A& Digcrete Event Dynamic Systems: Theory and Applications, 14, 203-238, 2004
‘F © 2004 Kluwer Academic Publishers. Manufactured in The Netherlands.

Compositional Abstractions of Hybrid Control
Systems

PAULO TABUADA ptabuada@nd.edu
Department of Electrical Engineering, University of Notre Dame, Notre Dame, IN 46556

GEORGE J. PAPPAS
Department of Electrical and Systems Engineering, University of Pennsylvania, Philadelphia, PA 19104

PEDRO LIMA
Institute for Systems and Robotics, Instituto Superior Tecnico, Lisbon, Portugal
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from simpler ones and show compatibility between abstractions and this compositional operator. Besides unifying
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1. Introduction

In the last decade, increasing attention has been paid to the modeling, analysis and control
of large-scale, multi-agent, complex, hybrid systems. The impulse from the applications
side has been tremendous and includes among others: automotive engines (Balluchi et al.,
2000a,c), air-traffic management (Tomlin et al., 1998), chemical batch plants (Niebert and
Yovine, 2000), manufacturing systems (Gokbayrak and Cassandras, 2000), TCP
congestion control (Hespanha et al., 2001) and biomolecular networks (Alur et al., 2001).

One approach to deal with the inherent complexity of hybrid control systems is to
organize them in a hierarchical framework where different layers of abstraction represent
different aspects of the same system. Analysis tasks are performed on simpler, abstracted
models that are equivalent with respect to the relevant properties. Synthesis tasks also
benefit from this approach since the design starts at the top of the hierarchy on a simple
model and is then successively refined by incorporating the modeling details of each layer
of abstraction.

The notion of abstraction is quite mature in theoretical computer science, and, in
particular, in the areas of concurrency theory (Milner, 1989; Winskel and Nielsen, 1994),
and computer aided verification (Manna and Pnueli, 1995). This has resulted in formal and
very meaningful notions of abstraction which are used to tackle exponential explosion of
purely discrete systems. Given a discrete system, an abstraction is simply a quotient system



204 TABUADA ET AL.

that preserves some properties of interest while ignoring detail. Language equivalence,
simulation, and bisimulation are established notions of abstraction for discrete systems that
preserve properties expressed in various temporal logics (Manna and Pnueli, 1992).

For purely continuous systems, the notions of abstraction, simulation, and bisimulation
had no counterparts. Recently, similar notions were introduced in the collection of papers
(Pappas et al., 2000; Pappas and Simic, 2002; Pappas, 2003; Tabuada and Pappas,
2002a,b). This research resulted in automatic constructions of abstractions for linear
control systems (Pappas et al., 2000), while characterizing abstracting maps that preserve
properties of interest such as controllability. Such notions were furthermore generalized
for nonlinear control affine systems (Pappas and Simic, 2002) and fully nonlinear systems
(Tabuada and Pappas, 2002b). Notions of bisimulation for purely continuous control
systems were introduced in Pappas (2003) where linear control systems are embedded in
the class of transition systems for which the notion of bisimulation was originally
introduced in Park (1980) and also Milner (1989). It is shown in Pappas (2003) that
different embeddings give rise to semantically different notions of bisimulation being
characterized by different conditions. For nonlinear systems, a notion of bisimulation was
introduced in Tabuada and Pappas (2002a) and it was shown that under certain conditions
the abstractions described in Pappas and Simic (2002) are in fact bisimulations.

The notion of bisimulation has also proved useful in the context of control of discrete
event systems. In Barret and Lafortune (1998) the relation between bisimulation,
supervisory control of discrete event systems and model matching problems is clarified.
Furthermore, it is shown how recasting supervisory control problems for discrete event
systems as a bisimulation problem leads to more efficient algorithms. In Madhusudan and
Thiagarajan (2002), bisimulation is fundamentally used at the level of the problem
formulation by requiring the closed loop system to simulate or bisimulate the specification.

Based on these results, in Tabuada and Pappas (2001), we took the first steps towards
constructing abstractions of hybrid systems while preserving timed languages. Even
though only the continuous part of the system was abstracted, the important property that
needed to be preserved in this abstraction was the detectability of the discrete switching
conditions. Related but orthogonal work considers purely discrete abstractions of hybrid
systems (Alur et al., 2000; Caines and Wei, 1998; Cury et al., 1998; Raisch and O’Young,
1998).

The similarities between notions of abstraction for discrete, continuous, and hybrid
systems immediately raise the question of a more unified theory of abstraction. In this
paper, we begin addressing this important issue. We start by first considering a more
unified and abstract model for control systems. Our abstract control systems model is
inspired by categorical definitions of systems that are as old as Arbib and Manes (1974),
Ramadge and Wonham (1982) and as recent as Rutten (2000). Although categorically
inspired, the paper is accessible to readers that are not familiar with category theory,
except for some proofs that rely on simple category theory notions.

We show that purely discrete, continuous, and hybrid systems can be easily captured by
our categorical model. Furthermore, using this model, one can show many useful
properties regarding abstraction or composition that are independent of the discrete,
continuous, or hybrid nature of the system.

As abstraction clearly depends on the property to be preserved, in this paper, we focus
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on simulations and bisimulations as a convenient formalism leading to language
equivalence and containment. In other words, given an original hybrid control system and
an abstracting map, which performs state aggregation, we would like to extract another
hybrid control system which simulates all trajectories of the original system. This is
clearly useful for verification purposes since in order to determine if a system satisfies
certain properties it is sufficient to check if its abstraction verifies the desired properties.
However in many situations one needs lower complexity models that are both sufficient
and necessary. This motivates the need for bisimulations which are symmetric simulation
relations.

We also introduce an abstract operator that allows to built systems by interconnection of
subsystems. This compositional operator, based on the categorical ideas in Winskel and
Nielsen (1994), turns out to be compatible with simulations and even with bisimulations in
certain cases. Compatibility means that instead of computing an abstraction of a complex
large-scale system one can compute abstractions of the subsystems and is guaranteed that
the interconnection of those abstractions is an abstraction of the original large-scale
system. Our composition operator differs from the approaches described in Lynch et al.
(2001), Alfaro and Henzinger (2001), in that we model synchronization by restricting the
behavior of the systems without a priori defining inputs and outputs or internal and
external variables and actions.

We specialize the developed results for hybrid systems, presenting a construction to
obtain abstractions of hybrid control systems. Furthermore, we also provide sufficient
conditions for the resulting abstraction to be a bisimulation of the original system. These
results are then illustrated in a concrete application. We consider the hybrid model of a
spark ignition engine described in Balluchi et al. (2000b) and show how our methods can
be applied to obtain a smaller abstract model.

The structure of this paper is as follows:

In Section 2, an abstract notion of control systems which captures discrete, continuous,
and hybrid control systems is introduced as well as a notion of abstraction and
bisimulation. It is also shown how these notions can be used for verification of reachability
based properties. Compositionality is discussed in Section 3 by introducing the notion of
parallel composition with synchronization and showing how abstractions and bisimula-
tions preserve this composition operator. In Section 4, we specialize these results to hybrid
control systems, and present a construction to obtain abstractions of hybrid control
systems that simulate the trajectories of the original system. The proposed methodology is
illustrated with a spark ignition engine example in Section 5 and at Section 6 we list many
interesting issues for future research. To keep the presentation of ideas fluid, we have
collected some mathematical facts regarding partial maps and monoids in Appendix A,
while in Appendix B we introduce the categorical notions of product and equalizer used in
some of the proofs.

2. Abstract Control Systems

In this section, we seek to extract the essential features common to purely discrete and
continuous systems that will allow to develop a fruitful theory of abstractions for hybrid
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systems. This approach has the clear advantage of presenting in a unified way notions,
results and algorithms common to discrete, continuous and hybrid control systems.

We start by recalling some known interpretations of continuous and discrete control
systems to gain some motivation for the general definitions.

2.1. Discrete Control Systems

One of the usual models for discrete control systems are finite state automata (Cassandras
and Lafortune, 1999; Kumar and Glerg, 1995), defined by a triple (Q, X, d) where:

e () is a finite set of states.
e X is a finite set of input symbols.
® J: 0 xX — Q is the next-state function.

We regard the partially defined map 0 as defining the controlled dynamics, in the sense that
for each g € Q there exists a set of choices (the elements g € £ such that 6(g, o) is defined)
that will influence the evolution of the state. This controlled evolution is usually modeled
as a transition relation - =Q x X x Q, but we will restrict our attention to deterministic'
systems for which the relation — can be represented as a (partial)
function é.

We now look at finite state automata from a different but equivalent perspective. Let us
denote by X* the set of all finite strings obtained by concatenating elements in X. In
particular, the empty string ¢ also belongs to X*. Regarding concatenation of strings as a
map from X* X X* to X*, we can give X" the structure of a monoid. Concatenation of
strings is clearly an associative operation and the empty string ¢ can be taken as the monoid
identity since it satisfies s+ ¢ = ¢+ s = s for any s € Z*. We now recall from basic automata
theory (Hopcroft and Ullman, 1979) that the transition function é defines a unique partial
map §* : O x Z* — O with the following properties:

3(q,8) =q
5*(617 010,) = 5*(5*(% 01),0,)

These properties are in fact the definition of a monoid action, that is, 5" is a (right) partially
defined action of the monoid X* on the set Q.

To clarify the similarities to the continuous case that we describe next, we elaborate a
little on the structure of the monoid X*. This monoid has been defined as the set of all finite
sequences of elements in X. Alternatively, we can regard X* as the disjoint union of all
maps X", represented by:

Z*ZHZn

neN,
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Each set ", in the previous disjoint union, can be identified with the set of all maps from a
set with n elements to . In fact, choosing {1,2,3,...,n} as the set with n elements, we
see that (0,,0,,03,...,0,)€X" is simply the map u: {1,2,3,...,n} > X defined by
u(i) = o, fori =1,2,3,...,n The empty string ¢ is identified with the (unique) map from
the empty set to X. Concatenation of strings can now be seen as concatenation of maps
defined as follows:

N YLEVE SN Zner
u(i) if1<i<n
u(i),v(i))—=>(u-v)(i) = 1
(u(@), v(D)) = (u-v)(0) {v(z—n) ifn+1<i<n+m m
The above operation is well defined only if the number 7 is finite, otherwise we could not
append the second map after the end of the first. Furthermore, as the concatenation
u-veX" ™ must belong to X* we need also to ensure that 1 + m is finite which implies

that m must also be finite. This shows that we are forced to work with finite length strings
which will not be the case for continuous systems as we will see shortly.

2.2. Continuous Control Systems

For simplicity of presentation, we consider only time-invariant control systems, although
the construction to be presented is generalizable to time varying systems. We assume also
that the control systems satisfy the usual conditions for existence and uniqueness of
solutions (Sontag, 1998). Consider a continuous control system, described by the triple
(M, U,f), where:

e M is a smooth manifold modeling the state space.
e U is a smooth manifold modeling the input space.

o f:MxU—TM is a smooth map assigning for each ueU the vector field
f(—=,u): M >TM.

Similarly to the discrete case, continuous control systems can also be understood by means

of a monoid action. To reveal this fact, we define the set U’ as the set of all maps2 from the
interval [0, 7] to the space of inputs U:

U =0 [0,1]<=Ry (2)

An element of U’ is denoted by «/, and represents a map from [0, ¢] to U. Consider now the
set U* which is the disjoint union of all U’ for te Ry :
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I v (3)

teRy+

The set U* can also be regarded as a monoid under the operation of concatenation, that is,
if u eU" C U* and v2 € U2 C U* then u''v2 = wr Y2 e U 72 C U* with concatenation
given by:

, .
1,0 — Lt](t) if O§t<tl
Uty (1) {sz(t—tl) it <r<ti+t “

The identity element is given by the empty input, that is ¢ = u°. This construction is
analogous to the construction that obtains £* from X, however the fact that ¢, and ¢, are
(finite) real numbers does not imply that #"! is a finite concatenation of elements in U*. We
can have an infinite number of concatenations as long as the sum of the duration times
converges. This should be contrasted with the finite case, where a finite number of
concatenations is required.

Choosing an admissible input trajectory u’ (an element of U*), f(x, u') is a well defined
vector field and, as such, it induces a flow which we denote by v, : [0,#] — M, satisfying
7,(0) = x. We can then regard any smooth control system as a monoid action by defining:

O MxU -M
(e, u) =9, (2) (5)

It is not difficult to see that @ is in fact a well-defined monoid action since
D(x,e) = 7,(0) =x

and
Ox,uu) = p,(t) + 1) =7, () (ta) = D(O(x, u"), u")

It is interesting to note that when U is a singleton (there are no choices to be made) the set

* can be identified’ with the number ¢ so that U* is glven by U" = [lepys = Ry and
our control system ® degenerates into an action of Ry on M, that is, the solution of a
differential equation (a degenerate control system).

2.3. Abstract Control Systems

Motivated by the previous examples, we are lead to consider monoid actions as good
candidates for an abstract model of control systems. This is quite classic in the discrete
case and has also been explored in Sontag (1998) for the continuous case. Recently, similar
ideas have been used to lift several results from regular expressions to timed expressions
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(Asarin et al., 2002). The fact that the same characterization also captures the hybrid case,
is perhaps surprising, but motivates the need to formalize the discussion so far.

DEFINITION 2.1 (abstract control system) An abstract control system is a triple
(S, M, D), where S is a set, M is a monoid and @ is a (possibly partially defined)
action of the monoid M on the set S, that is, a map ®: S x M — S satisfying:

1. Identity: ®(s, &) =s.
2. Semi-group: ®(s,m;m,) = ©®(®(s,m,),m,).

We will usually denote an abstract control system simply by ® or @y if we wish to
emphasize the set S. We also represent by s—s’ the evolution from s to s’ controlled by m
and described by ®, that is, ®(s,m) = s’. We are now ready to see how the present
formalism can also describe hybrid control systems.

2.4. Hybrid Control Systems as Abstract Control Systems

Hybrid control systems also fit in the previous abstract framework. The state space of a
hybrid control system is usually described as Q x X, where Q is a finite set of states and X a
smooth manifold. However, it will be convenient to relax this concept, and consider a set
of smooth manifolds X, parameterized by the discrete states, denoted by X = {X q } ge0 a8
the state space. This is natural, as different discrete states may be associated with different
continuous control systems defined on different continuous state spaces. A point in X is
represented by the pair (g, x), where xe X,
As monoid we will use the set:

M= T]Wruz)" (6)

neN

assuming that U* N X* = {&} and regarding U* and X* simply as sets. Let us elaborate on
the product operation on .. This operation is defined as the usual concatenation and
therefore it requires finite length strings. To accommodate this requirement and still be
able to have an infinite number of concatenations of elements in U* we proceed as follows.
Suppose that we want to show that o;u'tu”...u" ...0, belongs to .#, where t, is a
convergent sequence. Instead of regarding each element in the string as an element in ./,
which would not allow us to define the last concatenation since it would happen after co,

J
we regard o, and o, as elements of .# and u"'u>...u" ... = u" as an element of U* and

consequently as an element of .#, where f = "7 t,. This string is then regarded as the

n=1"n
map u: {1,2,3} — .# defined by u(1) = ¢, u(2) = u’ and u(3) = a5. The product in ./
is then the usual concatenation on reduced strings, that is, strings where all consequent
sequences of elements of U* or £* have been replaced by their product in U* or X*,
respectively. The monoid .# obtained by this construction is called the free product of U*

and X* and is in fact the co-product’ in the category of monoids (Howie, 1995).
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Furthermore, we have the following characterization of .# that will be useful in the next
sections:

PROPOSITION 2.2 (Howie, 1995) The monoid # is freely generated by the symbols
U-u x*.

We refer the reader to Appendix A, where the notion of freely generated monoid is
described and proceed by casting hybrid control systems into the abstract control systems
framework:

DEFINITION 2.3 (hybrid control systems) A hybrid control system H = (X, .#,®)
consists of:

® The state space X = {X,},.o-

o A monoid M =1],.n(U" UZ*)".
® A partial action ®© of M on X.

The semantics associated with the evolution from (g, x) governed by ® and controlled by
me .4 (q,x) is the standard transition semantics of hybrid systems (Henzinger, 1996).
Suppose that m = u o, a,u", then (g, x)-—">(¢',x’) means that the system starting at (g, x)
evolves during ¢, units of time under continuous input ', jumps under discrete input o,
and them jumps again under o,. After the two consecutive jumps, the system evolves
under the continuous control input u reaching (¢’,x’), t, units of time after the last jump.
From the hybrid system construction, we can clearly extract the purely discrete case
presented in Section 2.1 when X, is a singleton and U, = ¢ for each g€ Q. The purely
continuous case presented in Section 2.2 is also recovered when Q is a singleton and
2 = . This shows that the above model provides the right generalization from the
discrete and continuous models.

2.5. Control System Abstractions

Having defined the structure of control systems and hybrid control systems in particular,
we now consider relationships between abstract control systems that preserve their
structure and can therefore be seen as abstract control systems homomorphisms. We shall
call such maps, simulation maps, for reasons to be discussed shortly. Intuitively, given a
system, we will transfer the study of its properties to the properties of a smaller system
through the use of a simulation map between them.

DEFINITION 2.4 (simulations of abstract control systems) Let @y and ®y be two abstract
control systems over X and Y with monoids My and My, respectively. A pair of maps
(¢, @) is said to be a simulation from Oy to ©y when:
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® ¢:X — Y is a total map.

® ¢:Xx.ly— My is a partial map defined on ®y '(X) satisfying for every xeX:
pxe) = ¢ ()
Px,mymy) = @(x,my)p(Px (x,m, ), m,) (8)

e the maps ¢ and ¢ satisfy (¢, ¢)(X, .#y) =®y, ' (Y) and relate ®y to @y as expressed in
the following commutative diagram.

Y %oty &y

Y
(@, @) ‘Ll (9)
X

X .ty

Dy

or equivalently ¢ o @y (x,m) = Oy (p(x), (x,m)).

When (¢, ¢) is a simulation from ®y to @, we also say that @y is a simulation of @y since
for every evolution of @y, the map ¢ transforms that evolution into an evolution of ®y. It
is in this sense, that ®, simulates ®y. The map ¢ (when it is not injective) is to be
understood as a state aggregation map, specifying which state information is propagated
from the original system ®y to ®y. Similarly, the map ¢ transforms the inputs of the
original system ®y to the inputs of system @y .

This definition of simulation slightly generalizes the usual notions of morphisms
between transition systems as described in Winskel and Nielsen (1994). Instead of
considering maps ¢: X - Y and ¢: 4y — My, we allow ¢ to depend also on X. This is
necessary in order to correctly describe the relation between the input spaces of continuous
control systems and its abstractions as discussed in Tabuada and Pappas (2002b).
Nevertheless, abstract control systems and simulation maps still define a category, where
composition of morphisms (¢, (x;), @, (x;,m;)) and (¢p,(x5), @,(x,,m,)) is given by
(g0 (x1), 03(dy(x1),®,(x;,m;))) and identity morphisms are simply the identity
maps.

The conditions expressed in Definition 2.4 may seem difficult to check in concrete
examples. However, we shall take a constructive approach by introducing a construction
that builds the map ¢ and the system ®y from a given system ®y and map ¢. Furthermore,
¢ and @y, will satisfy all the conditions of Definition 2.4 by construction, thereby
overcoming the necessity of determining if they are indeed satisfied.

It is within this category that we shall develop our study of abstractions, considering any
simulation of a system as an abstraction of that system. We introduce also the celebrated
notion of bisimulation (Park, 1980; Milner, 1989), a special simulation in the current
setting. As the morphisms in this category are functions, we will only introduce
bisimulations induced by maps. A different approach would consider defining morphisms
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as relations, in which case a bisimulation would simply be a symmetric simulation
relation, that is, a relation R such that both R and R ~ ! are simulations. We direct the reader
to Tabuada et al. (2002) for an account of such an approach and proceed with the
definition:

DEFINITION 2.5 (bisimulations of abstract control systems) Let ®y and ®y be abstract
control systems over X and Y with monoids My and My, respectively. A simulation (p, @)
from ®y to ®y is a bisimulation when (¢(x),n) e ®y '(Y) implies:

VX'ep N(Pp(x) TImedy(X) suchthat @(x',m)=n (10)

We note that in the special case where ¢ is in fact the identity map on .#y, that is,
o =id: My — My = My, we recover the notion of bisimulation introduced in Milner
(1989) by regarding the graph I' of ¢:

[={(xy)eXxY : y=d)}

as the bisimulation relation. In fact, if (x,y) €T and x 5 &/, then by commutativity of
diagram (9) we have that ¢(x)=y-">y and (¥,y)el’ by noting that
@(x,m) =id(m) =mand ¢p(x') =y'.

Several other approaches to bisimulation are reported in the literature and we point the
reader to the comparative study in Roggenbach and Majster-Cederbaum (2000) and the
references therein. However, we note that since abstract control systems are deterministic
in the sense that given a pair (x, m) in the domain of @y, ®y (x, m) is a uniquely determined
point in X, simulation and bisimulation reduces to language inclusion and equivalence.
Therefore, the importance of simulations lies on the possibility of transferring the study of
properties over the trajectories of @y to the study of the same properties over trajectories of
®,. We now make this fact precise. Instead of trying to define trajectories of abstract
control systems (which would be as difficult as defining trajectories of hybrid control
systems, see the different approaches in Johansson (1999), Moor and Davoren (2001),
Alur et al. (1995)) we will restrict our attention to the orbits of abstract control systems.

DEFINITION 2.6 Let @y be an abstract control system over X with monoid M x. The orbit
of ®y through the point xeX is given by:

O, = {x'eX:x = ®y(x,m) for any m such that (x,m)e®y '(X)} (11)

Intuitively, the orbit ¢, is the set of all the points that can be reached from x. We can now
relate the orbits of abstract control systems to the orbits of the corresponding simulations:

PROPOSITION 2.7 (orbit propagation) Let ®y and @y be abstract control systems over X
and Y, respectively, and (p, @) a simulation from ®y to @y, then for every xeX:

¢((9,x)§(9¢(x) (12)
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Proof: Assume that @y is a simulation of ®y. If X' € @, then, by definition of orbit, there
exists a me ./ y such that @y (x,m) = x’. Applying ¢ on both sides we get:

¢ o Dy (x,m) = p(x')
& Oy(p(x), @(x,m)) = P(x')

where the second equality holds by definition of simulation. This shows that ¢(x') € O,
and as X’ was any point in @/, the desired inclusion is proved.

This result is important as it shows that any abstraction, in this context, can be used to
verify reachability based properties of which safety (Manna and Pnueli, 1995) is an
important example. This, we state formally in the next corollary:

COROLLARY 2.8 (reachability propagation) Let ®y and ®y be abstract control systems
over X and Y, respectively, (¢, @) a simulation from @y to ®y, xe X and B<X. Then, if the
orbit of ®y from ¢(x) does not intersect ¢(B), the orbit of Py from x does not intersect B.

Proof: Assume for the sake of contradiction that the orbit of @, from ¢(x) does not
intersects ¢(B) and that the orbit of @y from x intersects B. We then have ¢, N B # ¢ and
it follows by Proposition 2.7 that for any x' € 0, N B:

o) ed(C,) N (B)= Oy N $(B)

which shows that 0,y N ¢(B) # J and leads to the desired contradiction. |

This result provides only a sufficient condition, since if one shows that orbits of @, do
intersect B, one cannot conclude anything about the original system. It is, therefore,
desirable to determine abstractions which are not only sufficient but also necessary with
respect to reachability based properties. This is the case for bisimulations as we now state:

PROPOSITION 2.9 (reachability equivalence) Let @y and @y be abstract control systems
over X and Y, respectively, (¢, @) a bisimulation from @y to ®y, xe X and B<X. Then, the
orbit of ®y from ¢(x) does not intersect ¢p(B) iff the orbit of ©y from x does not intersect

¢~ (¢(B)).

Proof: We only need to show that if the orbit of @y from ¢ (x) intersects ¢(B) then the
orbit of @y from x intersects ¢ ~ ' (¢ (B)). Assume that y e (0 #(x) N ¢ (B), then by definition
of orbit there exist a ne.#y such that ®y(¢(x),n) = y. Using the fact that (¢, @) is a
bisimulation, we know that there exists a m € .#y such that ¢p o @y (x, m) = y which shows

that @y (x,m)e ' (y)=¢~ ' ($(B)). u
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3. Compositional Abstractions

We have introduced the basic framework to discuss abstractions of hybrid control systems
when regarded as a single component. However, in many situations, we also have
knowledge about the internal interconnection structure of hybrid systems and we seek to
take advantage of such knowledge. We thus need to model in the current framework,
composition and synchronization of hybrid systems. We will follow the categorical
description of transition systems in Winskel and Nielsen (1994), and introduce a notion of
parallel composition with synchronization for abstract control systems. Furthermore, we
will also determine when such notions are compatible with simulation and bisimulation.
Compatibility will mean that in order to obtain an abstraction of a large system obtained by
composing several modules, we can abstract each module individually and obtain the
desired abstraction by composing the individual abstractions.

3.1. Parallel Composition with Synchronization

We model parallel composition with synchronization in two steps. In the first step, we
perform what can be seen as an asynchronous product, where no interaction between
systems is modeled and all possible evolutions of the two systems are allowed. Then we
restrict this product by removing undesired evolutions thereby modeling synchronization.
We start by introducing the product’ of abstract control systems:

DEFINITION 3.1 (Product of abstract control systems) Let ®y: X X .4y —X and
DQy:Yx My —>Y be two abstract control systems. The product of ®y and Oy is the
abstract control system @y x Oy : (X XY) X (My ® My) —> X x Y defined by:

q)X X (DY((xvy)v (Wl, I’l)) = ((DX(X, m); (I)Y(yv I’l))
We now present a simple example of a product of two systems.

Example 3.2: Consider the transition systems 7, and T, inspired from Winskel and
Nielsen (1994) and displayed on the left of Figure 1, where only the transitions labeled by
the monoid generators are represented. The product of these transitions systems 7| x T,
will consist of all possible evolutions of both systems as displayed on the right of Figure 1.

Example 3.3: For a purely continuous example, consider two control systems (M, U, f)
and (N, V, g). On the product state space M x N and the product input space U x V we can
define the product control system defined by fxg: MxN —>T(M xN) defined by
(Fxg)((x,u), (y,v)) = (f(x,u),g(y,v)). Clearly, this control system captures all the
possible trajectories of the individual control systems f and g.

As this notion of product captures all possible evolutions of both systems, we cannot
model how the behavior of one of the systems influences the behavior of the other system.
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Figure I. Transition systems T and T, on the left and the corresponding product transition system 7, x T, on the
right.

This will be achieved through the operation of restriction, which allows to remove
undesired evolutions from the product system.

DEFINITION 3.4 (restriction of abstract control systems) Let ®y: X X .4y — X be an
abstract control system and L a subset of X X .# x.The restriction of ®y to L is the abstract
control system x|, : Ly x My — Ly defined by:

Dy (x,m) = Oy(x,m) iff (x,m)eL and for any prefix m' of m,

Oy (x,m')eLy A (x,m')eL
where Ly is the projection of L on X.

This restriction operation captures synchronization notions for continuous and discrete
control systems as we now describe in the following examples:

Example 3.5: As an example of continuous synchronization we consider two robots in the
plane as displayed in Figure 2. The state space for each robot is R* consisting of
(x1,%,,X3,X4), where (x|, x,) represent the robot position and (x3,x,) the robot velocity.
The coordinates for the second robot are (y, y,, 3, y4) and have similar interpretation. We
now assume that the robots are cooperatively transporting a rigid bar. The synchronization
of the two robots can be modeled as the subset L+ s S R* x R* defined by:

Ly gt = { (1,22, X3, %), ()’17}’2a)’37)’4))6R4 X IR43151 =y +hkAxy =y, +k}

where k; and k, are positive constants related with the dimensions of the transported
object. The final synchronizing set is obtained by appending to Lys  p+ the monoids to
obtain L = Ly s X My X My.
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Figure 2. Robots cooperatively transporting a rigid bar.

The previous example modeled restriction at the level of the states, however, for purely
discrete systems one of the most popular notions of synchronization consists of
synchronizing state machines or transition systems on common events. This is captured in
this framework by properly choosing the set L as shown in the next example:

Example 3.6: Consider the transition system displayed on the left of Figure 1. By
specifying the set L as the product and prefix closure of:

{xl7x2} X {yh}’z} X {(S,C), (a,b)}

it is possible to synchronize the event a with the event b on the parallel composition of
these systems. The resulting transition system is displayed in Figure 3.

With the notions of product and restriction at hand, we can now define a general
operation of parallel composition with synchronization.

DEFINITION 3.7 (parallel composition with synchronization) Let @y : X X .4y — X and
Qy:YXMy—Y be two abstract control systems and consider the set
Le(XxY)x ( My ® My). The parallel composition of ®y and @y with synchronization
over L is the abstract control system denoted by @y ||, @y and defined as:

DOy ||, Dy = (Dy x Dy)|, (13)
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Figure 3. Parallel composition with synchronization of the transition systems 7', and T, displayed on the left of
Figure 1.

3.2. Compositionality of Simulations

We now determine if composition of subsystems is compatible with simulation. This
compatibility allows to break the computation of abstractions by computing abstractions
of each subsystem individually. The resulting abstractions are then composed and
synchronized to obtain an abstraction of the original system. The next result shows that
this is always possible for simulations and describes how the process of computing
abstractions can be rendered more efficient by exploiting the interconnection structure of
hybrid systems.

THEOREM 3.8 (compositionality of simulations): Let @y, @y, ©,, Oy, be abstract control
systems and let fy = (¢y, ©x) and fy = (dy, @y) be simulations from @y to ®, and from
Dy 10 Oy, respectively. Consider a set LS (X xY) x (My ® My) and its projection Ly  y
onX x Y. The parallel composition of ®, and ®y, with synchronization over (fy x fy)(L) is
a simulation of the parallel composition of ®y and ®y with synchronization over L, where

the simulation from ®y ||, @y to Oy ||, xsy0) Pw is fx X fy = fx XfY‘((DxHADy)”(Lm)'

The contents of the previous theorem can equivalently be expressed in the following
commutative diagram:

¥ X fy (L)
Gz X Dy L X Jy Dy | 00 Pw
fx| fy Ty X fy (14)
Dy X Dy Dyl Py

which emphasizes its importance. We can see that, in general, it is much easier to abstract
each individual subsystem ®y and @, and by parallel composition with synchronization
on fy X fy(L) obtain @ || ., 1) @y, than is to abstract directly @y ||, ®y. The above
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result was stated for parallel composition of two abstract control systems but it can be
easily extended to any finite number of abstract control systems.

Proof: We shall make use of the categorical notions of product and equalizer reviewed
in Appendix B. Consider the product system (®,x®y, 7, 7y) and the triple
(Dy x By, fy © 7y, fy © Ty). By definition of product we know that there is one and only
one morphism { such that:

P, 7z D, x q}“,i. Dy,

o (15)

¢

‘bx w ([),_,.
commutes and this morphism is given by { = (fx,fy) = fx X fy, meaning that fy X fy is a
simulation from @y x @y to @, x ®y,. We now make use of the fact that the operation of

restriction can be categorically defined by an equalizer. With this in mind we consider the
following diagram:

I.i.i Ly f
(D, X D)y — PzX Dy

D,

(16)

Coig

(Dy X Dy,

where (@7 x @y |, i) is the equalizer of fand g, which agree on {(L). We now show
thatf o {oi; = go{oiy, for i the inclusion morphism from @y x Dy |, to Py x y. This
follows from (®y ||, ®y) '(Ly,y) <L, which implies (o, ((Dy [, ©y)  '(Lyyy))
={((Qx [l Py)  (Lxxy))=L(L) since f =g on {(L), we have foloi =goloi.
Therefore, by definition of equalizer, there exists one and only one simulation 7 from
Oy ||, Dy to @y ||,y Py which is given by n = (oi; =fy XfY|(‘DxHL<Dy)’l(L)' |

3.3. Compositionality of Bisimulations

We now extend the previous compatibility results from simulations to bisimulations. We
start with a very simple lemma stating that product respects bisimulations:

LEMMA 3.9. Given abstract control systems @y, @y, ©,, ®y, and bisimulations fy and fy
from @y to O, and from Oy to Oy, respectively, the product system O, x Dy, is a
bisimulation of ®y x Oy, where the bisimulation from Oy x Oy to ©, x Oy, is fx X fy.
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Proof: Consider the following commutative diagram:

By definition of product there exists one and only one morphism # such that the above
diagram commutes. In fact, # is the morphism 1 = (fy o 7y, fy o Ty) = fx X fy meaning
that @, x @y, is a simulation of @y x Oy with simulation fy X fy from @y x @y to ®, x Oy, .
We now show that fy xfy is also a bisimulation. Let ((z,w),(0,p))€(Zx W) x
(M;® Myz). Since ®, is a bisimulation of @y, there is a (x,m)eX x .#y such that
fx(x,m) = (z,0) and similarly there exists a (y,n) €Y x .#y such that fy(y,n) = (w,p).
We now see that fy X fy ((x,y), (m,n)) = ((z,w), (0, p)) which shows that fy X fy is also a
bisimulation. |

Although the product respects bisimulations the same does not happen with the operation
of restriction. Consider the example displayed in Figure 4 where the abstract control
system on top is bisimilar to the system below with respect to the maps defined by:

d(xy) = x1,0(xy) = X3, 0(x3) = X3, Pp(xg) = x4
P(x1,8) = &, @(x,my) = my, (x5, 8) = & @(x,m;)
=g, (/)(X3,8) =&, ([)(X3,l’}’l3) = ms, (P(x478) =é&

If we now restrict the system below to the product and prefix closure of:

L= {(XI,S), (xlvml)a (x278)v (X3,8), (X3,I7’l3), (X4,8)} (18)

and restrict the system on top to (¢, @)(L) the systems will cease to be bisimilar since the
system on top can move from x; to x, by m; but the restricted system can not simulate that
evolution when on x,e¢ '(x;). This difficulty can be overcomed by additional
assumptions as stated in the next proposition:

PROPOSITION 3.10 Let ®y and Oy be abstract control systems, f a bisimulation from ®y to
®y, L a subset of X x My satisfying f ~'(f(L)) = L. The restriction ®y/|, is a bisimulation
of @y |y () where f|¢x\['(Lx) is the bisimulation from ®y|; to ®y|).

Proof: Let f = (¢,¢) and (y,n)eCI)y|f7(L1)((;’>(LX)). Since (y,n)e®, '(Y) and @y is
bisimilar to ®y we know that for every xe ¢~ ' (y) there exists a m such that ¢(x, m) = n.
We now show that such (x, m) also belongs to @y|, "(Ly). Let X' = ®y(x, m) and note that
¢(x') = ®y(y,n) since f is a simulation from @y to ®,. From the assumption
fYf(L)) =L, it follows that ¥’ € Ly and (x,m) €L so that by definition of restriction
(x,m) e ®y|, ' (Ly) as desired. |
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Figure 4. Bisimilar abstract control systems that cease to be bisimilar after the operation of restriction.

The above propositions lead to the following result concerning the compositionality of
bisimulations:

THEOREM 3.11 (compositionality of bisimulations) Let ®y, ®y, ®,, Oy, be abstract
control systems, fx = (¢yx, @x) and fy = (¢y, @y) bisimulations from ®x to ®, and
from @y to Dy, respectively, L a subset of S(XxY)x(Mx® My) satisfying
(Fe xfy) " (Fx xfy(L)) = L and denote by Ly .y the projection of L on X xY. The
parallel composition of the simulations ®, and ®y, with synchronization over (fy x fy)(L)
is a bisimulation of the parallel composition of @y and ®y with synchronization over L,
where the simulation from @ ||, @y to @ || (1, s,y ) Pw is fx Xfy‘((DXHchy)—lu‘XXy).

From the previous result we conclude that if we have a means of computing bisimulations
and choose the synchronization set L carefully, we can compute bisimulations by
exploring interconnection of large-scale systems. In the next section, we provide a
construction to effectively compute abstractions and in certain situations bisimulations of
hybrid control systems.

4. Hybrid Control Systems

Having developed the general theory at a fairly abstract level, allowing to show the desired
results with relatively ease, we turn to the application of such results to hybrid control
systems. The results presented in this section can be seen as a translation to the language of
hybrid systems of the introduced results for abstract control systems. Inevitably, the
statement of such results will become extremely complicated by making explicit all the
relevant conditions at the level of invariants, guards, etc. The reader is urged to contrast the
simplicity of the abstract control systems formulation with the tedious version for hybrid
systems.

We start by reviewing the hybrid automaton model to set the notation for the remaining
section.
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DEFINITION 4.1 (hybrid automata) hybrid automaton is a tuple
Hy = (X, Xy, Zy, Uy, fx, Invy, Guardy, Resety ) consisting of:

° sze state space X={X;},co
finite set of discrete states Q.

a collection of smooth manifolds X, parameterized by a

® A set of initial states X, <= X.
o A finite set of labels 2y, parameterizing the discrete transitions between discrete states.

® The continuous input space Uy = {U%}
ized by the discrete states.

g 4 collection of inputs spaces parameter-

® A collection of control systems fy = {f{},co, f¥ : Invy x Uy — TInvg, parameterized
by the discrete locations.

® The invariant ITnvy = {Inv}}
by the discrete locations.

q i . i
geo InVy &X,, a collection of subsets of X parameterized

e The guards Guardy = {Guard ’g’q/)}(q,mq/)e 1 Guard@?) <Inve, a collection of
subsets of the invariant, parameterized by Il, the subset of all the triples
(q,0,4') €0 x Xy x Q such that there exists a discrete transition from q to ¢’ labeled
by o.

e The reset maps, Resety = {Resetg("’am}(w_q,)en, Reset ") : Guard{) - 21nd' | ¢

collection of set valued maps defining the possible locations of the continuous state
after the discrete transition.

We now translate the theory developed for abstract control systems to the language of
hybrid automata. The principal link between the two formulations will be given by the

notion of simulation that we now characterize in terms of hybrid automata:

PROPOSITION 4.2 Let

HX = (X7X0v ZX? UnyX? InVX7 GuardX, ResetX)
HY = (Y7 Y07 z:1/7 UYafY7 IIlVy, GuardY7 ResetY)

be hybrid control systems and Dy ={D%},.o and Dy ={DY}, p the collection of
vector fields pointwise defined by:

@;1(()() = UuEU;/‘f;(I(xv I/l)
gg(y) = UveUg,fII/)(yvv)
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A pair of maps ¢ = (¢p, pc): X = Y consisting of:

® Discrete state aggregation map: ¢p: Q — P,

o Continuous state aggregation map: ¢pc = {¢¢}, o> O¢ : Invy — InVYD(p)

satisfying:
® Preservation of initial conditions: f(X,) SY,.
e Continuous abstraction: T, pE(2%(x)) E@?&D @ o ot (x),

and a map @p : Q x Xy — Xy satisfying:

® Preservation of transition enabling: ¢%(Guard§(q ’a"/)) EGuard;(bD (@):2p(4.0):6p(d')),

® Preservation of resets: ¢pF (Reset ") (x)) = Reset|»(?¢0(@:0)00(d)) o L (x).
defines a simulation from Hy to Hy.

Proof: We will show that the given data defines a simulation (¢, ¢) from Hy to Hy. For
the state aggregation map ¢ we simply take ¢ = (¢p, ¢ ). The definition of ¢ takes more
work and will make use of the freeness properties of the monoid .#y associated with the
hybrid system Hy. Recall that by Proposition 2.2 the monoid .#y = [,y (Zx UUy)" is
freely generated by the set 5 U Uy, and that X} is freely generated by the set Xy, therefore
we only need to define ¢ for elements in Xy U Uy. We treat the discrete case first: As we
considered only deterministic systems in the abstract framework we start by enlarging the
set Xy to Xy SO as to parameterize the nondeterminism. We replace every g € Xy with
(g,x") forevery X' € Reset)((q’g’q ) and similarly for X,. This ensures that the abstract control
systems @y and @y associated with Hy and Hy are now deterministic, since different
elements in Resetgf ) are parameterized by different symbols in Zy. We also extend ¢,
to @ : O X Ty — Xy by @p(q, (0,x')) = (¢/,x"), where ¢’ = @p(q,0) and x" satisfies:

Dy ((9p(q), $¢(X)), Pp(a, (0,4))) = ¢(q', x")
= qboCDX((q,x),(O',x’)) (19>

which is always possible given the preservation of transition enabling and resets
assumptions on the map ¢,,. This allows to define ¢ by @}, for elements in X . Freeness of
>} and (19) now ensures the existence of an extension of @, satisfying conditions (7), (8)
and (9) of Definition 2.4.

For elements in Uy we consider an arbitrary but fixed g€ Q and make use of the fact
(shown in Tabuada and Pappas, 2002b that a map ¢g: Inv} — Inv‘jy)’)(p ) satisfying
T.pL(2%(x)) E@?D(q) o ¢pL(x) defines a unique map ¢f.: Invi x U — U;bD(p) such that
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for any pair (x(7), u(r)) of state and input trajectories of fy, (¢p&, &) (x(2), u(t)) is a state
and input trajectory of fy”'?’. We now see that for any u' e Uy with codomain U, we have:

d) o (I)X(xv I’/) = (¢D(q)7 (anC o Vx(t/))
= Oy ((¢p(q), $E(x)), 9 (x,u)) (20)

where y, is the integral curve of f;‘ (x,u"). Furthermore, by definition of Pt we have
L (Inv§) glnv$0<q) so that @y (x,u’)eInv} for every prefix u' of u’ implies that
Oy (PL(x), oL (x,u)) e Inv‘,éD(’” for every prefix o& (x, u') of @& (x, u"). It then follows from
(20) that we can define ¢ by {qoqc} 7€0 for elements in U* as it satisfies conditions (7), (8)
and (9) of Definition 2.4.

Having defined ¢ for elements in 2y and U*, it follows that ¢ extends uniquely to .# y
thereby defining a simulation (¢, @) from Hy to Hy. |

The previous proposition can also be used in a more constructive way if used as a
construction for hybrid abstractions. Before presenting the construction, we review some
notions of invariance. Given a smooth map f : M — N we denote by T f the tangent map or
derivative of f. We will also use the notation ker(7 f) to denote the distribution consisting
of all vector fields X such that T f(X) = 0. Given a set A, we say that A is invariant under a
vector field X if every trajectory of X starting in A will remain in A for all time. This notion
is extended to invariance under a distribution by considering that A is invariant under
every vector field belonging to a distribution. These concepts are now used in the
following construction, which given Hy and ¢, constructs Hy simulating Hy.

CONSTRUCTION 4.3 (construction of abstractions) Ler Hy = (X,X,, Zx, Uy, fx, Invy,
Guardy, Resety) be a hybrid system, ¢ = (¢p, {qﬁqc}qu) : X > Y a pair of maps, with
¢p:Q0—>P and ¢L:Invi - Inv?:“(q). Hybrid system Hy = (Y,Y,Zy, Uy, fy, Invy,
Guardy, Resety) is obtained from Hy and ¢ by the following steps:

1. Y:=fX),
2. Yy :=f(Xy),
3. 2y =2y,

4. Uy:= {Ug)’}per UYD(q> = Uq’6¢510¢p(t{)(p(é(U§)’

5. ;ﬁ 2@ .= the continuous abstraction® of every f;{ such that ' € ¢y o on(q),

6. II]VYD(‘I) = Uq’e¢,}10d),)(q)¢z‘ (II‘IVSI(),
dp(q),0,0p(q)) . " "o
7. Guardy" ) = Uy, O (Guard ),

8. Reset;%(q)’a’%(q,)) o ¢Z(x) ;== U (q)qs(g (Resetg(qﬁ’g’q,)(x)).

—1
q"e€dp opp
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The steps of the previous construction were designed so as to provide the conditions
described in Proposition 4.2. The first step defines the new state space as the image of X by
f- Since the invariants, guards and resets can be seen as subsets of the state space, they are
also defined as the image of Hy invariants, guards and resets by f as described in steps 6, 7
and 8. Similarly, the space of continuous inputs Uy is obtained as the image of Uy by the
map ¢, uniquely determined by ¢ as described in Tabuada and Pappas (2002b). Note, that
in concrete applications the explicit computation of Uy and ¢ is not necessary as the
construction of continuous abstractions described in Pappas and Simic (2002) and required
by step 5 provides the equations for the abstracted control system. The second step ensures
that ‘‘preservation of initial conditions’’ is met while the third step defines the discrete
labels in Hy as the discrete labels in Hy.

This construction determines an abstraction of a given hybrid control system Hy based
on the state aggregation map ¢ as asserted in the next result where the relevant
assumptions on the input data are provided:

THEOREM 4.4 (computation of hybrid abstractions) Given a hybrid control system Hy
where the control systems fy are control affine and a map ¢ = (¢p,do) where
¢p:Q—Pand o = {P{}, e O : Invg — Invg,)”(q is a submersion, Construction 4.3
defines a hybrid control system Hy which is a simulation of Hy.

Proof: The result follows by Proposition 4.2 by considering:

e The map ¢, : O x £y —» X, defined by ¢, (g,0) = o for every (¢, 0) such that there
exists a x € Inv{ satisfying ((g, x), o) € ®x ' (X), where ®y is the abstract control system
associated with hybrid control system Hy.

e The fact that Z9*"Y) satisfies T,¢Z (29 (x)) S Z9""Y o ¢Z(x) for every xeInv! and
every ¢ € dp ' 0 dp(q)- u

As was already discussed for abstract control systems, bisimulations provide sufficient as
well as necessary conditions regarding reachability equivalence. It is therefore important
to determine when the abstraction determined by Construction 4.3 is in fact a bisimulation.
Sufficient conditions are presented in the following result:

THEOREM 4.5 (bisimilar hybrid systems): Ler Hy = (X, Xy, Zy, Uy, fx, Invy, Guardy,
Resety) be a hybrid control system, ¢ = (¢p,Pc) a state aggregation map satisfying
the conditions of Theorem 44 and Hy = (Y,Yy, Xy, Uy, fy, Invy, Guardy, Resety) the
hybrid control system defined by Construction 4.3. If the following conditions are
met:

o Continuous invariance—for every q€Q:
o ker(T¢%) is controlled invariant for fy!.

o Inv} is invariant for ker(T¢,).
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e Every guard on discrete state q is invariant for ker(T$}).

® The image by the reset maps (of discrete state q) of every point in its domain is
invariant for ker(T¢%).

e Discrete invariance—¢p,(q) = ¢p(q') implies:
o TPt (Z%(x)) = Tept (75 (X))
o $(Guard™") = 9 (Guard ™). for all ¢" € ¢ 0 (g,

o BL) = 97 (1) = $L(Resety ") () = 9L (Reset (). for all ¢"e
4’0 o ¢(q").

then Hy is a bisimulation of Hy.

Proof: As in the proof of Proposition 4.2 we consider that Xy, X, and ¢, have been
extended so that (¢, ¢) is a simulation from ®y to ®,. We will show that (10) holds for
elements in Xy U Uy since the freeness properties of .#y will then imply that (10) holds
for every element in .4 .

We treat the continuous case first.

From the results reported in Tabuado and Pappas (2002a) we know that if ker(T¢7.) is
controlled invariant for a control system fy, then its abstraction under the map ¢{. is a
bisimulation. If several discrete states are aggregated to the same continuous case, the
resulting continuous abstraction is still a bisimulation since ¢,(¢) = ¢p(¢’) implies that
the abstractions of fy and fX are the same. Furthermore, from invariance of Inv} under
ker(T¢%) we conclude that any continuous trajectory x(7) leaves the invariant iff the
abstracted trajectory ¢?(x(¢)) leaves the invariant, which means that continuous trajectories
are well defined on the original system iff they are well defined in the abstraction. This
shows that for any (¢(x),n) e ®y '(Y), there exists a (x,m) e .4y such that ¢(x,m) = n,
where @y and @y are the abstract control systems associated with Hy and Hy, respectively.

We now consider the discrete case. Assume that we have @y ((p,y),0) = (p’ ') for the
abstract control system @y associated with Hy. This means that (p, y) € Guard, 1 ") and as
the guards on Hy are invariant for ker(T¢¢) and ¢p(q) = (;’)D( ') implies
PL (Guard(q 24)) = ¢Z(Guard")) we have that every point xe(¢%) '(y) for
qedp (p) belongs to the guard associated with the transitions (q,0,¢") where
q"epp o dp(p). It now follows from qSC(Resetg’ od >( ) = oL (Reset<q 74" (x)) that
for every (q,x)e¢ '(p,y) there exists a ¢ such that such that ¢, ((¢,x),6) =0 as
required by (10). The result now follows from the freeness properties of .# . |

The results regarding the computation of simulations and bisimulation are illustrated in the
next section where a spark ignition example is discussed in detail. Furthermore, the
proposed construction combined with Theorem 3.8 can be applied to complex hybrid
systems to exploit interconnection. In that case the synchronizing set L depends on the
specific composition operator used.
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Figure 5. Block diagram representation of the spark ignition engine model.

5. A Spark Ignition Engine Example

We now illustrate the use of Construction 4.3 with a spark ignition engine model taken from
Balluchi et al. (2000). Consider the block diagram representation displayed in Figure 5.

The intake manifold block models the throttle dynamics which can be controlled by
applying a voltage v to regulate the throttle angle. This angle, regulates the pressure p from
which the air inflow rate into the combustion chamber can be determined. The discrete
operation of the n cylinders is modeled by the cylinders block which admits as inputs the
injected fuel described by ¢, ¢,, . . ., g, and discrete inputs spky, . . ., spk, controlling the
spark advance with respect to the top most position of the pistons. Finally, the torque T
produced by the cylinders is used in the power train block to determine the crack shaft
angle 0, angular velocity n as well as other variables contained in the vector {. We defer the
reader to Balluchi et al. (2000b) for a more detailed explanation of the model.

5.1. Modeling the Cylinders

The hybrid nature of the system comes from the interaction of the continuous dynamics
describing the intake manifold and the power train, with the discrete nature of the
cylinders evolution. Considering an engine with four cylinders, each cylinder is modeled
by a state machine with six states, as displayed in Figure 6.

In the notation of Balluchi et al. (2000b), the state / models the intake phase where the
combustion chamber is filled with the air-fuel mixture until reaching its top most position.
The states BS and PA model the compression phase where the piston compresses the air—
fuel mixture. The state BS models the before spark phase where no spark has yet occurred
while the state PA models the positive advance phase, where a spark occurs before the
piston reaches its top most position. The states AS and NA model the expansion phase. In
the state AS, after spark, torque is being produced by the explosion of the mixture ignited
by a spark. However, if no spark occurs before the piston reaches the top most position, the
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Figure 6. State machine modeling the discrete operation of each cylinders.

expansion phase initiates and no torque is produced, this is modeled by the state NA,
negative advance. Finally the state H models the exhaust phase, where the gases produced
in the combustion process are expelled from the combustion chamber. While the
transitions H — I, I —» BS, BS - NA, AS — H depend only on the cylinder position, the
remaining transitions depend on the discrete input SPK modeling the occurrence of a
spark. Since several transitions depend on the position of the cylinder which is given by
the continuous dynamics governing the power train, it is natural to combine the power
train model with the state machine describing the cylinders in the hybrid automaton
presented in Figure 7.

The continuous dynamics is also displayed in Figure 7, where the continuous states
71,2, and z5 are used to record the mass of air and fuel injected at the intake phase as well
as the spark advance which will be used to determine the torque produced at the state AS as
described in Balluchi et al. (2000b). Recording these values is in fact the justification for
the several reset maps appearing on the hybrid automaton. The continuous dynamics is
equal in every discrete state, except for the state AS where the produced torque 7 is added
to the external torque 7, produced by the other pistons. The production of the torque 7,
generated by the other pistons is not captured in this modeled so that 7T, is treated as an
input. The invariants of each mode are defined by bounds on the piston position measured
by the crank shaft angle while the guards involve conditions on the crank shaft angle as
well as the external input SPK modeling the occurrence of a spark. The remaining
undefined constants and functions are irrelevant for our analysis and can be obtained from
Balluchi et al. (2000b).

5.2. Abstracting the Hybrid Model

As in an engine several pistons run in parallel to generate torque, the model of the several
pistons can be obtained by performing the parallel composition with synchronization of
the hybrid automaton describing each piston. We consider an engine with four pistons,
where each piston is described by the hybrid automaton displayed in Figure 7 having state
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Figure 7. Hybrid automaton modeling each cylinder.

space Q x R® and input space R. The synchronization between the pistons is then defined
by the set LS (0 x R® x R)*:

L={(g,x,u)e(QxRxR)*: 0, = 0, + 180° = 03 + 360° = 0, + 540° A T,
= T;ije{1,2,3,4}} (21)

J#i

We have, therefore, two approaches to compute an abstraction of the engine model. Either
we abstract the model of each piston individually and then we compose the abstractions, or
we abstract the model of the engine as a whole. Theorem 3.8 ensures that both approaches
produce the same results which lead us to abstract each piston individually so as the reduce
the complexity of the involved computations.

By inspecting Figure 7 we see that the states PA, BS and NA represent different phases
leading the torque production phase. This suggests that they can be aggregated into a
single before torque state, denoted by BT. This is accomplished by defining the discrete
aggregation map ¢, : Q — P to be:

¢D(PA) = ¢D(BS) = ¢D(NA) =BT, ¢D(AS) =AS, ¢D(H) =H, ¢D(1) =1
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For the continuous state aggregation map we take the identity, that is:
dL(x) =x, Vqe{l,PA,BS,AS,NA,H}

Following the steps of Construction 4.3 we obtain:

1. Y ={BT,AS,H,I} xR" = P xR’ = f(X).

2. Yo=Y =f(X) since the X, = X.

3. 2y =2y

4. U) = R since we are not aggregating the continuous dynamics.

5. fYD(q) = fy since we are not aggregating the continuous dynamics and the aggregated
discrete states have the same continuous dynamics.

6. The invariants remain the same for the states AS, H and I, while the invariant of RT is
given by InvET = ¢ (Invi4) U ¢2° (InvES) U ¢ (Invi) = InviA U InvES U Invi?
and is given by the condition 0° < 0 < 360°.

7. The guard Guard (BS.BS > PAPA) associated with the transition BS — PA remains
unchanged as there is no continuous state aggregation. It is therefore expressed as
SPK A0 < 180° since the guard is contained in the invariant. Similarly

Guar d<PA PA—ASAS) Lo transformed to 0 = 90°, Gua d (BS.BS > ASAS) transformed to
SPK A0 = 90°, Guar rdPSES o NANA) - ransformed o 0 = 180° and  finally
Guard(NA NAA5.A5) | is transformed to SPK A 180° < 0.

8. The reset Resetg(BS BS=PAPA) is now a reset from BT to BT, while the functional form f

of the reset mag does not chan%e as there is no continuous state aggregation. Similarly
PA PA > A — AS,AS) (BS,BS — NA,NA)

Reset ’ﬁ\ and Resety remain the identity

maps and Resetg(NA NA s %) is now a reset from BT to AS with the same functional

form given by the map g.

The resulting hybrid automaton is displayed in Figure 8.

We note that this abstraction fails to be a bisimulation since
de(Invi?) = Invi? = Invf" #Invi? = ¢ (Invi?) and this implies that for a continuous
evolution starting at 6 = 200° on discrete state BT, there is no possible evolution of
PA e ¢p, ' (BT) that can be mapped to the evolution on state BT as evolutions in PA have to
conform to the invariant.

This model can be further simplified by identifying the transition BT — BT guarded by
0 = 180° with the ¢ transition which is defined for every point in the invariant. Similarly,
the transitions from BT to AS with guards 0 = 180° and 0 = 180° A SPK can also be
identified as they have equal reset maps. This can be formally done by considering a
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0=540°

SPK A =
< 180° &

f=180"

Figure 8. Abstraction of the hybrid automaton displayed in Figure 7.

simulation map which does not aggregate the states, but aggregates these transitions.
Further aggregation is possible by identifying the states H, I and T which results in the
hybrid automaton displayed in Figure 9.

This abstraction can now be composed with similar models of the remaining pistons to
obtain the complete hybrid automaton describing the engine. For an engine with four
pistons this is achieved by determining the product of four copies of the hybrid system
displayed in Figure 9 followed by the operation of restriction. Following Theorem 3.8, the
synchronization set is defined by f; x f, X f3 X f4(L) for the set L defined in (21) and maps
f1 =/f>» =f; = f, defining the state aggregation. Since the sequence of abstractions leading

%:=fzz. 0) 0=360°

AS

=180

020" A | - 3 0=180°
SPK A #<720° SPK A 23 .=g(Z3 )] #<360°
1< 180° > 180°
#=720° gp=m
Li=q
;=0
#:=0

Figure 9. Abstraction of the hybrid automaton displayed in Figure 8.
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to the hybrid model in Figure 9 was based on identity maps for continuous aggregation, it
follows that:

fixfaxfyxfall) =L

Restricting the product hybrid system to the set L leads to the following possible discrete
configurations:

(BT, BT, BT, AS
(BT, BT, AS, BT
(BT,AS,BT, BT
(AS,BT,BT,BT
qs = (BT, BT, BT, BT)

)
)
)
)

91 =
9> =
q3 =
44 =

However, the first four discrete states can also be abstracted into a single discrete state TP
describing torque production, which leads to a hybrid system with only two discrete states
TP and NTP, where NTP corresponds to state g5, where no piston is producing torque. We
note that a similar abstraction has been used in Balluchi et al. (2000c) to determine the
maximal safe set for idle speed control of automotive engines, although it has not been
obtained in any formal framework. The model used in Balluchi et al. (2000c) has three
discrete states S, S, and S_. State S_ corresponds to state NTP while both states S and S,
correspond to our state TP. Two states are used in Balluchi et al. (2000c) to model the
torque production phase to be able to distinguish between the before spark and after spark
phases in the compression mode. In our model no such distinction is visible at the level of
discrete states, but the continuous reset maps allow to update the variables z;, z, and z3
required to determine the correct value of the produced torque. We have thus been able to
abstract the initial model, where each piston was modeled by a six states hybrid automaton
to a hybrid system with only two discrete states modeling the synchronized operation of
the four pistons. Furthermore, by exploiting compositionality we only performed the
product of four hybrid systems with two discrete states each, resulting in a hybrid system
with 2* = 16 discrete states. If one would have abstracted the engine model as a whole, the
required product hybrid system would have 2* = 1296 discrete states. These numbers
clearly illustrate the computational advantages of exploiting compositionality provided by
Theorem 3.8. The resulting abstraction can now be used for analysis as is done, for
example in Balluchi et al. (2000c), or synthesis.

6. Conclusions

In this paper we have addressed the problem of computing abstractions for hybrid control
systems. A notion of abstraction was proposed based on the notions of simulation and
bisimulation. These notions were presented in a general setting comprising discrete,
continuous and hybrid control systems. Several important properties were proved in this
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general setting which are directly applicable to hybrid systems. We also introduced a
composition operator that allows to construct large-scale, complex hybrid systems by
interconnecting smaller hybrid systems. We showed that this composition operator is
compatible with abstractions and under certain conditions also with bisimulation. These
results were then instantiated to hybrid control systems where a construction was proposed
to compute abstractions based on state aggregation maps.

Several interesting directions for future research remain. It is important to understand
how the proposed notions of bisimulation and abstraction can be compared with several
other discussed in the literature, specially in the case when inputs and outputs are
explicitly defined. Also important is to render the proposed results more computational by
looking at special classes of hybrid control systems for which the abstraction process can
be completely automated. The main difficulty that needs to be addressed is the automated
computation of abstractions for purely continuous systems. While one does not hope to
find computational approaches for all continuous systems, special classes such as linear
systems are amenable to algorithmic approaches.

Appendix A. Functions, Partial Functions and Monoids
Functions and Partial Functions

We start by reviewing some facts regarding functions to set notation. Let f: A — B be a
map, if S is a subset of A we denote by f(S) the subset of B defined by:

f(8) = Usesf(s) (22)

We also use the set notation f ~ ! (b) to refer to all points a € A such that f (@) = b and if S is
a subset of B we denote by f ~!(S) the set:

F7H8) = Usesf () (23)

Given maps f:A— B and g: C — D, we represent by fxg: AxC — BxD the map
defined by (a,c)— (f(a), g(c)) for every (a,c)eA xC.

We now introduce some ideas regarding partially defined maps. Given a partially
defined map f: A — B, we denote the subset of A for which f is defined by f~'(B).
Furthermore, given another partially defined map g: A — B, we shall consider the two
maps equal iff g~ '(B) = f~'(B) and 8le-1(m) = fl-1()- Intuitively, two partially defined
maps are equal when they are defined on the same subset of A and when restricted to that
set, they are equal as ordinary maps. Composition is defined for partially defined maps
f:A—>Bandg: B— C providing gof: A — C defined on (g o f) ' (C) =f~1(g~(C)).
We note that composition of partially defined maps is still an associative operation. We
also extend the notion of restriction of a function to this context. For a given ( partially
defined or not) functionf: A — B and aset C = f ~!(B), we denote that by f|-: A — B the
partial function defined by:
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flc(a) =f(a) for every aeC (24)
undefined otherwise
Monoids

A monoid is a triple (., -, &) where .# is a set closed under the associative operation
c M X M — M and ¢ is a special element of .# called identity. This element satisfies
e+m = m-¢ = mforany me 4. We will usually denote m, - m, simply by m;m, and refer
to the monoid simply as .#. Given two elements m; and m, from .# we say that m, is a
prefix of m, iff there exists another me .# such that m;m = m,. Given two monoids
(My, - ex) and (My, -, &y) we denote by 4y & .4y the direct product of .#y and M.
The direct product, which is still a monoid, is defined by the set .#y x .#y equipped with
pairwise multiplication defined by:

(m,n)(m',n') = (mm' ,nn') e My x My

for (m,n),(m',n')e My x #y and where mm’' denotes multiplication in .#y and nn’
denotes multiplication in .#y. Finally, the unit in .#y ® .y is naturally given by (ey, &y ).
A map h:./ — /' between monoids is said a monoid homomorphism when
h(mym,) = h(m,)h(m,). A monoid ./ is said to be freely generated by a set S, when
S <./ and for any monoid .#' and any map i’ : § — ./, there is one and only one monoid
homomorphism h: .# — /' such that h(s) = i'(s) for any s € S. Freely generated monoids
/ thus have the property that to define a monoid homomorphism /4 from .# to any other
monoid ./’, it suffices to define / on S since a unique extension of / to ./ exists.

Appendix B. Elementary Notions of Category Theory
Categories

In this paper we only use elementary notions of category theory. We point the reader to
Lane (1971) for further details as well to Lawvere and Schannel (1997) and Arbih and
Manes (1975) for a “‘softer’” introduction to the topic. Informally speaking, a category is a
universe of mathematical discourse and is perhaps better described by examples. If one is
interested in group theory one would certainly work in the universe of groups and group
homomorphism, whereas if one is learning elementary topology the natural universe are
topological spaces and continuous maps between them. In linear algebra one deals with
vector spaces and linear maps, in differential geometry with smooth manifolds and smooth
maps between them, etc. This idea of universe of mathematical discourse can be formally
defined as follows:

DEFINITION 6.1 (category) A category is a tuple (O0,hom, id, o) consisting of:
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® A class of objects (.

e For each pair of objects (A,B) belonging to O, a set hom(A,B). The elements of
hom(A, B) are called morphisms from A to B. An element of this set f ehom(A,B) is
usually denoted graphically as A L B.

® For each object A€ O a special morphism A&»A, called the identity on A.

® A binary operation which maps a pair of morphisms (A 1B ,B-5%C) to the
. 704 8 . . op.
composite’ A— C while satisfying:
® Associativity: ho (gof) = (ho g) of whenever the composition is defined.

® Identity: for a morphism A 1, B we have idgof =f=foid,.
e The sets hom(A, B) and hom(C, D) are disjoint when A#C or B#D.

In the above examples the objects are the groups, topological spaces, etc., while the arrows
are the group homomorphisms, continuous maps, etc., between them. As morphisms are
displayed graphically, more elaborate relations between morphisms are usually displayed
in commutative diagrams. We shall say that a diagram commutes iff the composition of
morphisms in any path from one object to another object is the same. Consider for example
the following diagram

h £ (25)

where commutativity simply means that the two existing paths from A to D are equal, that
is 8 Of :] o h.

Products

Let A and B be objects in a category. The product of A and B is the triple (C, n4, 1z) such
that for any other triple (C’, 7, nj;) there exists one and only one morphism 7 making the
following diagram commutative:

(26)
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Note that the product captures the relevant notion of product with respect to the
corresponding category. The product on the category of sets and maps between them is the
usual Cartesian product, while in the category of groups is the direct product, in
the category of topological spaces is the Cartesian product of the supports equipped with
the product topology, etc. Reversing the arrows in diagram (26) leads to the dual notion of
coproduct.

Equalizers

Let g and & be morphisms in a category. The equalizer of g and % is the morphism f
satisfying g o f = h o f and such that for any other morphism f' satisfying gof’ = hof’
there is one and only one morphism f such that the following diagram commutes:

A &, B L—*—: c
h
_ (27)
f 4
W
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Notes

1. Nondeterministic transition relations can also be captured by parameterizing the nondeterminism. This can be
accomplished by modeling ¥ as ¥ = X x X, where the labels in X are regarded as controllable inputs, while
the labels in X, are regarded as uncontrollable inputs or disturbances. This allows to model nondeterminism
since 6(q, (o,,0,)) is a set of states parameterized by the labels o, € X,,, which are independent of the choice
G,

.
2. Technically speaking, we allow only classes of maps u(¢) for which the solution of f (x(¢), u(z)) is well defined.
However, our results are independent of the chosen class.

3. There exists only one function from [0, 7] to a singleton, the constant map.
4. See, for example, Appendix B for a definition of coproduct.

5. This notion of product corresponds to the product in the category of abstract control systems. See, for example,
Appendix B for a definition of product in a category.
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6. Continuous abstractions are discussed in Pappas et al. (2000) for linear systems and in Pappas and Simic (2002)
for nonlinear systems. However, in these references abstractions of a single control system are considered
whereas in the present situation it may be necessary to determine an abstraction of several control systems for
which the results of Pappas et al. (2000) and Pappas and Simic (2002) can be easily extended. Consider, for
example, two control affine systems defined by the affine distributions X; + A, and X, + A, and an
aggregation map ¢: M - N.If T.¢(X, (x)) = T,¢p(X,(x)) for every x e M, then the abstraction of both control
systems is simply given by T¢(X, +A;) +Td(X, + A,), otherwise we can take as an abstraction
Top(X) + Ay) +span(Th(Xy)) + Th(A;) or TH(X, + Ay) + span(T (X)) + Th(A)).

7. Note that composition of f and g is only defined if the target of f equals the source of g.
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