in [9].

THEOREM 2.1. Assume

(a)
W(I,, I,) =w(J ~"*Vp, adj(J " *Vip)) , (2.2)
where J = det Vi, and w can be expressed by
M N
WF,H) =2, a[t(F"F)]*'* + 2, b,[te(H"H)]""* = ¢, (2.3)
i=1 j=1
or
M N
wF,H)=2 a,|F|*%+ 2 b|H|* — ¢, (2.4)
i=1 j=1
with
ai>0,ai>5,1<isM, and b;>0, B=3,1<j<N. (2.5)

In (2.4) and (2.5), a constant c, is included so that w(I,I) =0, where I is the identity matrix.
(b) The function G satisfies
G : (0, + ©}— [0, +x) is convex;
lim G(x) = +o;
x->0+ (2.6)
G(x) = Cx” for some C >0 and y > 1, when x is large enough;

G(x) =0 if and only if x=1.
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(©)

_ 3y 3 __3By 1,1 1,11 4
p=a+3y>2’ =28 +3y’ p+q_a+B+y<3’ 2.7)
where a = max{a;, 1<i<M} and B =max{B;, |l <j<M}.
(d) Define the set
V={oeW"?(2;R*): adj Ve € [LY(2)]***,det Vo € L"(12) , (2.8)

detVe >0a.e in 2, ¢ =¢, on I} .

The functional W,, (@) is assumed to be linear continuous on V.
(e) There exists a W €V such that 1(ys) <oo.
Then there exists a ¢ €V, such that

(@) =inf{I(Y) : pEV} . (2.9)

In [9], the result of Theorem 2.1 is proved for the functional I without the term W,,..- By our

assumption on W, , it can be seen that the proof in [9] can be adapted to cover the more general strain
energy density function considered here (also see the proof of Theorem 3.1 below).
Here and below, we use the standard notations for the function spaces

L) = {v : L lv(x)|? d2 <00} , Isg<wx
L™(2)={v:ess sup [v(x)| <=},

and the Sobolev spaces
W""(())={UEL"(.Q):%ELQ(Q),lsis3}, l<g<w»,

W) = {v eL™ () :%EL”(O), 1$is3} ,
W@ R = [WhiQ)) .

In integration theory, a function is defined up to a set with measure zero. That is why we require
det Voo >0 a.e. in £ in the admissible set V defined in (2.8). Here, a.e. stands for almost everywhere.

We notice that the second condition in (2.6) is imposed to ensure that a minimizer of the energy
functional corresponds to an orientation-preserving deformation. The condition (2.7) is satisfied if, for
example, a =2, B =3, and y >2. One example of a function G satisfying the condition (2.6) is given
by

G(x)=:11-(x2—1—21nx).

The quantity

1 1 1
(V) = Py G'(det V) = b <det Vo — W)

can be viewed as the pressure. For nearly incompressible materials, det Vg is close to 1, and so

1 _1(p
P(Ve) =~ (et Vo~ 1) =4 (2-1).
where p, and p are the densities of the undeformed and deformed bodies, respectively.
We remark that the assumptions (2.5), (2.6) and (2.7) are needed in a mathematical proof of the
existence of a solution of the problem (2.9) (cf. [9]). These assumptions are not always satisfied by all
the commonly seen materials. One such example is the Mooney—Rivlin material, for which
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W = a[(det Vo) >"*|Vp|” — 3] + b[(det Vo) *"*|adj Vip|> — 3] .

The main purpose of stating the result of Theorem 2.1 here is to show that at least for a class of
nonlinear elasticity minimization problems, a rigorous mathematicl argument can be given for the
existence of minimizers. Our numerical examples in the last section show that a minimizer of the energy
function I can still exist even when some of the assumptions (2.5)—(2.7) are not satisfied.

Before we consider the limiting behavior of the nearly incompressible material, we introduce some
definitions and results from functional analysis which will be used in this and the following sections. Let
V be a Banach space, with the norm || - ||,.. The dual space V* of V consists of all the linear continuous
functionals on V. We say a sequence {v,} CV converges strongly to v €V, if ||v, —v|,—0 as n— .
The sequence {v,} CV converges weakly to v €V, denoted as v,— v in V, if for any continuous linear
functional f EV*, f(v,)— f(v) as n— . Obviously, strong convergence implies weak convergence. For
a finite-dimensional space, weak convergence and strong convergence are equivalent. The Banach space
V is said to be reflexive, if the double dual space V** can be identified by V. The spaces L?(£2) and
W'P(2) are reflexive for 1 <p, g <. An important property for a reflexive Banach space is that any
bounded sequence in the space contains a subsequence which converges weakly.

We now consider the limiting behavior of the nearly incompressible material problem (2.9) when the
parameter £ — 0+. For convenience, we restate the problem below, where we use I° and ¢° instead of /
and ¢ for the energy functional and the solution in order to emphasize the dependence of the problem
and the solution on the parameter. Thus, the nearly incompressible problem is

e €V, I'(¢°)=inf{I(Y): Y€V}, (2.10)

where V is defined as before (cf. (2.8)), and the energy functional
. — 1
rw = [Wdw, by +3 6uw) | da - w.w. @)
The related limiting problem is
eV ev®, 1) =nf{I"W): ¢V}, (2.12)
where the admissible set V* is

VO ={oeW" (2;R’): adj Ve E[LUR)]>**,detVp =1a.e.in 2, ¢ =¢,0n I}, (2.13)

and the ‘limiting’ energy functional is
1Ow) = [ Wi, @), 1) 42 - W 0) (214)
The following result provides a relation between the problems (2.10) and (2.12). For a proof, see [9].

THEOREM 2.2. We keep the assumptions (2.2)—(2.7). We further assume that G(1) = G'(1)=0 and
G'(t) = c, for some constant c,> 0. Also, we assume the set VVis non-empty. Then, for every sequence
{@°} of solutions of problems (2.10), there is a subsequence, still denoted by {¢°}, and a solution
e €eV® of the problem (2.12), such that

o —e in W"(2; RY),
adj Ve * — adj Ve ¥ in (L)),
det Vp© — 1 in L*(2) strongly ,

lim 17" =1,

lim %: L G(J(e%))d2=0.

e—0+
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3. A mixed variational formulation and finite element discretizations

In this section, we simply assume the nonlinear elasticity problem (2.9) has a solution. The purpose
of this section is to develop an alternative mixed variational formulation and its finite element
discretization.

Let us first consider a direct finite element discretization of the minimization problem (2.9). Let there
be given a triangulation 7, of the domain £2: 2 = U, (2,, where each element £, is either three-sided or
four-sided, and 4 is the mesh size. Denote (2, a reference element, and Q, a one-to-one mapping from
€, to £2,. When {2, is a three-sided element, we can take (2, to be the standard triangle, while if (2, is a
four-sided element, we choose {2, to be the standard square of side 2, see Fig. 1.

Let P({2,,) be a polynomial space on {2,,. In practice, for some nonnegative integer r, P(f2,,) contains
polynomials of degree =<r in each coordinate variable when (2, is the standard square; and if {2, is the
standard triangle, P({2,,) contains polynomials of total degree <r. We assume the triangulation is such
that I consists of entire sides of some elements. Then, we define a finite element space

T/h ={e. € Co(ﬁ) :‘Phln,°QeEP(Qs‘) vio.€9,}.

For simplicity, we assume that the boundary condition function ¢, can be represented exactly by
functions in V,. Thus we will use the set

V,={@,EV, :det Vg, >0 a.c. in 2, ¢, = ¢, on I}
for the finite element approximation. The finite element discretization of the problem (2.9) is
find ¢, €V,, such that I{g,) = inf{I(,) : s, EV, } . 3.1

THEOREM 3.1. We assume the hypotheses (2.2)—(2.6) of Theorem 2.1 are satisfied. We further assume
that the mapping functions Q, are smooth,

V,#9, 3.2)

and the function W, (@) is continuous on V,. Then, the problem (3.1) has a solution.

PROOF. First, we notice that since the mapping functions Q, are smooth, for ¢, €V,, we have
¥, €W (Q2; R), det Vi, € L™(2), and adj Vi, € [L™(2)]**>. Thus, for any p, ¢,y €[1, %), and in
particular for p, g,y satisfying (2.7), we have i, € W"?(2;R?), det Vi, € L’({2), and adj Vifs, €
[LU2)). Also, for ¢, EV,, I(h,) <.

Now, let {¢'*)} CV, be a minimizing sequence of I(,) in V,, i.e. ¢ €V, and

)= inf{I(,): @, €V,} as k— . (3.3)
By Proposition 7 of [9], we have for some constants ¢, >0 and c,,
Jn W(V,) d2 = C](“v‘l‘h”fLP(a)P” + “adj V'I‘h”‘[ILq(n)P“ + ||det v‘l‘h“ZY(n)) te,. (3.4)

By the assumption W, (¢,) is a linear continuous form on V,, we have

7 7
-1 o 1 ¢ -1 o 1 ¢
-1

Fig. 1. The standard triangle and the standard square.
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(W, ()] sCs(“v‘/‘h||[1.x"(n)]3x3 + ||adj Vags, || a0 )p3<3 + l|det Vg, || Lvq)) - (3.5)
We combine (3.4) and (3.5) to obtain

()= Cl(“V‘l’h”fLP(n)P” + ||adj v‘f‘h“flm(n)w@ + ||det V‘I’h”l*(m) +c,
- Ca(”V'l’h”[u’(n)]“3 + ||adj V"’h”[mm)ﬁ“ + ||det Vg, || L+ a)) -

Since p, ¢,y > 1, we then have, for some constants ¢, >0 and c;,

I(‘l‘h) = C4(”v'l’h”1[7u(n)]3x3 + ||adj v‘!’h”[qm(nm” + ||det V'/’h”l*/(n)) tcs. (3'6)

Recall that s, €V, satisfies a boundary condition ¢, =¢, on I, and meas(l;)>0. A Poincare’s
inequality then ensures that

[, i aa<c| [ 10wtz aa ([ latar)’].

for some constant ¢ depending only on 2. Together with (3.6), this inequality implies, for some
constants ¢, >0 and c,,

I(y,) = Cs(”'l%“fwlvp(mp + ||adj Vg, | ?Lq(n)P“ + ||det V"’h“z‘/(n)) tec,. (3.7)

From the relations (3.3) and (3.7), we observe that {|l@,”||fwir@y}s {lladj Vo |7 ey}, and

{]|det Vt]lﬁ,")sz(m}k are all bounded sequences. Thus, there exists a subsequence of the sequence
{¢¥},, still denoted by {¢©'},, and functions ¢, € W'*(2; R"), H, €[LY(2)]>** and 8, € L"(2),
such that as k— o,

e = in W (Q;R)
adj Vo' —H, in [LY(02)],
detVe'—5, in L'(2).
Since {¢*’}, CV, and V, is a finite dimensional space, we have ¢, €V,. From ¢} = ¢, on I}, we get

@, =¢, on I,. On the finite dimensional space V,, weak convergence is equivalent to strong
convergence, which also implies pointwise convergence. Thus, H, = adj Vi,, 8, = det Vg,

e =@, in W' (Q; RY),

adj Ve > adj Vi, in [LYQ)],

det Vo' > detVp, in L(2),
and for any x € {2,

o) 6,0) |

adj Vi (x) > adj Vig,(x) ,

det Vo (x) — det Vg, (x) .
As a consequence of Proposition 6 of [9], we have

Kp,) <lim I(@}") = inf{I(th,) : 5, €V}, } .
Since I(¢,) <, the second condition in (2.6) implies that det Vg, >0 a.e. in {2. Thus, ¢, €V, and is a
solution of the problem (3.1). O

We remark that a discrete analogue holds for the convergence of solutions of nearly incompressible
problems to the solution of an incompressible problem. In addition to the finite element set V, defined
earlier, we need to introduce another finite element set
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Vi = {0, €C°(2): 0,]p Q. EPW) YR,ET,, det Vg, =1in 0, @, =g, on I}} .
Then, finite element approximations of the problems (2.10) and (2.12) are

find ¢, €EV,, such that I°(¢;) =inf{I°(d,) : s, €V, } , (3.8)
and

find " € V? | such that 1'V(e'") = inf{I'(,) : ¢, €V"}, (3.9)

where the energy functionals I° and I'” are defined in (2.11) and (2.14), respectively. Examining the
proof given in [9] for Theorem 2.2, it is not difficult to see that the various convergence statements of
the theorem hold also for the finite element solutions. Again, since over a finite-dimensional space,
weak convergence and strong convergence are equivalent, and both are equivalent to pointwise
convergence, we actually have the following conclusions on pointwise convergence.

lim ¢;,(x) = 0}”(x) for x€ 02,
lim Vei(x) =Ve"(x)  forx€Q,
liI(l)’1+ det Ve, (x) =1 forxe 2,
lim 1%p}) = 1(e}”) ,

1 . _
lim ¢ | GUesyan=o.

For nearly incompressible materials, ¢ >0 is a small parameter. The minimization of the energy
functional / amounts to requiring G(J(¢,)) to be close to zero, or in other words, J(¢,)=~1. For
low-order elements, this causes the locking phenomenon when a finite element solution is sought (cf.
e.g. [22,23,16)). To circumvent the difficulty, we develop a perturbed Lagrangian finite element method
based on a mixed variational principle which is derived now.

First, we introduce some useful definitions. Let f be a function defined on R or a subset of R, with
extended real values in R U {*x}. We say the function f is proper, if f never takes on the value —,
and is not identically equal to +. The function f is said to be lower semicontinuous, if x, — x implies
fx)<liminf ___ f(x,).

Now, let us define the conjugate functional of the function 1/¢ G by the formula

1 1«
G*(p) =sup] p7 - 1)~ L G } =sup { p7 - 1) - L G} (3.10)
7>0 € JER £
where G is an extension of G by + at nonpositive variable:

G(J)z{G(J) it 7>0,

+oo  if J=<0.
Assume the function G : (0, +*)— [0, +%) is convex and continuous. Then, we observe that G is
proper, convex and lower semicontinuous. By a standard result from the theory of convex analysis
([13,27]), we know that G*(p) is also a proper, convex, and lower semicontinuous function, and
furthermore, the following important relation holds

2 Gy =sup (pU-1) = G*(p)) (3.11)
When J >0, we then have
%G(J) =sup{p/ =1) = G*(p)} . (3.12)

Now, in the expression for the energy function I, we replace the term 1/ G(J) by the right-hand side of
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the identity (3.12). Then, the minimization problem (2.9) is equivalent to the problem of finding (¢, p)
such that

Ule, p) = Jnf sup U, q), (3.13)
where
U, ) = | WU, L) + qU) 1) - G*(9)] 42 ~ W @) (3.14)

Note that ¢ and g are treated as independent variables in the mixed variational formulation (3.13). The
quantity (3.14) is known as the perturbed Lagrangian form. Let (¢, p) be a stationary point of the
functional U. We take the variation of U to obtain

L [% d(p) +p () + J(e) — 1) & — G*'(p) 8p] d02 — (W (¢),3¢)=0.

Here and below, the summation convention is adopted for the repeated index j from 1 to 2. Since 3¢
and dp are independent variations, we obtain, from the above relation,

fn [Z—?M(@ +p W)] 40 - (Wi, (0),5¢) =0 Vg, (3.15)
L J(e)—1-G*(p)dpd2=0 Vop. (3.16)

The finite element formulation is developed based on Egs. (3.15) and (3.16). In addition to the finite
element set V, introduced earlier, we also need a finite element space for approximating the conjugate
variable p. For this purpose, let us choose

0, ={9,€L*Q): q,|0,°Q, EPQ,) VO, ET,},

where P(£2,,) is a polynomial space on {2; usually the degree of the polynomials in P(£2,,) is chosen to
be one less than that in P(£2,,) in the definition of V, (cf. [7]). We are now ready to form a mixed finite
element method for the problem (2.9). Thus, we look for ¢, €V, and p, € Q,,, such that

fn IZ%IY— aij(¢h)‘+ Px 8J(¢h):| Q2 - (Wt’:xt(‘ph)’ 3p,) =0 V3g,, (3.17)
| U@ -1-6"(p18p, 02 =0 vap,. (3.18)

Note that when G(J) =1(J —1)?, we have G*(p) =lgp®. The mixed variational formulation (3.15),
(3.16), and the corresponding mixed finite element scheme (3.17), (3.18) reduce to the ones studied in
[8]. We note that the function G(J) =1(J — 1)? does not satisfy the assumption (2.6) of Theorem 2.1.
Thus, Theorem 2.1 cannot be applied to conclude the existence of a solution to the corresponding
nonlinear elasticity problem. However, the procedures for deriving the mixed variational formulation
and its finite element approximation scheme still go through.

4. Numerical examples

In the present work, 9-node Lagrange element in conjunction with linear pressure (p =p, + xp, +
yp;) that satisfies the Babuska—Brezzi condition is used in the finite element formulation. Similarly,
27-node element with p = p, + xp, + yp, + zp, is used in three-dimensional problems. The material
behavior is described by the following:

W(fli iz) = Alo(jl -3)+ AZO(il - 3)2 + A30(il - 3)3 > (4.1)
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and
1 2
GU)=5WU-1)". (4.2)
From (4.2), we have
* 1 2
G*(p)=7¢ep". (4.3)

The material constants taken from [12] are: A,,=0.373 Mpa, A,, = —0.031 Mpa, A,;, =0.005 Mpa.
Energy norm is used as the error measure in the numerical examples where the error is calculated by

e\(E) = ) f Wl (e3"), Lig,”) 02 - J (Wi, (e3), L) + 5 (p3)] 402 (4.4)

where ¢! is the finite element solution of the incompressible problem, and (¢}, p;) is the finite
element solution for the deformation and pressure of the nearly incompressible problem with the

compressibility parameter £. Notice that the quantity
T T € 7 € 12 €
[ [Witen. iy + = iy | a0
is the energy associated with the nearly incompressible problem, and
| W), i a0

is the energy of the incompressible problem. In the numerical results presented below, we use the
apoproximation

x0T 4 ET7/8 4 £ 7 I3 € £ -
[, W), i@y a0 = [ [Wiheh). L@ +5 (03 | a0 for =107,

To study the order of convergence with respect to ¢, £ = 1072,107%,107*,107°, 107° and 107 are used
in each example. Full integration rules are employed to calculate the energy norm.

In all the numerical examples, modified Newton-Raphson method is used in nonlinear calculations.
The convergence of numerical iteration is verified by using the following displacement and force
criteria:

|duyll
=< 10""*, (4.5)
”A"N“

lAR -4
——=<107", (4.6)
AR ||

where ||Auy || and ||AR}|| are the Euclidean norms of displacement and force increments during the vth
iteration of the Nth solution step, respectively. The quantities ||Auy|| and |AR,|| are the Euclidean
norms of the total increments of displacement and force during the Nth solution step, respectively.

4.1. Uniaxial tension

This problem is selected for the reason that in uniaxial tension the displacement field is linear, the
nonlinear load—displacement response is resulting from material nonlinearity. In this problem, mesh
refinement has no contribution to the accuracy of solution, and the finite element solution is only
affected by the material compressibility parameter &.

A rubber block with dimension 4 cm X 1 cm X 1 c¢m is subjected to axial displacement as shown in Fig.
2. The rubber block is free to deform in the lateral direction (transverse to the axial direction) without






