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Appendix 1:  Proof of NCA

Definition.  Connectivity pattern: Given a matrix A, and a set 2ZZo ⊂ we say that A is

characterized by the connectivity pattern imposed by Z0 if and only if: oaij ≡   for

oZji ∈,                               

Theorem.  NCA: Given a matrix E (N x M) if the following conditions are satisfied:

1.  There exists a matrix A (N  x L) with a connectivity pattern defined by Z0 and a matrix

P (L x M), such that

E = A P. [A1]

2. A has full column rank and the reduced matrix Arj (see definition in text) has rank L-1

for all j.

3. P has full row rank.

Then, for any matrices A  (N x L), P  (L x M), such that A  has full column rank and has

the same connectivity pattern Z0 as A, and PAE =  there exists a diagonal nonsingular

matrix X (L x L), such that
1−= AXA [A2]

XPP = [A3]

Thus, the decomposition of  E into A and P is unique up to a scaling matrix X.

Proof. Given A , P  such that

PAAPE ==                          [A4]

Because A has full column rank we can write:

PAAAPA TT
=                  [A5]                               

XPAPAAAP TT
=





=

−1
        [A6]

 From A4 we obtain:

XPAAP =



2

( ) 0=− PXAA   [A7]

Because P has full row rank, the above equation implies that 

XAA = [A8]

We can write A8 as:
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 In particular, the connectivity pattern Z0 imposes the following constraints:
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In the set of equations (A10) the diagonal terms of X do not appear because, if

aij = 0 we necessarily have that:

jjjjij xxa 0= [A11]

Thus, Eq. A10 can be written by the following matrix form:

0=ru XA  [A12]

where uA  is the derived from A as defined as
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[A13]

and Xr is the column vector of dimension [L(L-1) x 1] obtained by stacking each column

of X  after deleting the diagonal elements. Because A and A  have the same connectivity

pattern, the rank of uA  is the same as the rank of uA , which is equal to L(L-1).    Note

that there are [L(L-1)] unknown variables in Xr. Because uA  has rank L(L-1), the unique

solution of the linear system of equations defined by A12 is Xr =0. Thus, 
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 jiforxij ≠= 0     

jiforarbitraryxij ==

Therefore, X is a diagonal matrix. Because A is full column rank, a zero diagonal entry

would violate A8.  This completes the proof.


