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Abstract

We present the analysis of a nonlinear control system
that is used to excite and maintain a specified ampli-
tude of a lightly damped degree of freedom in the Jet
Propulsion Laboratory microgyroscope. One- and two-
degree-of-freedom models are considered. The analy-
sis suggests that the perturbing effect of an additional
weakly coupled degree of freedom does not quantita-
tively effect the operation of the automatic gain con-
trol.

1 Introduction

Vibratory rate sensors require the excitation of a lightly
damped degree of freedom. In the Jet Propulsion Lab-
oratory microgyroscope [7,8,9] this is accomplished by
applying a sinusoidal potential to the two drive elec-
trodes, denoted Dy and Dj in Figure 1. The drive
electrodes and sense electrodes (denoted S; and S3)
are suspended above four matching electrodes by sil-
icon springs visible in the figure along the z and y
axes. The large central post is rigidly attached to the
“cloverleaf” formed by D, Dy, S1 and S;. The post
adds inertia to the system which boosts the sensitivity
to rotational motion. The electrical potential between
the drive electrodes and their respective base electrodes
creates an electrostatic force that rocks the cloverleaf
assembly about the y-axis. The amplitude of the rock-
ing motion can be maximized by driving the electrodes
at the natural frequency of this degree of freedom (re-
ferred to as the drive rocking mode). If the device is
rotated about the z-axis, then the rocking about y is
coupled into rocking about the z-axis. The rocking
about the z-axis is referred to as the sense mode. In
an ideal device, both the drive and sense modes have
equal frequencies, since this results in the largest sense
axis response. The sense axis rocking velocity is mea-
sured by taking the difference of the S and S; voltage
measurements (which is related to the capacitance be-
tween the sense electrodes and their respective base
electrodes). Similarly, the drive axis velocity is mea-
sured by summing S; and S;. One of the goals of our
research has been to develop high fidelity models of the
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Figure 1: Photo of JPL microgyro (courtesy of T. Tang)

JPL microgyro for the purpose of calibration and com-
pensator design and [5,6] report the results of MIMO
model identification experiments. Additional informa-
tion on microgyroscope technology was recently pub-
lished in the comprehensive survey [10].

This paper considers the analysis of an automatic gain
control (AGC) loop that is used to excite the drive rock-
ing mode to a specified amplitude. We study this prob-
lem by developing a set of simplified nonlinear equa-
tions that describe the application of AGC’s to ampli-
tude modulation of an oscillator. The first application
of automatic gain control to the JPL microgyro is re-
ported in [7]. In practice there is always some coupling
between the drive and sense axis modes. For exam-
ple, an ARX model fit to input/output data from D,
to S; is shown in the Bode plot in Figure 2. Three
distinct modes are present: the two rocking modes of
interest and an additional “plunging” mode (the low-
est frequency mode). We ignore the plunging mode in
the AGC analysis and concentrate on the single- and
double-rocking mode case.

The dynamics of the a single oscillator with an AGC
is studied in Section 2. Our analysis provides a global
picture of the system dynamics and is rigorously jus-
tified by the method of averaging. Section 3 studies
the non-ideal case when there is coupling between the
the drive and sense axes rocking modes via the AGC.
The preliminary analysis suggests that the system can
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Bode Plots for Moxiel Order 40 and Six-state Bal. Trunc. Channel 1,1
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Figure 2: Identified models: 40th-order model (solid) and
six-state balanced truncation (dashed})

tolerate a small amount of coupling.

2 Analysis of 1 DOF Model

This section presents the analysis of an AGC loop reg-
ulating a single degree of freedom oscillator. The oper-
ation of the AGC is intuitive and is explained with the
assistance of the following diagram:

Ft+wir=u z

&

AGC

Treference amplitude

In this particular configuration, the velocity of the os-
cillator is applied to the oscillator input after being
multiplied by a gain. The gain is determined by the
automatic gain control dynamics: if the desired veloc-
ity amplitude is less than the reference amplitude then
the multiplicative gain is chosen to be negative in or-
der to dampen the oscillations; conversely, if the ref-
erence amplitude is larger than the current amplitude
then the AGC gain is positive and the “anti-damping”
causes the oscillation to grow. This is the essence of a
simple automatic gain control. The loop is adaptive in
the following sense: if the oscillator natural frequency
shifts (which is common in microsensors due to tem-
perature sensitivity), then the AGC loop will track this
shift (i.e., the oscillator is always excited at its natural
frequency).
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The AGC is composed of rectifiers, low-pass filters and
comparators and its simplicity makes it attractive for
use in microsystem applications. The equations of mo-
tion governing a simplified oscillator/AGC are

& +ct +wlz=K(r—2)& (1)
s = A(lé] - 2),

where z is the oscillator degree of freedom, and z is the
state of the low-pass filter which estimates the ampli-
tude of the rectified velocity signal || (the filter has
corner frequency A). The AGC gain is simply the dif-
ference between the reference amplitude, r, and filter
state, z, multiplied by the gain K. Integrators may be
included to offset the effects of natural damping present
in the oscillator (represented by c).

Exact analysis of (1) is difficult because of the nonlin-
ear amplitude detection. Perturbation analysis using
periodic averaging, however, leads to simplified nonlin-
ear differential equations. The separation of time scales
between the oscillator dynamics and the low-pass filter
and AGC gain may be used as the perturbation pa-
rameter. The analysis proceeds in several steps. First,
a change of time scale and coordinates is performed,
then the equations (which are time-periodic} are aver-
aged and, lastly, the approximating system of equations
1s analyzed.

Time is rescaled by defining 7 such that 7 = wt. Then
(1) may be rewritten as

I,
2"+l pa= l(r—wz):c’
w w
i ®
— g —
<= w('xl Z),

where / denotes differentiation with respect to . The
z variable was also rescaled as z = wz.

A coordinate change transforms the oscillator states x
and z’ into slowly varying amplitude and phase vari-
ables. Define

z(r) := a(r) cos(t + ¢(1)), 3)

where a and ¢ are the amplitude and phase functions,
respectively. Differentiating (3) with respect to 7 yields

2’ = —asin(r + ¢) + ¢’ cos(r + ¢) — a¢’sin(r + ¢).
(4)

The sum of last two terms in this expression is set to
zero and is used in determining the equations for a and

o}
a’ cos(t + @) — ad’sin(r + ¢) = 0. (5)
Differentiate (4) once more (keeping in mind (5)):

" = —d’'sin(r + ¢) — a(l + ¢’) cos(r + 4). (6)



Substituting (3), (4) and (6) into the oscillator equation
in (2) yields the equation

€ >

(a’ + a( (r—wz)))sin(7 + @)

+ad’ cos(r+¢)=0. (7)

c
«

The differential equations for ¢ and ¢ are obtained by
premultiplying [(5) (7)]7 by the non-singular matrix

[cotr o) anirren)

Simplifying the equations after this step and including
the equation for z yields the system

a = [%(r —-wz) — ‘—Z—] asin®(r + ¢)
¢ = | —wa) - L sin(r+ @)costr +0), a0

2= A(a|sin('r—|- P)| — 2).

w

(8)

These equations are exact. To apply averaging [3] we
assume

K A c
— X —

” >%o << L (9)

Thus the AGC gain K, low-pass filter corner frequency
A, and the damping ¢ are small compared to the os-
cillator frequency w, and, in fact, may be reduced
proportionally. Since K and A are parameters that
the designer can specify, the analysis really hinges on
the requirement that ¢/w be sufficiently small. Fortu-
nately, this requirement is not difficult to satisfy be-
cause damping in MEMS operating in an evacuated
environment is extremely small (quality factors can ap-
proach 1 x 10%). The quantitative behavior of (8) can
be described by the averaged system if this condition is
satisfied.

The averaged equations are simply,
¢ = (10)

The averaged variables are denoted with the bar. Note
that ¢(¢) is constant and may be set to zero for the
analysis. The performance of the AGC is determined
by the response of a.

The equilibria of (10) are

We assume r > ¢/K since the damping in the micro-
gyro is very small. The Jacobian linearizations at these
equilibria are

Dz'f(a[], Zo) = [%(1{2__:_ C) _0/\]

W w

0 - (Kr-—
Da:f(alle) = [ﬂ 4w ( Ar C)] .
W w
The equilibrium at (ao, zo) has one unstable and one
stable eigenvalue, however, if @(0) # 0 then the AGC

loop is excited.

The eigenvalues of the (a1, z1) equilibrium are both sta-
ble when r > ¢/ K. The eigenvalues of D, f(a, 21) are

% (-2 VM =2(Er—0)) .

In this case, the response of the linearized equations is
critically damped with rate of convergence A/w when
the system parameters satisfy

A=2(Kr—2c¢).

The eigenvalues are complex conjugates when A <
2(Kr — ¢) and oscillations in the amplitude are ob-
served. The design parameters in the AGC are A and
K and these may be used to alter the response the sys-
tem. Increasing K reduces the effect of damping in the
steady state amplitude but produces a more oscillatory
response. Note that the response also depends on the
reference amplitude » and a larger reference amplitude
tends to cause oscillation.

Simulation supports this analysis. For example, a sim-
ulation of (10) versus the original equations in (1) is
shown in Figure 3. The parameters used in the simula-
tionarew =10, A=1, K =1,r=1and ¢ = 0.01. The
plot demonstrates that the envelope function, @, of the
averaged equations has excellent agreement with the
amplitude of the oscillator in the complete equations.

A global picture of the a-z dynamics is desirable. In
particular it is of interest to determine the existence
of limit cycles. A limit cycle indicates periodic solu-
tions of @. This implies the existence of quasi-periodic
motion of the oscillator. This situation is undesirable
since a constant oscillator amplitude is required for sen-
sor operation. We show that limit cycles cannot exist
for the averaged equations.

Recall that the sum of indices of equilibrium points en-
closed by a limit cycle must be 1 [4]. This implies that
a limit cycle, if it exists, must enclose the equilibrium
point (@i,Z). The closed set Z =: {(a,z):a >0,z >
0} is invariant under the action of (10) because z' > 0
when z = 0 (the vector field points into Z along the
@ axis, for @ > 0). Thus, any limit cycle that passes
through part of Z must actually lie entirely in the in-
terior of Z and enclose (@1,21). We discount this last
possibility by applying Dulac’s Criterion [1]. Define
1

f@a,z) = %[K(r—wf) —cla
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Figure 3: Simulation of z(t) (top plot) and the approxi-
mate system @(t) (bottom plot).

(7o)

ie.,a = fand Z = g, and let p = @™, where m € R is
chosen below. Dulac’s Criterion states that if the sign
of ﬂa%fl+ 2%2%22 is constant in a simply connected region
of the phase space then limit cycles do not exist in the
region. Computing this quantity yields
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m+1

Kz

a™ when m = 1

<0 on the interior of Z.

Thus, the interior of Z cannot contain a limit cycle.
Further arguments are necessary to determine whether
(@1, %) is globally attractive (except when a(0) = 0)
but the fact that limit cycles cannot occur in this sys-
tem is encouraging and shows that the AGC is robust
to initial conditions (under practical circumstance the
AGC loop always excites the oscillator).

3 Preliminary analysis of 2 DOF model

This section contains preliminary analysis of a system
with two oscillators and an AGC described by the equa-
tions

K L
P+ litz= —(r—wz)(z +ey)
w w

g+£_y+(1+55)y=e—i}-(r—wz)(ab+£g) (11)

A
i==(lz+eyl-2).
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Time has been scaled in these equations. The - repre-
sents differentiation with respect to T (the / notation is
cumbersome and has been changed back to -).

The motivation for studying this model comes from the
inevitable coupling of the two rocking mode degrees of
freedom through the AGC. The amount of coupling is
determined by € > 0. When ¢ = 0, the y-equations
decouple from the z-z system. When ¢ # 0, y “leaks”
into the # measurement yielding & + ey. Similarly, the
y-equations are forced with an input of order ¢. The
parameter d represents a detuning of the rocking mode
frequencies. Simulations have shown very interesting
interaction between the two oscillators in the presence
of strong coupling (e ~ 0.5). The analysis of this case
if very difficult due to the nonlinearities and high state
dimension so we first concentrate on the case when
€ << 1 since the analysis can be developed from the
results in Section 2.

The stability of (11) will be studied using regular per-
turbation series. Assume the following expansions for
z,y, and z,

:c:a:0+c:c1+62x2+...
y=yo+ey1 + €yt ...

Z:20+621+€222+...

The zeroth order system is

" c . K .
o+ —&o+ 2o = —(r —wzp)to
w w
. c .
Yo+ —do+y =0
w
. AL
Zo = ;({.’L‘o' - ZQ).

The zg-zp subsystem is the original AGC system con-
sidered in (2). The yp equation is decoupled from zg
and zy. The approximate steady state solutions for the
zp-zp equations are given by the analysis for the 1 DOF

system:
(- % (%)

’¢
(12)
Note that the initial phase is arbitrary in these equa-
tions and is taken to be zero. The steady state solution
for the yo-equation is yo(7) = 0.

T

2w

c
P - —

K

) cos(t), zo(7)

zo(r) =

The first order equations, after neglecting the nonlinear
terms, are

.. c. . .
1+ —&1+2z21= —(r—wz) — Koz
w

EHE

.. c. ]
Y1+ ;yl +w3n = (r —wzo) &o (13)

21 = (sgn(:i:o):bl - 21).

El>¢g

The signum function is represented by “sgn.” The sta-
bility of these linearized first order equations is of in-
terest. Note that y; is driven by zo and zg but that the



z1-z1 system does not depend on y;. Since the y; equa-
tion is stable (there is always some damping present in
the microgyro so ¢ > 0), the stability of (13) is de-
termined by the z{-z; subsystem which is rearranged
to

.’i?l 0 1 0 Z

1l =1|-1 -—5 + —I:—(T—WZ()) ~Kzo) |21

2 0 2sgn (o) —2 z1
A(:':z

The stability of this linear time-periodic system can be
determined by substituting the steady state solutions
from (12) and computing the Floquet exponents [2] of
A(t),

0 1 0
Aty = | -1 0 %(r—/{%)sin‘r
0 —2sgn(sinr) -2

The Floquet exponents can be determined for specific
parameter cases although it may be possible to derive
a perturbation solution for the exponents with the pa-
rameters in (9). An analytical solution is desirable
since general conditions on the asymptotic stability of
the first order equations can then be derived. For now,
however, we content ourselves with numerical calcula-
tion for specific parameter cases.

Computation of the Floquet exponents, denoted Ap,
Aa, and A3, with the parameters from the simulation in
Figure 3 yield,

A1 = 0.69553 4 70.22382 A2 = 0.69553 — j0.22382
Az = 0.99931

The magnitudes of the exponents are less than one in-
dicating stability of the first order equations.

This local analysis shows that the AGC continues to op-
erate like the 1 DOF case for small perturbations from
the nominal trajectories and that coupling with the y
DOF produces a higher order effect on the oscillation of
the 2 DOF. More analysis is required to determine the
effect on the starting transients. Simulations support
the analysis for small coupling parameter (¢ < 0.2).

4 Conclusion

The single-oscillator case has been analyzed thoroughly
using the method of averaging. Simulations of the aver-
aged equations and the full set describing the oscillator-
AGC dynamics shows excellent agreement. The equi-
libria of the averaged equations were computed and
the effect of the AGC parameters on the response of
the linearized dynamics was revealed.

The two oscillator case was analyzed for small coupling
of the sense axis rocking modes. The results showed
that the coupling does not adversely effect the opera-
tion of the AGC. More work is required for this case,
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however, to determine the range of coupling parameter
for which the system functions properly. Additional
experimental validation of the results would assist in
refining the models and will be reported in future pa-
pers as new microgyro prototypes become available for
testing.
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