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Abstract

A branch and bound algorithm is used to determine

optimal spring rates and damping coefficients in flexi-
ble structures although the formalism is easily adapt-
able to designing passive control systems. The goal
is to minimize the ?tm norm from disturbance forces

to displacements and velocities of selected degrees of
freedom. The success of the branch and bound algo-

rithm largely depends upon the quality of upper and
lower bounds for the objective function. A comparison
on two design problems is made between a tight, but
computationally expensive, lower bound, and a simple,
computationally cheap, lower bound. Our conclusion is

that the extra investment in time to compute the tight
bound is well worth the effort and leads to a dramatic
savings in overall computation time.

1 Introduction

This paper considers the computational benefits of sev-
eral lower bounds in a branch and bound algorithm ap-
plied to the design of a multi-degree-of-freedom struc-
ture. The design task is formulated as the minimization
of the ?f~ norm of an LFT over a parameter set,

Omin(BA) := *~&allFL(M,A)l[m
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where M represents the linear system dynam-

ics, A = diag{Jll,, ,&lrz, . . . ,Jslr,} E Rmxm
is a diagonal matrix of design parameters, and

BA={AEA : 5(A) < 1} is the unit ball of

normalized parameters (after appropriate loop shifting
and y/u-channel scaling). The system is partitioned
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This problem requires global optimization. One of the

more popular and promising methods is the branch and
bound technique, which we apply to solve (1). We as-
sume that all A E BA stabilize the system. This con-

dition can be guaranteed in flexible structure designs
by restricting spring constants and damping coefficients
to be positive (a natural assumption in passive struc-
tures). Applications of branch and bound to other ar-
eas of control system analysis and synthesis may be

found in [1, 2, 6]. The next section briefly reviews the
branch and bound algorithm and presents a concise
development of a new lower bound that improves its
performance.

2 Algorithm and Bounds

The branch and bound algorithm and notation are
taken from [2]. The algorithm is reproduced below.
The iteration index is denoted by k, the list of cubes
by ~k, the lower bound by Lk and the upper bound
by uk for ~min (BA) at the end of k iterations. @lb
and @~b are lower and upper bounds, respectively, for
@rein over a given parameter rectangle, and Q denotes
a subrectangle in BA.

k=O

to = {BA};

& = @lb(BA);

~11= @ub(BA);

if Uk – Lk < c; stop; endif

while vk – Lk >6, {

choose Q E Lk such that @lb = Lk;

split Q along its longest edge into Q1 and QK1;

~k+l := (Lk – {Q}) U {%, %1};

k=k+l;

}
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2.1 Bounds
The upper and lower bounds are now developed. We
only consider the case where the parameters set is
BA because loop shifting and normalization may be
used to map an arbitrary parameter rectangle to BA.
The lower bound for @~i. in (1) is developed- by
first considering the constant matrix case. Let M E
@l, +m)x(nz+m) and consider the problem of obtain-
ing a lower bound for

*y~I u(FL(fi, A)), (2)

where A has the same structure previously defined and

M is partitioned as
E: a

We assume that

FL (fl, A) is well-posed for all A E BA. Let u and
v be the left and right singular vectors, respectively,

of the maximum singular value of flZW (we denote
6ZW = ti@fZW)). We may assume tizW > 0 otherwise
minA i7(Lf, A) = O by choosing A = O. A lower bound
for (2) is

*y&uI tY(FL(fi, A)) ~ AII&IalU*FL(fi, A)v I

= AIT#Ia[lFL(M, A)I]-l

where M is defined as

[

&
M= -

—+*MZU

+j&v Myu – 1&Mywvu*Mzu “
(4)

The lower bound in (3) exploits the “directionality” of
the fi,W block, and the expression for M comes from
computing the LFT inverse of U*FL (~, A)v. The last

line in (3) is bounded from below by computing an up-
per bound for maxA~13a ti(FL(M, A)) via the scaled
Main Loop Theorem (see [7, 8]). Scaling sets that com-
mute with A are

D:={diag [Dl,. ... Ds]: D; E~’xr; ,Di=D~>O}

G:={diag [Gl, . . .. Gs]. GiEU’x”’, Gi=G~}.

Define

{ [70:=inf T>O:~j6 jG(l+G2)-*

where

DL :=

Note that (5) may be computed via the convex opti-

mization

minimize T2

Lower bounds for (2) may now be stated;

{

~ if (5) is feasible
A~&A ti(FL(fi, A) ~ ~

if (5) is infeasible

(6)

(7)

(8)

The lower bound in (7) exploits the structure of A
and the fact that the parameters are real-valued. This
bound is often much tighter than (8) but clearly re-
quires more computation. Details on these bounds and
their ordering may be found in [5]. This reference also
explains how the bound in (7) exploits the directional-
ity of the MZW block.

A lower bound for (1) is now derived from the constant
matrix case. For any A c BA and w E R

IIFL(M,A)IIW ~ @(FL(M(ju), A)).

Thus,

The uniform continuity condition between ~lh and @Uh
is satisfied by choosing w = W. where IIM,W llm =

U(lt4zW(jwo)); i.e., the norm is achieved at wo (this in
not difficult to guarantee in practice because the search
over w may be limited to a bounded interval, or low-
pass weighting functions on y can render the

loop system strictly proper). Thus a lower
for (1) is

{

~ if (6) is feasible
@lb,~(BA) = ~

if (6) is infeasible ‘

closed-
bound

(9)

where M is defined according to (4) with M = iM(jwo).
A computationally inexpensive lower bound for (1) is

@]h,@A) =

{

max{5zW —
a(ltrzu a(fivw

I-@(My.)
‘,0} if~(tivti) <1

(lo)
o if 6(ti~ti) ~ 1,
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where fi = M(juo) again (note: FZW = IIMZWllm by

the choice of W.). A branch and bound performance

comparison between bounds (9) and (10) is made in
Section 3.

Finally, the upper bound for (1), ~ub, is quite simple:

@ub := llF’L(M,O)llm = [l~ZWllm. (11)

In other words, the norm of the system closed with
the parameters at the center of BA provides an upper
bound for @rein.

2.2 Continuity Condition
The continuity condition that guarantees convergence
of the algorithm is

Vc>03d>OVQ~BAsize(~)<6

(12)

= @ub(Q) – @lb,i(Q) < ~

where size(Q) denotes the length of the longest side of

Q.

The upper bound in (11) is the same as that used in
[2] where it was shown that ~ub and

@lb,~(BA) =

{

max{llMzWllm – IIJ’WMIIMYMIIM,O
I–[llvfy”[lm } ifllillvullm <1

0 ifll~ytillm > 1

(13)

satisfy (12). Thus, in order to demonstrate the conti-
nuity of @Ub and ~lb,l, and of @ub and @it,,Z, it suffices
tO show ~lb,z ~ ~lb,s SinCe@]b,l ~ @lb)Q.

Comparing (10) and (13), however, it is evident that
@lb,z ~ ~lb,s, since

Ilivfz.llm > i?(ti,u), ll~gwllca 2 ~(~yw),

Ip’fyullm 2 dfiyti).

3 Design Examples

The branch and bound algorithm with the lower
bounds (9) and (10) are applied to two flexible struc-
ture design problems. The objective is to minimize the

?f~ norm of the structural response from disturbance
forces acting at different points in the structure. The
requirement that all A E BA stabilize the system is
ensured by constraining the stiffness and damping ma-
trices to be positive definite in the structural equations.
This is guaranteed by specifying the parameter inter-
vals such that the individual spring rates and damping

F,

k, k,

7 ml 7 m2
% C*J

F,
l--

Y1
1-

Y1

Figure 1: Vibration absorption system

coefficients are positive (although it doesn’t imply the

design parameters are necessarily positive since the in-
tervals are relative to the nominal spring and damping
values).

The branch and bound algorithm was terminated when
@]b,i > ().9@Ub. As one would expect, the tighter the
stopp~ng criteria, the more computationally intensive
the problem becomes. It is up to the designer to de-
termine the tradeoff in tightness of the bounds versus
computation time. All simulations were performed on
a Pentium II 400 MHz machine using Matlab. The
LMI toolbox [4] was used to compute ~. in (9).

3.1 Dynamic Vibration Absorber
This first example is the design of a vibration absorber
for the two mass system shown in Figure 1. The ob-
jective is to attenuate the velocity of the first mass due
to the disturbance force Fd at a specific frequency by
designing IC2and C2appropriately. The weighting func-
tion for yl is

. . . 10s

This weight places a large peak in the “closed-loop”
transfer function at w%. By minimizing the ?tm
gain from Fd to weighted output, the algorithm will
attempt to minimize the peak of the disturbance-to-
velocity Bode plot across frequency, and in doing so
will force the unweighed system to exhibit a notch at
fig.

The physical constants are chosen as ml = m2 = 1,
kl = c1 = 1, and k2 and C2 are set at nominal values
of 1 as well. The initial parameter ranges are set to
dk, E [– O.99, 5] and c$C,= [–0.99, 5]. These parameter
ranges imply that the algorithm searches the intervals
k2 c [0.01,6] and C2 E [0.01, 6]. Note that for this
simple example we can select the optimal parameters
by inspection: the vibration absorber effect requires
that the m2-k2-c2 subsystem exhibit lightly damped
oscillations at W% when yl is fixed; this implies
that k2 R 2 and cz w O.

Using the tight lower bound ~lb,l, the algorithm com-
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Figure 2: Singular value plots for weighted system (top
right) and unweighed system (top left ) and
progress with @]b,1 (bottom left) and %,z
(bottom right).

pleted the optimization in 16 iterations with a total
time of 7.4 seconds, and @.b = 6.484 and %,1 = 5.858.
For comparison, this algorithm with lower bound ~lb,z

required 39 iterations and a total time of 9.0 seconds
with @Ub = 6.483 and @lb,2 = 5.889. This is not a

dramatic difference between the two cases, but as the
number of parameters is increased, the gaps between
the total number of iterations and total times increase
significantly.

The final parameters found by the algorithm using ~]b,l
are dkz = 0.9663 and 6C2= –0.9804 and using olb,z are

dk, = 0.9667 and d., = –0.9789. These correspond to

k2,0Pt w 1.97 and c2,0pt ~N 0.02, which are essentially
the analytically determined values. The Bode plots
of the weighted and unweighed, open and closed-loop
systems are shown Figure 2. The notching effect can be
seen in the unweighed closed-loop plot. The progress
on the upper and lower bounds and pruned volume
versus iteration are also shown for both bounds. Note
that the pruned volume is multiplied by a factor of 10
so that it can be displayed on the same graph as the
bounds. The algorithm with the tight lower bound is
able to prune significant amounts of volume from the
start. The initial lower bound is also nonzero for this
case.

3.2 Five degree of freedom system
The system for this design example is in Figure 3. The

objective is to minimize the ‘?f~ norm from the F’~,
and Fdz disturbance forces to the (unweighed) veloci-
ties of masses rnz and rnd. The physical constants are
mi=l, /ci=l, cl=c3=c5= 0,andc2=c4 =0.01.

The first design uses k2 and C2as the parameters, the
second design uses k2, C2 and C4 as the parameters,

and the third design uses k2, C2, k4 and C2 as the
parameters. The spring constant ranges are [0.01, 6]
(so d~, c [–0.99, 5]) and and the damping coefficient
ranges are [0.01, 5.01] (so d., E [0, 5]).

Figure 3: 5 mass system

In the two parameter case the optimization finished in
29 iterations with a final time of 12.7 seconds using

the tight lower bound @lb,l. With the bound @lb,z,
the optimization required 11,331 iterations and a
total time of 50.9 minutes. Here we see a significant
difference in algorithm performance even with two
parameters. The tight lower bound was nonzero on
the first iteration, however it took 10,464 iterations

before “crude” lower bound was able to achieve a
nonzero value. The final parameters using @lb,l are

bk, = –0.7092 and 6C, = 0.5496, and @ub = 10.524
and @lb,l = 9.696. The final parameters using ~lb,z
are 6k, = –0.7092 and 6., = 0.5469, and ~ub = 10.525
and @lb,z = 9.479.

In the three and four parameter cases, it was not
possible to run the optimization to completion using
the vertically challenged bound, @lb,Z. Each case was
run for 12 hours and then terminated. At that point,
the lower bounds were still zero. The three parameter
optimization with @lb,l finished in 675 iterations and

334.8 seconds, and ~ub = 5.794 and ~lb,l = 5.219.
The four parameter required 6661 iterations and 1.22
hours, and @Ub= 3.083 and @lb,l = 2.775 —an obvious
improvement over the branch and bound performance
with bound ~]b,z.

The optimum values for the three parameter case
are dkz = –0.8496, de, = 0.5469, and Jc4 = 0.0781
and for the four parameter case are dkz = –0.2646,
dk, = –0.9666, 6.= = 0.0977, and 6Cd = 0.4883.
Figure 4 shows the maximum singular value plot of the
initial system and the three “closed-loop” systems. As
one would expect, as the number of design parameters
is increased, the optimization is able to push the peak
response to a lower level. The final spring rates and
damping values are also markedly different in each case.

Lastly, we compare the branch and bound performance
on the structure design problems versus its perfor-
mance on the constant matrix problem in (2). The
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Figure 4: Singular value plots of optimal designs for 2-,

3-, and 4-parameter cases.

constant matrix case runs significantly faster than the
system designs. A summary of the average run times
for 50 random complex matrices (for each parameter
case) is shown in the following tables.

Constant Matrix

# param. I 2 3 4.. .
with @lb,l 0:0:1* 0:0:4 0:0:19
with @lh P 0:0:3 0:0:34 0:11:29

I ._, - , I I I
*_ all times are hrs:mins:secs

5-DOF System Design Absorber
#param. 2 3 4 2
with @lb,l 0:0:13” 0:5:35 1:13:6 0:0:7

with @lb,Z 0:50:55 >12hrs >12hrs 0:0:9
*- all times are hrs:mins:secs

4 Conclusion

The application of branch and bound to minimizing
the ‘Hm norm of an LFT is presented. We demonstrate
that sharp lower bounds are essential for reasonable
total computation times. Even though tighter lower
bounds may consume more computation time than
simple bounds, an overall savings in the number of
iterations reduces the total time. This increased
efficiency is amplified as the number of optimization
parameters increases. The results are illustrated on
two optimal structure designs. We also observed that
the computation time depends on the specific choice
of design parameters and not just the number of
parameters.

A comparison between the optimization of dynamical

systems and constant matrices is also explored. It
seems that the added complexity of the dynamic case

can significantly increase computation time. One possi-

ble explanation is that the algorithm must concentrate

on refining several regions of the parameter space in the
system design scenario. This is exacerbated by the fact

that the ‘Hm norm is achieved at several frequencies in

the optimal design (this is evident from the maximum

singular value plots in Figure 4).
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