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Abstract

This paper presents the design of a digital repetitive
controller with improved performance via discrete-time
u-synthesis technique. The performance improvement at
the fundamental frequencies is obtained by a modified low-
pass g(z,z 1) filter structure and robust stability is obtained
through p-synthesis design methodology. The new structure
of g(z,z71) filter is motivated by efforts to square the sen-
sitivity function which has very small values at the funda-
mental frequencies. This paper includes a robust repetitive
controller design example for an electrohydraulic system for
the noncircular cam turning process. Simulation and experi-
mental results demonstrate the improved performance of the
proposed design.

1 Introduction

Repetitive controllers are used in control applications where
input reference signals and/or disturbances are periodic and
their periods are known. Some of the repetitive control
applications in literature are computer disk drive systems
[1, 2], robot manipulators [4], material testing systems
[6, 71, noncircular turning [9, 10, 11] and so on.

The internal model principle states that a periodic signal
generator is required in the feedback loop to asymptoti-
cally track a periodic reference by the output of a closed-
loop system and this periodic signal generator includes a
big time delay term corresponding to the period of refer-
ences. A “prototype’ discrete-time repetitive controller de-
sign has been proposed by Tomizuka ez al. [8], based on
zero phase error tracking control (ZPETC). A zero phase
lowpass filter g(z,z”*) was introduced for robust stability
to the same structure [9, 10]. Guo [2] proposed to use
S(z)/(8(z) + R(z)) to substitute for the g(z,z~!) in the pro-
totype repetitive controller structure. Frequency shaping of
the sensitivity function was utilized to reject both the re-
peatable and non-repeatable runout by choosing S(z) and
R(z). A discrete-time two-parameter robust repetitive con-
troller design by using structured singular values was pro-
posed [3]. In this method, the high order delay term in the
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periodic signal generator is treated as a fictitious uncertainty
and discrete-time g-synthesis is applied.

d
+ .
W K,y (2) B G2) —P&—b

Figure 1: ZPETC-type Repetitive Controller Structure

Figure 1 shows the traditional ZPETC-type repetitive con-
troller structure, where G(z) is a stable plant, Kpp(z) is
a repetitive controller. K., (z) is the approximate inverse
of plant G(z). The periodic signal generator consists of
g(z,z71), z7V*, and 7%, where N is the period of the pe-
riodic signal and L is the sum of the plant delay and the
controller delay which comes from inversion of unstable
zero part in plant. General descriptions about repetitive con-
troller structure can be found in {5]. Note that the sensitivity
function S, of ZPETC-type repetitive controller structure is
equal to

P 1-q(z,a Y
C =gz )TN + gz, 7 2V K, (2)G(2)
~1—-g(z,z7 Dz N (1)

if 2 K,ep(2)G(z) % 1, N> L.

Let T be the sampling time and substitute 7 = /%7 then it
is obvious that as long as the magnitude of lowpass filter
q(z,z7") is unity, the magnitude of sensitivity function S,
is almost zero at integer multiples of ﬁ(Hz) and reaches
two between these frequencies. We call these frequencies
the fundamental frequencies.

The main idea of this paper is to make the sensitivity S,
given at Eq. (1) squared by using a modified ¢(z,z7!) fil-
ter structure, so that we can obtain much smaller sensi-
tivity function magnitude at the fundamental frequencies.
Namely, the new sensitivity function S, is to be

Simod = S(z) ~ [1 _Q(Z:Z_I)Z_N]z' (2)
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This paper is organized as follows. Section 2 presents the
proposed robust repetitive controller design method. Sec-
tion 3 shows a design example for an electrohydraulic ac-
tuator system for the noncircular cam turning process and
Section 4 contains concluding remarks.

2 Proposed Robust Repetitive Controller Design

Repetition of a continuous time periodic signal with period
of T'(sec) amounts to sampling its spectrum at integer mul-
tiples of %(Hz) with magnitude scaling by % In repetitive
control problems, reference signal r and/or disturbance 4
are assumed to be periodic with known periods. It means
that by the sampling theorem the frequency spectrums of
these signals appear only at the fundamental frequencies.
Since the error e can be described by e = S, and the sen-
sitivity function S, given at Eq. (1) knocks out every fre-
quency component of reference r with its deep notches at
the fundamental frequencies, the corresponding error ¢ be-
comes small for the reference with known period.

To improve nominal performance of repetitive controller
at the fundamental frequencies, it is desirable to make the
magnitude of sensitivity function S, smaller at the funda-
mental frequencies. The approximate squared sensitivity
Smoa at Bq. (2) will apparently have much deeper notches
at the fundamental frequencies and it is equivalent to,

Sinod =~ 1—q(z,z_l)[2—z_Nq(z,z_l)lz_N. 3)

Modified ¢(z,z~1) filter structure

By comparing Eq. (1) and (3), we can see that replacing the
original ¢(z,z~ ") filter with the modified structure gives the
squaring effect on the original sensitivity function S,. Even
though theoretically we could make the nth power of sen-
sitivity function by the similar approach, the power greater
than two may not work in practical sense because of the sta-
bility problem. Thus, we discuss only S,* case in this paper.
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Figure 2: Periodic Signal Generators Connected in Series
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Simple repetitions of the periodic signal generaior may
seem to accomplish the squaring effect on the sensitivity
function if all of the delay loops have the same period. Let’s
consider two cases. The periodic signal generators are con-
nected in series and parallel in Figure 2 and Figure 3, re-
spectively. The corresponding sensitivity functions, S
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Figure 3: Periodic Signal Generators Connected in Parallel

and S 4,411, are given in Eq. (4) and (5).
1
glzz 2=V 5 41
1+ [l_q(zlz~l)§—N] 7K yep(2)G(2)
N [1—g(z,z )z M
[1-q(zz e NP>+ [g(z,z )z ]

if 27K (2)Glz) ~ 1, N > L.
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Figure 4: Plots of Approx. of Sy, Syods Sseriar and Sparatier

Figure 4 shows the magnitude plots of the sensitivity func-
tions described in Eq. (1), (3), (4) and (5) with a 2kHz sam-
pling rate, N = 200, ¢(z,z7!) = [0.25z+ 0.5 +0.25z7].
Sseriar has not only the desired square term in the numer-
ator but also other terms in the denominator. The denom-
inator produces a big peak in the high frequency range
even though it makes nice sensitivity shape in the low fre-
quency range. In this particular numerical example, |S;eia/|
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reaches 27 at around 361Hz and it may be very difficult
(or impossible) to find a stabilizing controller K, (z) for
the serial connection. Since g(z,z7!) is a lowpass filter, it
starts decreasing its magnitude from unity after a certain
pass band and g(z,z7')z™" makes a spiral toward the ori-
gin in complex plane. The magnitude of denominator ap-
proaches zero if g(z,z7')z"V passes by close to the criti-
cal point z = (0.5 4 j0.5). Even |Syeiq| can be infinite, if
q(z,z7 ")z = (0.5 + j0.5) as shown in Figure 5. Sparattes
is far away from the desired square form. Therefore, these
serial and parallel structures are not appropriate to be used.
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Figure 5: Behavior of the Denominator of S,

The attempt to improve the repetitive controller perfor-
mance with a modified lowpass filter structure also can be
found in [5]. In the first robustness optimization design
step, they design a continuous time %L, repetitive controller,
which is corresponding to Ky.,(z) block in Figure 1, with a
predetermined lowpass filter ¢, (s). In the following perfor-
mance improving design step, g,(s) is replaced by

g(s) = qo(s) + (1 — 7 "qu(s)) g0 (s) q1 (), (6)

where T is the period of the periodic signal and then g;(s)
is designed to satisfy some robust stability conditions. If
q1(s) in Eq. (6) is equal to 1 then the modified ¢(z,z™") fil-
ter structure in Eq. (3) is the same as Eq. (6). The proposed
method directly inserts the modified g(z,z”") filter struc-
ture in the discrete-time y-synthesis framework instead of
having another design step as [5] does with g1 (s) for perfor-
mance improvement stage. Another advantage of the pro-
posed method is that zero phase lowpass filters can be used
in repetitive controller design since it is a discrete-time de-
sign scheme.

The zero phase lowpass filter g(z,z7!) plays an impor-
tant role for the system stability in the ZPETC-type repet-
itive controller design {10]. It is not trivial to guaran-
tee the system stability with the modified g(z,z7') filter
structure because it significantly increases the sensitivity
function magnitude greater than two between fundamen-
tal frequencies. It is shown that the modified g(z,z!) fil-
ter structure approximately makes the sensitivity function

Modified ¢(z,z') filter structure
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Figure 6: Repetitive Controller w/ Modified g Filter

S, squared and its configuration is depicted in Figure 6.
The repetitive controller K,,,(z) in this figure may be ob-
tained through ZPETC-type design method or discrete-time
u-synthesis technique which will be discussed later but in
either case, much more conservative lowpass g(z,z!) filter
will be needed to ensure the system stability.
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Figure 7: Robust Repetitive Controller Design Structure

The proposed robust repetitive controller design structure is
shown in Figure 7. W,(z) and W), (z) are input multiplicative
uncertainty weighting function and performance weighting
function, respectively. A, and A, are corresponding uncer-
tainties such that each ||A|l. < 1. To relieve the burden
for the system stability on one controller, two degrees-of-
freedom controller, K (z) and K»(z) are to be designed via
discrete-time p-synthesis technique. In this block diagram,
the plant, G(z) can be unstable.

It is a well known fact that the order of controller designed
by p-synthesis is higher than that of total system. For exam-
ple, a noncircular cam turning application with a sampling
frequency of 2kHz and a spindle speed of 600rpm requires
N =200, so if y-synthesis is applied directly to the block di-
agram in Figure 7, the order of final controlier will be well
beyond 400. Practically speaking, it is almost impossible
to include such big delay blocks in a plant description for
a discrete-time repetitive controller design by u-synthesis.
To cope with the high order problem, the big delay terms
are replaced with fictitious uncertainty blocks in g-synthesis
design [3]. This drastically reduces the order of augmented
plant for controller synthesis and hence generates a low or-
der controller.

Figure 8 shows the p-synthesis design block diagram. The
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Figure 8: u-Synthesis Design Block Diagram

final augmented block structure Ais

Ai 0O 0 0

. 10 Ap 0 0

210 0 A ol 7
0 0 0 A,

Assume nominal stability such that M = F;(P,[K},K>]) is
(internally) stable, robust performance is obtained if

HA(M) < 1. (8)

See [12] for details. It should be noted that the inverse
of performance weight 1/W,(z) does not describe nominal
performance of repetitive controller at the fundamental fre-
quencies, but represents the required upper bound on the
sensitivity function. This weight can be used for disturbance
rejection in the low frequency range but we can not enforce
a demanding W), (z) in Figure 7, otherwise it will fight with
the demanding modified g(z,z~") filter structure to influ-
ence on the final controller characteristics and we won’t get
desired performance at the fundamental frequencies.

Due to the fictitious uncertainties, u; (M) value at Eq. (8)
contains some amount of conservatism. It is fine to have
43 (M) value greater than one during D-K iteration as long
as robust stability test with real delays 7N L and 77V, je.
Figure 7 configuration, shows ua, (M11) < 1 after getting
a controller from y-synthesis. Robust performance test in
Figure 7 configuration is not as important as robust stability
test because the primary purpose of the repetitive controller
design is to get better performance at the fundamental fre-
quencies.

3 Design Example: Simulation and Experimental
Results

In this section, we present a design example for an elec-
trohydraulic system for the noncircular cam turning pro-
cess. We use a 2kHz sampling rate and assume L = 10
and N = 200 (spindle speed of 600rpm) fixed. Figure 9
shows the Bode plots for G(e/®) used to model the elec-
trohydraulic system.
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Figure 9: Bode Plot of Electrohydraulic System, G(z)

The form of zero phase lowpass filter ¢(z,z7!) is selected to
be

g(z,z71) = (0.25z4+0.54+0.2577 1" 9)
All poles are located at z = 0 and all zeros are at z = —1.
Since the point z = —1 corresponds to frequency ® = /7T,

the amplitude response becomes more attenuated at around
Nyquist frequency by zeros when n becomes large. About
the g(z,z71) filter form for the repetitive controller design,
refer to [10].
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Figure 10: Magnitude Bode Plot of Filters and Weights

Figure 10 shows the magnitude Bode plots for W,(z),
1/Wp(2), Qmoa(zz7") = qlz.z7)[2 — 27%g(z,z7")] and
g(z,z7!) used in this design example and we set n = 3 in
Eq. (9). 1/W,(2) is simply set to be 4 for the upper bound
on the sensitivity function in order to put more emphasis on
nominal performance improvement. The modified g(z,77")
filter structure, Qpmoa(z,z~!) shows unity gain at each fun-
damental frequency up to around 200Hz range.

The proposed robust repetitive controller design method
was applied to the electrohydraulic system with the above



mentioned design parameters. The final controller gave
Ua,(M11) = 0.886, so the system was robustly stable with
some margin. For comparison, two parameter robust repet-
itive control(TPRRC) design method [3] was applied to the
same system with the same parameters. The only difference
is that TPRRC uses a lowpass ¢(z,z 1) filter instead of the
modified g(z,z~!) filter structure, Qp0a(z,27"), in Figure 7.
The zero phase lowpass filter in TPRRC was chosen to pro-
vide almost same level of robustness. A filter g(z,z7!) =
[0.045z+ 0.91 +0.04577] was selected and the designed
controller from y-synthesis showed ua, (M) = 0.881.
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Figure 12: Comparison of Sensitivity Functions II

Sensitivity functions from each case are compared in
Figure 11 and 12. The solid line with square marks are
from the proposed method with the modified g(z,z7!) fil-
ter structure and the dashed line with circular marks are
from TPRRC. The square and circular marks represent the
magnitude of sensitivity functions at the fundamental fre-
quencies. The sensitivity function from the repetitive con-
troller designed with the modified g(z,z7!) filter structure
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shows deeper notches at the fundamental frequencies up to
180Hz, so it represents better nominal performance espe-
cially within 180Hz. Figure 12 shows zoomed-in sensitivity
function magnitude curves at the first three harmonic fre-
quencies. The solid line from the proposed method exhibits
not only deeper but also wider notches than the dashed line
from TPRRC. It means the proposed method is more robust
for small variations in the period time than TPRRC.
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Figure 14: Simulation Results: Comparison of Transient Errors

Figure 13 and 14 show the simulation resuits with a particu-
lar mild cam profile reference signal. The maximum steady-
state tracking error of the proposed method with the modi-
fied g(z,z7!) filter structure is 0.53um and it is a fourth of
the TPRRC tracking error. Even though the controller with
the modified g(z,z~!) filter structure contains two big de-
lays, the transient error of the proposed method converges
to its steady state with almost same rate as TPRRC transient
error does. Both methods reach their steady states within
one second in simulation.

The controllers were implemented on a TMS320C32 DSP
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Figure 15: Experimental Results

board and the position feedback signal was collected by a
laser encoder with a 0.6um resolution. The controller from
the proposed method had initially the 54th order. The con-
troller order was reduced to the 11th order for implementa-
tion. Likewise the 32nd order controller from TPRRC was
reduced to a 10th order controller. The same reference sig-
nal given in Figure 13 was used for experiments and the
experimental results are shown in Figure 15. The shown
tracking errors are the errors during five steady-state con-
secutive cycles from each case. The tracking errors in the
experiments are not as small as those in the simulation be-
cause there are several other factors in real implementation,
such as the model reduction process and a finite word length
problem in the DSP board. However, it is still clear that
the proposed robust repetitive controller with the modified
q(z,z71) filter structure demonstrates better tracking perfor-
mance over TPRRC.

4 Conclusions

A new discrete-time robust repetitive controller design
with better performance was presented. Nominal perfor-
mance improvement at the fundamental frequencies was ob-
tained with a modified g(z,z~!) filter structure and discrete
u-synthesis was used for robust stability of the system. Sim-
ulation and experimental results illustrated the performance
improvement for an electrohydraulic system for noncircular
turning application.

References

[11 Chew, K. K., and Tomizuka, M., “Digital Control of
Repetitive Errors in Disk Drive System”, IEEE Control Sys-
tems Magazine, Vol. 10, pp. 16-20, 1990.

[2] Guo, L., “Reducing the Manufacturing Costs Associ-
ated with Hard Disk Drives - A New Disturbance Rejection

Control Scheme”, IEEE/ASME Transaction on Mechatron-
ics, Vol. 2, No. 2, pp. 77-85, June 1997.

[3] Li, J., and Tsao, T. C., “A Two Parameter Robust
Repetitive Control Design Using Structured Singular Val-
ues”, Proceedings of the 37th IEEE Conference on Deci-
sion and Control, Tampa, Florida, pp.1230-1235, December
1998.

[4] Omata, T., Hara, S., and Nakano, M., “Nonlinear
Repetitive Control with Application to Trajectory Control
of Manipulators”, Journal of Robotic systems, Vol. 4, No. 5,
pp- 631-652, 1987.

[S1 Peery, T. E., and Ozbay, H., “#, Optimal Repetitive
Controller Design for Stable Plants”, ASME Journal of Dy-
namic Systems, Measurement, and Control, Vol. 119, pp.
541-547, September 1997.

[6] Shaw, F. R., and Srinivasan, K., “Discrete-Time
Repetitive Control System Design Using the Regeneration
Spectrum”, ASME Journal of Dynamic Systems, Measure-
ment, and Control, Vol. 115, pp. 228-237, June 1993.

[7] Srinivasan, K., and Shaw, F. R., “Analysis and De-
sign of Repetitive Control Systems Using the Regeneration
Spectrum”, ASME Journal of Dynamic Systems, Measure-
ment, and Control, Vol. 113, pp. 216-222, June 1991.

[8] Tomizuka, M., Tsao, T. C., and Chew, K. K., “Analy-
sis and Synthesis of Discrete-Time Repetitive Controllers™,
ASME Journal of Dynamic Systems, Measurement, and
Control, Vol. 111, pp. 353-358, September 1989.

(9] Tsao, T. C., and Tomizuka, M., “Adaptive and Repet-
itive Digital Control Algerithms for Noncircular Machin-
ing”, Proceedings of American Control Conference, At-
lanta, GA, pp. 115-120, 1988.

[10] Tsao, T. C., and Tomizuka, M., “Robust Adaptive and
Repetitive Digital Tracking Control and Application to a
Hydraulic Servo for Noncircular Machining”, ASME Jour-
nal of Dynamic Systems, Measurement, and Control, Vol.
116, pp. 24-32, March 1994,

[11] Tsao, T.-C., Hanson, R. D., Sun, Z., and Babin-
ski, A., “Motion Control of Non-Circular Turning Process
for Camshaft Machining”, 1998 Japan-USA Symposium on
Flexible Automation, Otsu, Japan, pp. 485-489, July 1998.

[12] Zhou, K., Doyle, J. C., and Glover, K., Robust and
Optimal Control, Prentice-Hall, Upper Saddle River, 1996

2032



