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ABSTRACT: This study demonstrates numerically and exper-
imentally that dependent scattering occurs in colloidal suspensions
and can, counterintuitively, cause their transmittance to increase
with increasing particle volume fraction. Radiation transfer through
colloidal suspensions has been modeled with the radiative transfer
equation (RTE) assuming independent scattering. Then, the
effective absorption and scattering coefficients of the disperse
medium are predicted as the sum of the cross sections of all
particles divided by the volume of suspension. However, this
approach is not valid when the average interparticle distance is on
the same order of magnitude as the wavelength, corresponding to
large particle concentrations. The latter situation is referred to as
dependent scattering. Rigorously accounting for dependent scattering requires solving Maxwell’s equations, but is limited to
relatively thin suspensions. Here, we extend the Radiative Transfer with Reciprocal Transactions (R2T2) method to predict the
normal-hemispherical transmittance of thick and concentrated plane-parallel slabs of nonabsorbing nanoparticle suspensions and to
rigorously account for dependent scattering effects. The radiation characteristics of a large number of particle ensembles were
estimated using the superposition T-matrix method and the RTE was solved using Monte Carlo method combined with strategies
for sampling the previously computed radiation characteristics. A wide range of particle size parameter, volume fraction, and optical
properties as well as colloidal suspension thickness were investigated. Dependent scattering effects were found to prevail for particle
volume fractions as low as 1% depending on the particle size and refractive index. Evidences of dependent scattering were also
observed experimentally in the visible normal-hemispherical transmittance of 10 mm thick colloidal suspensions of silica
nanoparticles with diameter between 16 and 30 nm and particle volume fraction ranging from 2% to 15%. Moreover, good
agreement was found between experimental measurements and numerical predictions from the R2T2 method. By contrast, assuming
independent scattering underestimated systematically the normal-hemispherical transmittance, especially for large particle volume
fraction. As such, this paper presents, for the first time, experimental validation of the R2T2 method and its ability to account for
dependent scattering.
KEYWORDS: incoherent scattering, nanofluids, solar thermal energy conversion, aerosols, paints

1. INTRODUCTION

Colloidal suspensions consist of randomly distributed nano-
particles kept suspended in a fluid (liquid or gas) thanks to
interparticle repulsion and Brownian motion. They have found
a wide range of applications including white,1 colored,2 and
solar absorbing paints.3 They have also been called nanofluids
and found applications in solar thermal energy conversion.4−8

They also occur naturally in atmospheric aerosols,9 clouds,10

fogs,11 snow, and planetary regoliths.12 In addition, nano-
emulsions are metastable dispersions of two immiscible fluids
in which the dispersed phase droplets have a mean radius of
less than 100 nm.13 They are being considered for drug
delivery as well as for food and personal care products.14−16

Understanding light scattering through nanoemulsions can
enable their careful optical characterization.16

Radiation transfer through scattering and absorbing colloidal
suspensions has often been simulated by solving the radiative
transfer equation (RTE) to predict the local radiation intensity
field.6−8 To do so, the absorption and scattering coefficients of
the suspensions were predicted as the sum of the contributions
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from all constitutive particles.17 This approach is based on the
so-called “independent scattering” approximation and holds
when the particles are sufficiently dilute and distant from one
another.18 If the particles are spherical, the Lorenz-Mie theory
can be used to predict the absorption and scattering cross
sections of individual particles and their scattering phase
function.17 Independent scattering prevails if (i) the
suspension is dilute so that particles are separated by a
distance larger than several wavelengths depending on their
size,18 (ii) the observation point resides sufficiently far from
any particle; (iii) the number of particles in the suspension is
very large; (iv) all particles move randomly and independently
of each other in the medium; (v) the physical state of each
particle is independent of its position and of the states and
positions of all the other particles; and (vi) the particle
ensemble is fully ergodic, that is, its average characteristics can
be deducted from sufficiently large samples randomly collected
from the system.19 For example, Mishchenko et al.20 observed
experimentally that the independent scattering assumption was
valid for randomly dispersed spherical latex particles, 700 nm
in diameter and suspended in water for particle volume
fraction smaller than 2% at wavelengths 595 and 696 nm.
Beyond this critical volume fraction, the so-called “dependent”
scattering prevailed.20−22 Here, the dependent scattering
effects encompassed structural correlations, near field effects,
as well as multiple scattering.
Alternatively, the absorptivity, reflectivity, and transmissivity

of photonic structures can be calculated by direct solution of
Maxwell’s equations when the structure size is of the same
order of magnitude as the wavelength of the incident
electromagnetic wave. However, this approach is impractical
for colloidal suspensions with thickness much larger than the
wavelength of interest, that is, in the micrometer to centimeter
range or even larger (e.g., clouds or fog). A direct solution of
Maxwell’s equations for such large systems cannot be obtained
with current computing capabilities due to limitations in the
available random-access memory (RAM), even with state-of-
the-art scientific computing clusters.
More recently, Muinonen et al.23 and Vaïsan̈en et al.24

developed an algorithm based on the Radiative Transfer with
Reciprocal Transactions (R2T2) method that solves the RTE
with the ability to account for dependent scattering. First, the
authors predicted the radiation characteristics of hundreds of
spherical particle ensembles consisting of a large number
(∼100−1000) of absorbing spherical particles by solving
Maxwell’s equations. Each particle ensemble was extracted
from the center of a much larger cube populated with
randomly distributed monodisperse spheres with the desired
particle volume fraction. Second, the absorption and scattering
cross sections and the T-matrices of the particle ensembles
were computed using the Fast Superposition T-matrix method
(FaSTMM).25 Finally, the RTE was solved using the Monte
Carlo method within the medium among randomly sampled
particle ensembles whose radiation characteristics were
previously calculated. The authors demonstrated that their
method was capable of estimating the radiation intensity field
in a spherical domain of colloidal suspensions consisting of
monodisperse particles of radius rs, in air, by comparing the
predictions from the R2T2 method with those obtained from
direct solution of Maxwell’s equations. Specifically,24 the
particle volume fraction was f v = 0.25, with the particle size
parameter xs = 2πrs/λ = 2, while the suspension diameter D
was much larger than the wavelength λ, such that 2πD/λ =

100. The R2T2 method has also been extended to nonspherical
particles.20

The present study aims to develop a computational
framework capable of simulating radiation transfer in a
plane-parallel slab of absorbing and scattering media consisting
of dispersed spherical particles with large volume fraction and
arbitrary thickness so as to gain insight into dependent
scattering phenomena in colloidal suspensions. The study
specifically aims to identify the conditions under which
dependent scattering must be accounted for in thick and
concentrated colloidal suspensions. It is limited to non-
absorbing particles when diffraction, interferences, dependent
and multiple scattering dominate and are unimpeded by
absorption.26 Special attention was paid to the effects of (i)
particle size distribution, (ii) volume fraction, and (iii)
refractive indices. Predictions from the numerical simulation
tools were also compared with experimental measurements of
the normal-hemispherical spectral transmittance of aqueous
colloidal suspensions of polydisperse silica nanoparticles with
radius between 5 and 15 nm and volume fraction ranging from
2% to 15%. This study considers a relatively simple system in
order to be able to faithfully simulate and characterize the
experimental samples. In addition, silica nanoparticle suspen-
sions were chosen because they are nonabsorbing in the visible
when dependent scattering is not hindered by absorption, as
previously discussed.

2. BACKGROUND
2.1. Electromagnetic Waves through Suspensions of

Particles and Aggregates. Electromagnetic wave transport
in heterogeneous structures, such as particle suspensions and
aggregates, are governed by Maxwell’s equations. The solutions
of these equations can be obtained by various methods,
including the finite difference time domain (FDTD),27 the
discrete dipole approximation (DDA),28 the finite element
(FEM),29 and the superposition T-matrix30 methods. How-
ever, these methods of solution are computationally intensive
and can be used only for particle systems with a size on the
same order of magnitude as the incident wavelength.31

Comparatively, the superposition T-matrix method is
computationally less intensive than the other methods that
are based on discretizing the computational domain into small
elements, meshes, or dipoles.32 In fact, the superposition T-
matrix method can solve Maxwell’s equations for an ensemble
of spheres based on superposition principles and on analytical
solutions of Maxwell’s equations such as the Lorenz-Mie
theory.33 Conveniently, the superposition T-matrix method
has been implemented for GPU computing,34 making it
possible to account for a large number of spheres without
requiring excessively long computational time. Unfortunately,
as previously mentioned, it still cannot be used for solving
Maxwell’s equations in millimeter-thick colloidal suspensions.
2.2. Radiation Transfer Theory. 2.2.1. Radiative Trans-

fer Equation. Instead of solving Maxwell’s equations, one can
predict the local radiation intensity field Iλ(r, Ω) at location r
in solid angle Ω by solving the RTE expressing energy
conservation principles for the local spectral radiation intensity
Iλ within the medium.17 In a nonemitting (i.e., cold),
absorbing, and scattering colloidal suspension, the RTE is
expressed as17
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where κλ and σs,λ are the effective absorption and scattering
coefficients of the suspension and ΦT,λ(Ω′, Ω) is its scattering
phase function. The RTE given in eq 1 accounts for
attenuation of the intensity due to absorption and out-
scattering as well as its enhancement from in-scattering and
multiple scattering along a given direction of propagation.
Solving the RTE consists of two consecutive steps: (1)
predicting the effective radiation characteristics κλ, σs,λ, and
ΦT,λ (Ω′, Ω) of the heterogeneous medium at wavelength λ
and (2) solving the RTE to predict the local radiation intensity
Iλ(r, Ω) in different directions. The predicted intensity
emerging from the boundaries of the computational domain
encompassing the suspension can be used to predict the
spectral normal−normal or normal−hemispherical reflectances
and transmittances of the suspension of any arbitrary
geometry. For example, the normal−hemispherical trans-
mittance of a plane-parallel slab of thickness L can be
expressed as17

=
L

T
I ( , , )cos sin d d

I
t t t t t t t

i i
nh

0

2

0

/2
,

, (2)

where θt and φt are the polar and azimuthal angles of the
transmitted intensity Iλ,t(L, θt, φt) defined with respect to the
outward normal to the back surface of the suspension, while Iλ,i
is the intensity normally incident onto the slab in solid angle
ΔΩi.
2.2.2. Independent Scattering. As previously discussed,

independent scattering assumes that the effective absorption
and scattering coefficients of the suspension can be computed
as the sum of the absorption and scattering cross sections of
the different particles, based on superposition principles. For
example, the radiation characteristics κλ

ind, σs,λ
ind, and ΦT,λ (Ω′,

Ω) of a suspension consisting of monodisperse spherical
particles of radius rs and complex index of refraction ms = ns +
iks in a nonabsorbing medium of refractive index nm can be
expressed as17

= =N r Q x m N r Q x m( , ) and ( , )T
M

T
M

s,
ind

s
2

sca, s
ind

s
2

abs, s (3)

=( , ) ( , )T
M

,
ind

(4)

where NT = 3f v/4πrs3 is the number of particles per unit
volume, while f v is the particle volume fraction in the
suspension. Here, the absorption Qabs,λ

M (xs, m) and scattering
Qsca,λ
M (xs, m) efficiency factors and the scattering phase function

Φλ
M(Ω′, Ω) of a single spherical particle can be predicted by

the Lorenz-Mie theory and depend on the particle size
parameter xs = 2πrs/λ and the relative complex index of
refraction m = ms/nm.

33

2.2.3. Dependent Scattering. As the particle concentration
in the suspension increases, dependent scattering may prevail
depending on the particle size parameter xs and some measure
of the particle proximity.18 Tien and Drolen35 reviewed the
different analytical models developed prior to 1987 to account
for dependent scattering in packed beds and fluidized
beds.36−39 Dependent scattering was accounted for by
expressing the average scattering efficiency factor Qsca

D of a

single particle in the form Qsca
D (xs, m, f v, c/λ) = F( f v, c/λ)

Qsca
M (xs, m), where F( f v, c/λ) is a form factor depending on the

volume fraction f v and the ratio c/λ of the clearing distance c
between adjacent particles and the wavelength λ. The analyses
typically considered simple arrangements of equidistant and
monodisperse spheres in an ordered structure. Tien and
Drolen35 also proposed a scattering map indicating the areas
where dependent and independent scattering prevail in the
volume fraction f v versus particle size parameter xs diagram.
The independent scattering assumption prevails if the volume
fraction is such that f v < 0.6% or, for f v > 0.6%, if the clearing
distance to wavelength ratios are such that c/λ > 0.5
corresponding to

>
+

i
k
jjjjj

y
{
zzzzzf

x
0.9047

1 /(2 )v
s

3

(5)

assuming a rhombohedral packing of particles. Note also that
the effects of dependent scattering on the scattering phase
function or on the asymmetry factor were not considered by
Tien and co-workers. The reader is referred to our recent study
for a detailed review of the literature focused on dependent
scattering in the scattering cross sections and asymmetry
factors of bispheres and random or ordered particle
suspensions.
Recently, we demonstrated that the scattering efficiency

factor and asymmetry factor should be written respectively as
Qsca
D (xs, m, d/λ) and gD(xs, m, d/λ), where d is the average

interparticle distance without resorting to the form factor F( f v,
c/λ) or considering f v and c or a specific particle arrange-
ment.40 In addition, an alternative regime map was proposed
to identify the dependent vs independent scattering regimes in
terms of xs versus d/λ so as to reflect these new develop-
ments.40 Moreover, different transition criteria from dependent
to independent scattering regimes were obtained for Qsca

D and
gD of ensembles of nonabsorbing particles.18

Alternatively, Mishchenko12 successfully used the static
structure factor to account for dependent scattering in the
asymmetry factor and scattering phase function of densely
packed particles representative of planetary regoliths and soil
particles. The same “phenomenological patch” was used to
match predictions of the vector RTE with experimental
measurements of the Stokes reflection matrix of densely
packed suspension of latex particles 700 nm in diameter with
volume fraction f v equal to 2%, 5%, and 10%.20

Finally, the Foldy-Lax equations are mathematically
equivalent to Maxwell’s equations and presented in the form
of a Neumann series solutions.41 In their recent study, Fuji et
al.42 examined the integral radiation characteristics of
polydisperse colloidal suspensions with different particle
volume fractions. The authors reported the asymmetry factor
and the scattering coefficient of fat emulsions by considering
the first-order term of the Foldy-Lax equations for droplet
diameter ranging from 20 to 690 nm with an average of 214
nm for volume fraction between 0.1% and 20%. They also
observed dependent scattering effects in the scattering
coefficient and asymmetry factor for different volume fractions.
2.3. Dense Medium Radiative Transfer (DMRT).

Among methods accounting for dependent scattering effects,
the T-matrix is the most accurate since it accounts for all the
relevant phenomena including specular boundary reflection
and near field effects. However, it is also the most
computationally intensive method, making it impractical for
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simulating radiation transfer through thick and dense
suspensions. As an alternative, Tsang and Ishimaru43 derived
what they called the “dense medium radiative transfer
(DMRT)” equations governing the Stoke vector from the
second moment equations of the electromagnetic wave theory.
To derive the DMRT equation, the authors first separated the
scattered electric field into its coherent and incoherent
components. The coherent field satisfies the Dyson equation44

and can be approximated by an effective medium resulting in
the boundary reflection and refraction. The incoherent
component, which represents volumetric scattering by the
heterogeneous medium, satisfies the Bethe−Salpeter equation.
The correlated ladder approximation was used to simplify the
Bethe−Salpeter equation44 in which the Percus−Yevick
approximation was invoked to account for the correlated
locations of the scatterers.24 Overall, the DMRT method solves
the RTE using the scattering and extinction coefficients and
the asymmetry factor calculated for dense medium using the
ensemble averaged Mueller matrix based on the far field
approximation. Thus, it does not account for near field effects
or higher order multiple scattering.12 As a result, dependent
scattering in optically hard materials, such as metals and high
refractive index particles in low refractive index media, cannot
be accounted for accurately.
2.4. Radiative Transfer with Reciprocal Transactions

(R2T2) Method. More recently, Muinonen et al.23 and
Vaïsan̈en et al.24 developed the so-called Radiative Transfer
with Reciprocal Transactions (R2T2) method based on the
Monte Carlo method. The R2T2 method consists of three
consecutive steps. Step 1: N particle ensembles, consisting of
randomly distributed particles, are generated using a
sufficiently large number of particles to ensure that the
simulated domain is ergodic. Step 2: The incoherent T-
matrices of the N particle ensembles are computed to
eventually obtain the particle ensembles’ incoherent radiation
characteristics βλ,i

ic and ωλ,i
ic . Here, to calculate the coherent and

incoherent scattered electric field components, N particle
ensembles with monodisperse particles were considered.45

These ensembles should be large enough to represent the
optical properties of an ergodic medium. Then, the coherent
electric field Esca,c can be found by averaging over the electric
fields Eisca scattered by all particle ensembles i (1 ≤ i ≤ N)
according to24

=
=

E E
N

lim
1

N i

N

i
sca,c

1

sca

(6)

The total scattered electric field Eisca can be represented as24

= +
= =

E M Na a( )i
v

N

w v

v

vw vw vw vw
sca

1
1 2

o

(7)

where Mvw and Nvw are the base vectors composed of vector
spherical wave functions while awv1,i and awv2,i are the spherical
vector wave function coefficients associated with each
polarization. Then, it is possible to find the so-called T-
matrix46

=
i
k
jjjjj
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jjjjjjj
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f

fi
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wv i

wv

wv

1,
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1

2 (8)

where f wv1 and f wv2 are the coefficients of the incident field Einc

The T-matrix Ti for the ith particle ensemble can be expressed

as the sum of the coherent T-matrix Tc, identical for all particle
ensembles, and the incoherent T-matrix Ti

ic such that Ti = Ti
ic +

Tc. By analogy with the coherent scattered electric field, the
coherent T-matrix is defined as24

= =
=

T T T T T
N

lim
1

andi i iN
i

N
c ic c

1 (9)

In other words, the sum of all incoherent T-matrices averaged
over all particle ensembles is zero, that is, ∑i=1

N Ti
ic = 0. After

obtaining the incoherent T-matrix Ti
ic for the ith particle

ensemble, the coefficients of the incoherent scattered electric
field, awv1,iic and awv2,iic can be obtained from
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The incoherent scattering cross sections of the ith particle
ensemble can then be expressed as24

= | | + | |
= =

C
q

a a1
( )i

v

N

w v

v

wv i
ic

wv isca,
ic

2
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1,
2

2,
ic 2

o
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where q = 2π/λ is the angular wavenumber and the integer No
is the degree of expansion needed to ensure convergence.
Similarly, the total scattering and extinction cross sections of
the ith particle ensemble are given by24

= | | + | |
= =

C
q

a a1
( )i

v

N

w v

v

wv i wv isca, , 2
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= +
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C
q

a a1
Re( )i

v

N

w v

v

wv i wv iext, , 2
1

1, 2,

o

(13)

Moreover, the effective spectral incoherent extinction
coefficient βλ,i

ic and the incoherent scattering albedo ωλ,i
ic of a

particle ensemble of volume Ve can be calculated according
to24

=
+

=
+

C C

V

C

C C
andi

i i
i

i

i i
,

ic sca,,
ic

abs, ,

e
,

ic sca, ,
ic

sca, ,
ic

abs, , (14)

where the total absorption cross-section of the ith particle
ensemble is given by

=C C Ci i iabs, , ext, , sca, , (15)

Finally, the absorption and scattering coefficients of the ith
ensemble can be expressed as

= =(1 ) andi i i i i i, ,
ic

,
ic

s, ,
ic

,
ic

,
ic

(16)

Step 3: The Monte Carlo method traces rays for the spherical
vector wave function coefficients in eq 10 and six different
polarization states, including four linear polarizations (vertical,
horizontal, +45°, −45°) and two circular polarizations (right-
handed and left-handed). Then, the Monte Carlo ray tracing
method is used to solve the RTE using ensemble-averaged
incoherent extinction coefficient, ∑i=1

N βλ,i
ic )/N, and randomly

sampled scattering albedo ωλ,i
ic estimated in Step 2 as well as the

polarization-dependent scattering phase functions which are
generated at each scattering event using a randomly selected
incoherent T-matrix and the local spherical vector wave
function coefficients.24
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Three additional considerations arise when tracing rays
through the medium considering particle ensembles. First,
some particle ensembles may intersect with the boundaries of
the suspension. Then, one can let the ensembles intersect or
force them to remain within the confine of the plane parallel
suspension. Second, the attenuation due to absorption and
scattering can be computed from the boundary or from the
center of the ensemble to the suspension surface. Third, two
consecutive particle ensembles sampled in the Monte Carlo
method between two consecutive scattering events may
overlap, especially if the suspension is optically thick. Note
that the T-matrices of all N ensembles were already computed
before the ray tracing computation. Therefore, the overlap did
not affect the T-matrix Ti (eq 8) used. All possible
configurations were studied by Vaïsan̈en et al.24 In brief, (i)
letting the particle ensemble intersect with the boundaries of
the suspension, (ii) accounting for attenuation from the origin
of the ensemble, and (iii) allowing overlapping of consecutive
particle ensembles led to better agreements with the solution
of Maxwell’s equations. The first two considerations are only
important for suspension whose size is comparable to that of
the particle ensembles. Overlapping of two consecutive
ensembles is more likely optically thick, where the incoherent
mean free path is smaller than the particle ensemble. This was
not the case for the silica nanoparticles dispersed in water
considered in the present study under visible light and
featuring a small index mismatch and size parameter. However,
in cases when large size parameters and/or high refractive
index mismatch between particle and medium are considered,
denying or allowing particle ensembles to overlap could have a
significant impact on the predictions.
Finally, Penttila ̈ et al.31 compared the results of the R2T2

method with those obtained by solving Maxwell’s equations
and found that the method can estimate the radiation intensity
accurately in suspensions of particles in a spherical domain of
air with dimensionless diameter 2πD/λ equal to 30.1, 64.8,
140, and 301, consisting of particles with ms = 1.5 + i10−4 and
particle size parameter xs = 1.74 and volume fraction f v = 20%.
The authors also observed a large discrepancy between the
predictions of the local intensity obtained from solving the
RTE assuming independent scattering and from solving
Maxwell’s equations.

On the other hand, simulating thick media with the R2T2

method is relatively simple but it is more computationally
intensive for large particle size parameters. However, this
limitation is not crucial since dependent scattering effects are
stronger for small particle size parameters. Moreover, the R2T2

method traces the electromagnetic waves from one spherical
particle ensembles to the next in the heterogeneous medium. It
uses the scattered radiation emerging from one particle
ensemble as the incident wave onto the next particle ensemble.
The R2T2 method calculates the scattering and absorption
coefficients of the medium using the rigorous and accurate T-
matrix method. However, the R2T2 method cannot account for
the specular boundary reflection of the medium.24 Note that
specular boundary reflection of dense medium is not trivial to
calculate from Fresnel equations since the effective refractive
index of the suspension should be defined and the well-known
effective medium approximations including the Maxwell−
Garnett model are not appropriate for dense media and
optically hard materials.47

The objective of this study is to develop and validate a
numerical framework capable of predicting the radiation
intensity field in heterogeneous media of arbitrary thickness
and accounting for dependent scattering and multiple
scattering. It utilizes the R2T2 method to predict radiation
transfer through colloidal suspensions consisting of randomly
distributed nonabsorbing spherical particles. Particular atten-
tion was paid to the effect of particle size and volume fraction
as well as suspension thickness. The solution of the RTE
assuming independent scattering and using the effective
radiation characteristics determined using the Lorenz-Mie
theory was also considered since it has been widely used in the
literature for simulating solar radiation transfer through
nanofluids4−8 as well as to measure the particle size
distribution using dynamic light scattering,48,49 for example.
Experimental measurements of the normal-hemispherical
transmittance in the visible part of the electromagnetic
spectrum for aqueous colloidal suspensions of silica nano-
particles were also performed for particle volume fraction f v up
to 15%. The measurements were used to illustrate the
occurrence of dependent scattering and to validate the
different numerical methods used to simulate radiation transfer
in colloidal suspensions.

Figure 1. Illustration of light scattering in colloidal suspensions and the different length scales considered.
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3. ANALYSIS
3.1. Problem Statement. Figure 1 illustrates the colloidal

suspensions exposed to visible light investigated in the present
study and the different length scales and parameters
considered. The colloidal suspension was characterized by (i)
the size distribution f(rs) of spherical particles of radius rs, (ii)
the particle volume fraction f v, (iii) the particle spatial
arrangement, (iv) the particle refractive index ns (ks = 0),
(v) the continuous medium refractive index nm at wavelength λ
in the visible and near-infrared (400−900 nm), and (vi) the
suspension thickness L.
3.2. Methods of Solution. For solving Maxwell’s

equations, the publicly available code CELES34 implementing
the superposition T-matrix method on GPU was used. A
Gaussian beam of radius 1 μm was normally incident on a
plane parallel slab of randomly distributed monodisperse or
polydisperse particles. Due to the shape of the incident beam,
we simulated a cylindrical particle suspension of thickness L
and radius Rc. In fact, randomly dispersed particles were
populated inside a large rectangular prism with dimensions 4Rc
× 4Rc × 2L. Then, a cylinder of thickness L and radius Rc was
cropped from the center of the rectangular prism to eliminate
any edge effects. The choice of Rc was important to ensure that
the particle suspension could be treated as plane-parallel and
that the number of photon bundles escaping the cylinder
through the sides was negligible. These conditions were met
for Rc = 4L, based on preliminary simulations. Figure 2 shows
examples of simulated plane-parallel cylinders filled with
monodisperse particles of radius rs = 50 nm for volume
fraction f v equal to (a) 2%, (b) 10%, and (c) 35%. Simulations

based on GPU-based superposition T-Matrix method were
performed on a Nvidia GeForce RTX 2080 Ti graphic card.
For thin film coatings, the cropped cylinder featured a

relatively small radius Rc such that predictions of the
transmittance by the T-matrix method could suffer from the
effect of resonances such as those observed in photonic crystal
structures.24 To avoid this effect, 30 randomized particle slabs
with the same dimensions were created and their normal-
hemispherical transmittances were computed by the T-matrix
method and averaged to yield the suspension normal-
hemispherical transmittance. Simulations based on the R2T2

method were performed on Intel Xeon CPU E5−2650 v2 @
2.60 GHz 16 core, 128 GB RAM workstation. The computing
time varied from 0.1 to 52 h and increased with increasing
particle size, volume fraction f v, and suspension thickness L.
On the other hand, solution of the RTE assuming

independent scattering were obtained using the Monte Carlo
method. The effective radiation characteristics of the
suspension were obtained thanks to the publicly available
codes based on the Lorenz-Mie theory for monodisperse50 and
polydisperse51 spherical particles, as used in previous studies.52

The code implementing the R2T2 method to account for
dependent scattering effects described in ref.24 was used after
several modifications. First, the original particle ensemble
generator was capable of creating ensembles consisting only of
monodisperse randomly distributed particles.53 Here, we
modified the code to enable custom specification of the spatial
and size distributions of the spherical particles. Second, the
code could simulate radiation transfer through semi-infinite
media with planar geometry.24 Here, the code was modified to
account for the finite thickness of plane-parallel slabs of

Figure 2. Cylindrical plane-parallel slabs 2 μm thick of randomly distributed monodisperse spherical particles of radius rs = 50 nm simulated with
the T-Matrix method for particle volume fraction (a) f v = 2% (3766 spheres), (b) f v = 10% (18625 spheres), and (c) f v = 35% (74320 spheres).
Example of particle ensembles of randomly distributed polydisperse spherical particles with log-normal size distribution such that rs̅ = 100 nm and σ
= 20 nm for particle volume fraction (d) f v = 5%, (e) f v = 10%, and (f) f v = 50%.
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particle suspensions to facilitate the comparison with
experimental measurements. A total of N = 500 spherical
particle ensembles of radius Rc were cropped from the center
of N large cubes of height 4Rc. Polydisperse particles were
populated inside the cubes according to the desired particle
size distribution f(rs) and particle volume fraction f v. Figure
2d−f shows examples of particle ensembles cropped from the
large cubes filled with polydisperse particles with log-normal
size distribution with mean radius rs̅ = 100 nm and standard
deviation σ = 20 nm for volume fraction f v equal to (d) 5%, (e)
10%, and (f) 50%.

4. MATERIALS AND METHODS
4.1. Sample Preparation, Materials, and Character-

ization. Two commercial aqueous silica colloidal suspensions
were investigated experimentally, namely, Nyacol NexSil 12
(Suspension 1) and LUDOX TMA (Suspension 2) (see Figure
3). In both suspensions, the silica nanoparticles were negatively
charged. Suspension 1 featured particles with diameter ranging
from 16 to 28 nm stabilized with sodium counterions and
initial concentration of 29−31 wt % at pH of 8.8−9.5.
Suspension 2 was slightly acidic with low sodium level and
silica particle diameter around 22 nm with concentration of 34
wt % for a density of 1.24 g/cm3. First, both suspensions were
sonicated for 5 min at room temperature using an ultra-
sonicator (Fisher Scientific, Model 150E, 150 W) to fully
disperse the individual silica particles that might have
aggregated over time. Then, the sonicated solutions were
diluted in deionized water to obtain four different particle
volume fractions f v ranging from 14 to 15 vol % (undiluted) to
2 vol %.
Transmission electron microscopy (TEM) images of

nanoparticles from both suspensions were collected using a
Tecnai G2 TF20 High-Resolution EM, CryoEM, and CryoET
(FEI). To load the nanoparticles onto the TEM grids, an
aliquot of the colloidal suspension was dried at 80 °C and
resuspended in ethanol prior to dipping the carbon coated grid
into each suspension. An accelerating voltage of 200 kV and a
TIETZ F415MP 16-megapixel 4k × 4k CCD detector were
used for imaging. Then, the silica nanoparticle size distribution
was determined by measuring the diameter of 50 particles,

manually, using ImageJ. To determine the mass concentration
of solids in the colloidal suspension, 0.5 mL of suspension were
evaporated at 80 °C in an oven. The mass was measured before
and after evaporation and after calcination at 400 °C for 6 h in
an oxygen atmosphere to remove any organic phase. Then, the
particle volume fraction was estimated from the silica particle
mass fraction x (in wt %) in suspension provided by the
manufacturer and based on the dilution ratio according to
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V V

x

x xv
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s w
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where the densities54 of bulk silica and water were taken as ρs =
2.65 g/cm3 and ρw = 0.997 g/cm3, respectively.
Table 1 summarizes the characterization results of the

colloidal Suspensions 1 and 2. It indicates that there was no

significant organic material in the suspension since the mass
fraction of silica before and after calcination were very similar.
4.2. Transmittance Measurements. The normal-hemi-

spherical transmittances of colloidal Suspensions 1 and 2 with
different particle volume fractions were measured using a
double-beam ultraviolet−visible (UV−vis) spectrophotometer
(iS50, Thermo Scientific Fisher, U.S.A.) equipped with an
integrating sphere (EVO220, Thermo Scientific Fisher,
U.S.A.). Measurements were performed in the visible and
near-infrared at wavelength λ ranging between 400 and 900 nm
in 1 nm increments. A quartz cuvette with path length of 10
mm and containing the colloidal suspension was attached to
the integrating sphere. The baseline measurement was
performed with DI water in the cuvette for which the

Figure 3. TEM images and particle diameter distributions of colloidal (a) Suspensions 1 and (b) 2.

Table 1. Concentration, Mean Particle Radius rs̅, Standard
Deviation σ of Particle Size Distribution of Silica
Nanoparticles in Colloids before and after Calcination

wt %
before

calcination
wt % after
calcination

mean
particle
radius rs̅
(nm)

std dev σ
(nm)

particle
vol

fraction
f v (%)

Suspension 1 32.6 32.3 10.1 1.2 2−14
Suspension 2 34.3 33.7 13.2 1.8 2−15
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normal-hemispherical transmittance was set to 100% so that
the effects of boundary reflection and absorption by water
could be corrected for.

5. RESULTS AND DISCUSSION
5.1. Comparison of the T-Matrix, Classical MC, DMRT,

and R2T2 Methods. The normal-hemispherical transmittance
Tnh of thin plane-parallel slabs of colloidal suspensions
consisting of silica spherical nanoparticles was calculated in
three different ways by solving (1) Maxwell’s equations using
the superposition T-matrix method, (2) the RTE based on the
independent scattering approximation and using the classical
Monte Carlo method, and (3) the RTE accounting for
dependent scattering using the R2T2 method. The T-matrix
method was used as a reference since it is the most rigorous
method. Figure 4 compares the normal-hemispherical trans-
mittance Tnh numerically predicted by the T-matrix, DMRT,
and R2T2 methods for particle suspensions of thickness L = 2

μm or 2 mm as a function of particle volume fraction f v for
three different monodisperse particle suspensions with particle
radius (a) rs = 50 nm, (c) rs = 150 nm, or (d) rs = 5 nm along
with (b) a polydisperse particle suspension with a log-normal
size distribution of mean particle radius rs̅ = 50 nm and
standard deviation σ = 20 nm. In all cases, the silica particles
were treated as nonabsorbing with relative refractive index n =
1.5 at wavelength λ = 500 nm. Note that the suspension
thickness L = 2 μm was arbitrarily selected to ensure that
predictions by the T-matrix method could be obtained.
However, the transmittance Tnh for a suspension of thickness
L = 2 mm could not be computed by the T-matrix method
even for a small particle radius (Figure 4d) due to limitations
in the computing resources, as previously discussed. First, the
DMRT method was able to capture the dependent scattering
effects for small particles with radii rs = 5 nm and rs = 50 nm.
Indeed, its predictions were in excellent agreement with those
by the T-matrix method (Figure 4a,b,d), as well as those by the

Figure 4. Comparison of the normal-hemispherical transmittance Tnh of particle suspensions of thickness L predicted numerically by the T-Matrix
method (Maxwell’s equations), the classical Monte Carlo method (independent scattering), DMRT method (dependent scattering - DMRT), and
the R2T2 method (dependent scattering - R2T2) as a function of particle volume fraction for (a) monodisperse particles with rs = 50 nm and L = 5
μm, (b) polydisperse particles with log-normal distribution with rs̅ = 50 nm, σ = 20 nm, L = 5 μm, (c) monodisperse particles with rs = 150 nm and
L = 5 μm, and (d) monodisperse particles with rs = 5 nm, L = 2 mm. In all cases, n = 1.5 (k = 0) and λ = 500 nm.
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R2T2 method. However, the predictions of the transmittance
Tnh obtained by the DMRT method deviated from those
obtained by solving Maxwell’s equations for larger particles
with radius rs = 150 nm (Figure 4c), associated with stronger

light scattering. Second, excellent agreement was observed
between predictions by the R2T2 method and by the T-matrix
method for all particle size distribution and volume fraction f v
investigated. Indeed, predictions by the R2T2 method fell

Figure 5. Comparison of the spectral transmittance Tnh,λ measured experimentally and predicted by the R2T2 method accounting for dependent
scattering and the classical Monte Carlo method assuming independent scattering for (a−c) Suspension 1 and (d−f) Suspension 2 and for (a, d) f v
= 2% or f v = 5% and (b, e) f v = 10% or f v = 14% in the spectral window 400−900 nm. Normal-hemispherical transmittance Tnh,500 at 500 nm for
(c) Suspension 1 and (f) Suspension 2 vs particle volume fraction f v. In all cases, the colloidal suspension thickness was L = 10 mm.
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within the uncertainty of the predictions from the T-matrix
method used as a reference. These results demonstrated the
validity and capabilities of the R2T2 method in accounting for
dependent scattering as accurately as the T-matrix method
while also being capable of simulating thick suspensions
(Figure 4d). Note that a minor discrepancy was observed
between the predictions by the R2T2 method and the T-matrix

method for large particle volume fraction and large particle
radius, as illustrated in Figure 4c for monodisperse particles
with rs = 150 nm. This discrepancy can be attributed to
specular reflections at the boundary of the computational
domain, which were accounted for by the T-matrix method but
not by the R2T2 method.
Moreover, predictions from solving the RTE assuming

independent scattering agreed with predictions from the T-
matrix and the R2T2 methods for relatively small volume
fractions f v ≤ 0.02. This confirms that independent scattering
prevailed for dilute colloidal suspensions. However, significant
deviations were observed between the solution of the RTE
assuming independent scattering and predictions by the T-
matrix and R2T2 methods as the particle volume fraction f v
increased and as the particle radius rs decreased. This can
unequivocally be attributed to dependent scattering. It is
interesting to note that dependent scattering resulted in a
significantly larger normal-hemispherical transmittance Tnh
than that obtained when assuming independent scattering. In
other words, assuming independent scattering overestimated
the scattering coefficient and the optical thickness of the
suspension. Note also that for large particle volume fraction ( f v
≥ 0.1) and small particles (rs ≤ 50 nm), the transmittance Tnh
plateaued and even increased as the particle volume fraction f v
increased. These results are particularly surprising at first since
the widely used independent scattering assumption indicates
that the scattering coefficient increases with increasing particle
volume fraction f v and decreasing particle radius rs, as is
evident from eq 3.
5.2. Experiments. The objective of this section is to

validate experimentally the R2T2 method using spectral
normal-hemispherical transmittance measurements between
400 and 900 nm for the two types of previously described
colloidal suspensions of silica nanoparticles in 10 mm thick
quartz cuvettes with different dilution ratios and particle
volume fractions. The spectral refractive index of silica and
water in the spectral range of interest were taken from ref 55.
Figure 5 compares predictions of the R2T2 method, accounting
for particle polydispersity, with experimental measurements for
the spectral normal-hemispherical transmittance Tnh,λ of
Suspension 1 featuring (a) f v = 2% or 5% and (b) f v = 10%
or 14% and of Suspension 2 with (d) f v = 2% or 5% and (e) f v
= 10% or 15%. Figure 5c,f also show the normal-hemispherical
transmittance Tnh,500 at λ = 500 nm as a function of particle
volume fraction f v. In all plots, solutions of the RTE using the
Monte Carlo method and assuming independent scattering are
also shown. Given the experimental uncertainty in the
measured volume fraction and particle size distribution and
in the assumption that the particles are perfectly spherical,
Figure 5 establishes that predictions of the R2T2 method
agreed well with experimental measurements across the visible
spectrum for both suspensions and all volume fractions
considered. For both suspensions, assuming independent
scattering led to reasonable predictions for particle volume
fraction f v ≤ 5% when predictions by the R2T2 method and the
classical Monte Carlo were comparable and in good agreement
with experimental measurements. However, the effect of
dependent scattering became more and more apparent with
increasing volume fraction f v. In fact, experimental measure-
ments of Tnh,λ feature a plateau and even a rise with increasing
particle volume fraction f v (see Figure 5c,f). By contrast,
assuming independent scattering predicted a monotonously
decreasing transmittance Tnh,λ with volume fraction f v resulting

Figure 6. Predicted normal-hemispherical transmittance Tnh at λ =
500 nm for colloidal suspensions consisting of monodisperse
nonabsorbing particles of radius rs = 10 nm, relative refractive index
n = 1.5, and volume fraction f v = 1%, 10%, or 20% as a function of
suspension thickness L assuming independent scattering (classical
Monte Carlo) and accounting for dependent scattering (R2T2

method).

Figure 7. Normal-hemispherical transmittance Tnh and scattering
coefficient σs at λ = 500 nm of a colloidal suspension of thickness L =
10 mm, consisting of monodisperse particles of radius rs = 10 nm,
volume fraction f v = 10%, as a function of their and relative particle
refractive index n for k = 0 and by assuming either independent or
dependent scattering.
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in significant underestimation for f v > 5%. These results
demonstrate the capability of the R2T2 method in predicting
light transfer in nanoparticle suspensions when either
independent or dependent scattering prevail.
5.3. Effect of Colloidal Suspension Thickness. Increas-

ing the thickness of the colloidal suspension increases its
optical thickness and the occurrence of multiple scattering.
However, the thickness has no effect on dependent scattering
since the ergodicity of the particle systems and the average
interparticle distance is independent of thickness. Conven-
iently, predicting the transmittance Tnh using the R2T2 method
for different thicknesses does not require reevaluation of Steps
1 and 2 corresponding to the generation of the N particle
ensembles and the calculations of the incoherent T-matrix. In
fact, only Step 3, consisting of solving the RTE using the
Monte Carlo method must be performed for different
thicknesses.
Figure 6 plots the normal-hemispherical transmittance Tnh at

λ = 500 nm predicted as a function of suspension thickness L
by solving the RTE accounting for dependent scattering (R2T2

method) or assuming independent scattering (classical Monte
Carlo method) for colloidal suspensions with monodisperse
silica particles of radius rs = 10 nm, relative refractive index m =
1.5, and volume fraction f v = 1%, 10%, and 20%. As expected,
the transmittance Tnh decreased with increasing suspension
thickness L for any given particle volume fraction f v.
Predictions of both solution methods agree with one another
for volume fraction f v = 1%, as independent scattering
prevailed. However, this was not the case for f v = 10% and
f v = 20%, when the R2T2 method predicted larger trans-
mittance Tnh than the solution of the RTE assuming
independent scattering. The discrepancy can be attributed to
the prevalence of (i) dependent scattering for larger particle
volume fraction f v and (ii) multiple scattering for larger
suspension thickness L. In fact, dependent scattering prevailed
also in thick suspensions and manifested itself in the scattering
coefficient and the scattering phase function which are
independent of the suspension thickness. However, the
transmittance is not only affected by the scattering coefficient

and the scattering phase function but also by the suspension
thickness. As thickness increased, multiple scattering became
significant and made the suspension opaque (i.e., Tnh → 0).
5.4. Effect of Particle Refractive Index. Figure 7 plots

the normal-hemispherical transmittance Tnh at λ = 500 nm and
the associated average scattering coefficient σs considering
either independent or dependent scattering for 10 mm thick
suspensions consisting of monodisperse particles of radius rs =
10 nm, volume fraction f v = 10%, and relative refractive index n
arbitrarily chosen such that (a) n ranged from 1.2 to 2.5 with k
= 0. Figure 7 indicates that increasing the relative refractive
index n of the particles enhanced the scattering coefficient σs
and reduced the transmittance Tnh whether dependent
scattering was considered or not. Nonetheless, for all values
of n considered, assuming independent scattering resulted in a
significant overestimation of the scattering coefficient σs and,
thus, the underestimation of the transmittance compared to
when dependent scattering was accounted for.
5.5. Effect of Particle Size Parameter xs. Figure 4

indicated that the discrepancy in the normal-hemispherical
transmittance Tnh between assuming independent scattering
(classical Monte Carlo method) and accounting for dependent
scattering (R2T2 method) decreased with increasing particle
size. It also established that suspensions with polydisperse
particles scattered light more than those with monodisperse
particles for the same mean particle radius rs and volume
fraction f v. In other words, dependent scattering was stronger
for small and monodisperse particles than for larger and/or
polydisperse particles. Consequently, this section inspects the
effect of the particle size parameter xs on the suspension’s
normal-hemispherical transmittance Tnh.
Figure 8 shows the normal-hemispherical transmittance Tnh

of nonabsorbing colloidal suspensions predicted by solving the
RTE either assuming independent scattering or considering
dependent scattering as a function of the particle size
parameter xs for two different thicknesses, namely, (a) L = 2
mm and (b) L = 2 μm. Here, the particles were monodisperse
with volume fraction f v = 20% and relative refractive index m =
n = 1.5. First, it is evident that for the range of size parameter

Figure 8. (a, b) Normal-hemispherical transmittance Tnh predicting assuming independent scattering or dependent scattering accounting only for
the incoherent contribution or full solution of Maxwell’s equations as functions of particle size parameter xs with rs = 150 nm, f v = 20%, m = n = 1.5,
for (a) L = 2 mm and (b) L = 2 μm.
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xs and for both thicknesses considered, large discrepancies
existed between the two approaches, indicating that dependent
scattering prevailed. This was confirmed by the good
agreement obtained between predictions of the R2T2 method
and those obtained by solving Maxwell’s equations using the

superposition T-matrix method for the thinnest slab of
thickness L = 2 μm (Figure 8b).
According to the scattering regime map proposed by Tien

and Drolen35 and previously reviewed, dependent scattering is
expected to vanish for f v = 20% and xs ≥ 2.87 (eq 5). However,

Figure 9. Total scattering coefficient σs
ind assuming independent scattering and ensemble-averaged coherent σs

c, incoherent σs
ic, and total (coherent +

incoherent) σs
c + σs

ic scattering coefficients predicted by the T-matrix method as functions of particle size parameter xs for different particle volume
fractions f v. Scattering coefficients and components of colloidal suspensions consisting of monodisperse particles and particle relative refractive
index n = 1.5 at λ = 500 nm as a function of (a−e) xs and (f) f v by assuming either independent or dependent scattering.
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Figure 8 indicates that dependent scattering was still significant
for f v = 20% and xs = 3. Our results were consistent with those
reported by Mishchenko et al.20 who experimentally observed
dependent scattering in a latex nanoparticle suspended in water
with f v = 10%, L = 2 mm, xs = 4.2, and x = 4.9. For f v = 10%,
the above criteria indicates that independent scattering should
prevail for xs > 1.65, in contradiction with experimental
observations. Discrepancies between the above criterion, used
by numerous studies, and the present approach adopted from
rigorous treatments of electromagnetic scattering lie in the fact
that the latter deal with the incoherent scattering coefficient σs

ic

instead of the total scattering coefficient σs.
Figure 9 compares the average (i) coherent σs

c, (ii)
incoherent σs

ic, and (iii) total (coherent + incoherent) σs
c +

σs
ic scattering coefficients of suspensions of monodisperse
nonabsorbing nanoparticles in vacuum (n = 1.5), predicted by
the superposition T-matrix method for N particle ensembles, as
functions of particle size parameter xs for particle volume
fraction f v between 0.1% and 20%. As a reference, it also plots
the total scattering coefficient σs

ind assuming independent
scattering (eq 3). It is important to note that scattering by a
sphere (Lorenz-Mie theory) or by an ensemble of particles
(superposition T-matrix method) were performed assuming
that the surrounding medium was vacuum, that is, nm = 1.0.
However, the scattering characteristics obtained by simulating
the electromagnetic scattering using the superposition T-
matrix method by an ensemble of spheres in free space does
not represent the scattering characteristics of the colloidal
suspension alone. Indeed, the incident EM wave gets scattered
not only by the nanoparticles randomly distributed in the
computational domain but also by the domain boundaries. The
contribution of the domain boundaries to scattering is
accounted for the coherent scattering coefficient σs

c, whereas
the incoherent scattering coefficient σs

ic accounts for the
scattering by the dispersed particles contained within the
domain.23Figure 9 indicates that for dilute suspensions (e.g, f v
= 0.1%), the coherent scattering coefficient σs

c was negligible
compared with the incoherent scattering coefficient σs

ic. This
can be explained by the fact that the mismatch in the effective
refractive index between the computational domain and the
surrounding is very small. In addition, for f v = 0.1%, it is
evident that σs

ic = σs
ind for all size parameter xs considered

(Figure 9a). This establishes that independent scattering
prevailed and that the incoherent contribution σs

ic to the total
scattering coefficient for a particle ensemble captures solely the
scattering by the dispersed particles. Similar observations could
be made for f v = 1% when independent scattering prevailed
(Figure 9b). However, for small values of xs, the coherent
scattering coefficient σs

c due to boundary scattering was
significant thus establishing that σs

c needs to be dissociated
from σs

ic. As the volume fraction increased beyond f v ≥ 5%
(Figures 9c−e), σs

ic followed the same trends as σs
ind but was

systematically smaller for all size parameters considered. This
discrepancies between σs

ic and σs
ind increased with increasing

volume fraction f v. These observations can be attributed to
dependent scattering. Here also, the coherent scattering
coefficient σs

c was significant for small values of xs.

6. CONCLUSION
This study demonstrates numerically and experimentally that
dependent scattering occurs in concentrated nonabsorbing
colloidal suspensions with particle volume fraction as low as
1−2%. First, we developed a new numerical framework

simulating radiation transfer in dense nonabsorbing colloidal
suspensions of arbitrary thickness accounting for dependent
scattering and multiple scattering based on the Radiative
Transfer with Reciprocal Transactions (R2T2) method. The
numerical predictions were validated by showing excellent
agreement with the spectral normal-hemispherical trans-
mittance in the visible part of the electromagnetic spectrum
(i) predicted by the superposition T-matrix method for thin
suspensions and (ii) measured experimentally on colloidal
suspensions of silica nanoparticles with particle diameter
between 16 and 28 nm and volume fraction up to 15%.
Dependent scattering effects, captured by the incoherent
scattering coefficient, become significant with decreasing
particle size and increasing volume fraction and index
mismatch between the particles and their surroundings.
Interestingly, dependent scattering effects can cause the
transmittance of colloidal suspensions to increase with
increasing particle volume fraction. However, assuming
independent scattering resulted in major overestimation of
the scattering coefficient and underestimation of transmittance
of concentrated colloidal suspensions. Finally, this experimen-
tally-validated method can be used to simulate light transfer in
dense and thick suspensions of nonspherical and/or absorbing
particles, randomly distributed, ordered, or aggregated.
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■ NOMENCLATURE
awv1, awv2 outgoing electric field coefficients (eq 8,)
Cabs absorption cross-section (nm2)
Csca scattering cross-section (nm2)
Esca scattered electromagnetic field (V m−1)
Esca,c scattered coherent electromagnetic field (V m−1)
Esca,ic scattered incoherent electromagnetic field (V m−1)
f v particle volume fraction
Iλ spectral radiation intensity (W m−2 sr−1 nm−1)
ks particle absorption index
L colloidal suspension thickness (mm)
N number of particle ensembles
Nc number of particles in an ensemble
ms particle complex index of refraction, ms= ns + iks
m particle relative complex index of refraction, m = ms/nm
ns particle refractive index
nm continuous medium refractive index
NT number of particles per unit volume of suspension (m−3)
n particle relative refractive index, n = ns/nm
q angular wavenumber, q = 2π/λ (m−1)
Rc radius of cylinder filled with particles (m)
rs particle radius (nm)
T Total T-matrix, T = Tic + Tc

Tic incoherent T-matrix
Tc coherent T-matrix
Ve volume of particle ensemble (nm3)
xs particle size parameter, xs = 2πrs/λ
x silica particle mass fraction in suspension

Greek Symbols
β extinction coefficient (m−1)
κ absorption coefficient (m−1)
λ wavelength in vacuum (nm)
ρ density (g/cm3)
σ particle radius standard deviation (nm)
σs scattering coefficient (m−1)
ΦT suspension scattering phase function
ω single scattering albedo
Ω solid angle (sr)

Subscripts
λ refers to spectral value
i refers to the ith particle ensemble (1 ≤ i ≤ N)
s refers to silica particles
w refers to water

Superscripts
c refers to coherent radiation
ic refers to incoherent radiation
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