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1 Barzilai-Borwein step sizes. Consider the gradient method

Tpt+1 = T — thf(ZL‘k)

We assume f is convex and differentiable, with dom f = R", and that V[ is Lipschitz
continuous with respect to a norm || - [|:

IVf(@) = V)l < Lljz —yl| for all z, y,
where L is a positive constant. Define
Sk = T, — Tp1, Y = Vf(rp) = Vf(ze-1)

and assume y, # 0. Use the properties in lecture 1 (pages 1.10-1.15) to show that the
following two choices for t; satisfy ¢, > 1/L:

T
= Sk Yk
) k

14 = —.
w2

T
Sk Yk

2 Heavy-ball method [Polyak|. We consider a “two-step” variant of the gradient method:
Ty = T — tV f(ar) + s(xp — 2m1), k=1,2,...,

with z1 = xg. The step sizes ¢t and s are fixed. The term s(xy — xx_1) is & momentum term
added to suppress the typical zigzagging in the gradient method.

We examine the convergence of the method applied to a strictly convex quadratic function
f(x) = (1/2)aT Ax +b"x + c. The notation m and L will be used for the smallest and largest
eigenvalues of the symmetric positive definite matrix A:

M= Amin(A) >0, L= Anax(4) > m.



(a) Verify that the iteration can be written as a linear recursion
Zk+1:MZk+q, k:1,2,...,

where

g | A+ —tA —sI | -t
Zk_|:xk_1:|7 M_|: I 0 ) q = 0 :

If the sequence converges, the limit 2* = Mz* + ¢ is 2* = (—A~1b, —A~1b).

(b) The speed of convergence depends on the spectral radius p(M) of the matrix M. The
spectral radius of a matrix is the largest absolute value of its eigenvalues. If p(M) < 1,
then the iterates z; converge to z*. For large k the distance ||z, — z*|| decreases as

p(M)*.
Express the eigenvalues of M in terms of the eigenvalues \q, ..., A, of A. Show that
p(M) = /s if
1— 2 1 2
s <1, ﬂ <t< % (1)
m

(c¢) Find s, t that minimize the spectral radius subject to the constraints (1). Show that
for the optimal step sizes,

_VI-ym A1
VL +ym A+

where v = L/m. Compare this with the linear convergence rate

_1\*
|zr — 272 < (%) o — 2*||2

p(M)

of the gradient method (page 1.31 of the lecture notes).

3 Let F(z) = Az + b be an affine function, with A an n x n-matrix. What properties of the
matrix A correspond to the following conditions (a)—(e) on F'? Distinguish three cases for
each subproblem: (1) A is symmetric, so F(z) is the gradient of a quadratic function, (2) A
is skew-symmetric (A + AT = 0), and (3) A is a general non-symmetric matrix.

(a) Monotonicity:
(F(z) = F(y) (x—y) >0 forallz, y.

(b) Strict monotonicity:

(F(z) — F(y))"(x —y) >0 for all z and y # .
(c) Strong monotonicity (for the Euclidean norm,):

(F(z) = F(y))" (x —y) > mllz —y[l5 for all z, y,

where m is a positive constant.



(d) Lipschitz continuity (for the Euclidean norm):
|F(z) — F(y)|l2 < Lllz — y|l2  for all z, y,

where L is a positive constant.

(e) Co-coercivity (for the Euclidean norm):
1
(F() = F@) (e —v) > 71 F() = F)[} forall 2,
where L is a positive constant.

4 For each of the following convex functions on R", explain how to calculate a subgradient at
a given .

(x) = inf, ||Ay — x||s where A € R™™.

(z) = supy,< 2Ty, where A € R™" and the polyhedron defined by Ay < b is
nonempty and bounded.

5 Relazation method for linear inequalities [Agmon, Motzkin, and Schoenberg]. We consider
the problem of solving a set of linear inequalities alx < b;, i = 1,...,m. We assume that
the inequalities are strictly feasible, and that a; # 0 for all i. The problem is a special case
of the problem on page 3.12 of the lecture notes, where C; is the halfspace

Ci={r|az<b}, i=1,...,m.

As in the lecture notes, we denote by f;(z) the Euclidean distance of = to C;, and by f(z)
the maximum of fi(z), ..., fi.(x):

fil@) = max {0, “CE 0 b ) = max (@), ., ful@)}.

[laill2
The Euclidean projection of z on the halfspace C; is denoted by P;(z):
a;

||ai\|2'

Pi(z) =z — fi(x)



The subgradient method with step size t;, = Af(zy) uses the iteration

T
a; v, — b;

: (2)

Tpy1 = T + MNPy, (2) — x;)  where jj, = argmax
i=1,..,m ||Gz‘||2

until zy, is feasible. The constant A € (0,2] is an algorithm parameter. If A = 1, the new
point x;1; is the projection of z; on the halfspace C, farthest from zj. If A = 2, the new
point ;1 is the reflection of x; through the boundary hyperplane of Cj, .

Algorithm (3) was proposed by Agmon, Motzkin, and Schoenberg in 1954. Other variants,
with different rules to select ji (for example, cyclic or random), have also been studied. In
the neural network literature, the recursion is known as the perceptron learning algorithm
for training linear classifiers.

Motzkin and Schoenberg showed that for A € (0,2) the algorithm either finds a solution in
a finite number of iterations or converges to a point in the boundary of C' = N;—; __,,C;. For
A = 2 they showed that the algorithm finds a solution in a finite number of iterations. The
following is an outline of the proof with some questions to complete.

(a) Show that the projection P;(x) on the halfspace C; satisfies the property
|z = Pi(x)]|2 < ||z — z|]s for all z € C;.
Use this to show that the iterates (3) satisfy

|z — kg1l < ||z — x|z forall z € C.

(b) We use the result in part (a) to show that the sequence x) converges.

A first consequence of (a) is that the iterates xj are bounded. A standard result from
analysis says that every bounded sequence has at least one limit point (a limit of
a converging subsequence). To show that the entire sequence converges we show that
there is at most one limit point. Consider any z € C'. From part (a) the distances ||z —
z||2 form a nonincreasing sequence of nonnegative numbers. Therefore this sequence
converges to a limit, which we denote by r(z) = limy_,o ||z — 2||2. Every limit point

4



of the sequence z;, must lie on the sphere {z | ||z — z||s = r(z)}. Now suppose Z and
T are two distinct limit points of the sequence xy. Since ||T — z||s = ||T — z[|2 = 7(2),
the point z is at the same distance from & and z. This is true for any z € C'. Explain
why this contradicts the assumption that the inequalities are strictly feasible, i.e., the
polyhedron C' has nonempty interior.

(c) Let  be the limit of xx. We show that & € C'. The iteration (3) satisfies

flar) = —kaﬂ)\_ Zullz

Since xy converges, limy .o f(xx) = 0. Since the function f is continuous, f(Z) =
limy_,oo f(zx) = 0. Hence z € C.

(d) In the last part of the problem we show that if A\ = 2, then x € C after a finite number
of iterations. We prove this by contradiction. Suppose x € C' for all k, and let j, be
the index of the halfspace selected in iteration k of (3). Verify that

|a;€gf_bjk| lTkr1 — xkl|2 ‘aﬁ(i‘—xk)’

Haij? N 2 ”ajk||2

The left-hand side is the distance of Z to Hj, = {x | a] x = bj, }. The right-hand side
converges to zero as k — 00. Since ji is chosen from a finite set {1,...,m}, we must
have € Hj, for all k after some finite number of iterations K. Show that this implies
that ||Z—xy1]la = ||Z— ||z for all £ > K, and therefore ||z — x| remains constant for
k > K. This contradicts the assumption that z; is an infinite non-constant sequence
with limit Z.

6 For each f, find the subdifferential 0f, the conjugate f*, the subdifferential of the conjugate
df*, and verify graphically that 0f and 0f* are inverses.

(a) f(z) = exp(|z]).
(b) f(z) = —v/1 — 2% with domain [—1, 1].
(c) The Huber penalty

2?2 lz] <1
flw) = { el —1/2 |2] > 1.

(d) f(x) = max{0, 2| - 1}.
(&) f(z) = log(1 + exp(x)).

7 Give a formula or simple algorithm for evaluating the proximal mapping

) 1
prose) = axgain  £(0) + 3~ o2

of each of the following functions on R".



(a) f(x) =||z|]; with domain dom f = {x € R" | ||7]|s < 1}.
(b) f(x) = |Az — b||; where AAT = D with D positive diagonal.
(c) f(x) =maxe_1, . nTk
(d) f(z) = ||z||2 with domain R

)

t>0

f(z) =inf (rt + Z max{z; —t,0})

where r is an integer between 1 and n. Taking the dual of the optimization problem in
the definition, we can derive the equivalent expression

f(z) = Zmax{xm, 0},

where xp;) > xpg > -+ > xp,) are the components of z sorted in descending order.
(f) f(x) = ||Az||2 with A nonsingular.

Hints. For the function (a) the minimization in the definition of prox; is separable. In
problem (b), combine the property on page 6.8 with the scaling rule on page 6.4. The
functions in (c), (d), (e) can be expressed as support functions, and the proximal operators
follow from the property on page 6.18. If we omit the ¢ > 0 constraint in the definition of f
in part (e), the answer is given in the example on page 6.18, since it can be shown that the
function

flx) = iItlf (rt + Z max{z; —t,0})

i=1

is equal to f(z) = S37_, xp). The functions f and f in part (e) are used in finance (the
conditional value at risk for discrete distributions) and machine learning (v-support vector
regression and classification). The function in (f) is a norm and the proximal mapping can
be computed via projection on the unit ball for the dual norm (page 6.19).

Give the proximal mapping of the following two functions.

(a) f(X)= —logdet X where X € S" and dom f =S ,.

(b) f(X) = || X« where X € R™™ and || - || is the trace norm (sum of singular values).
This is the dual norm of the spectral norm (maximum singular value).

We use the Frobenius norm || - || to define the proximal mappings of functions of matrices:

) 1
prox;(X) = argémn (f(U) + §||U - X||%) :



9

10

11

The Moreau envelope of a closed convex function f is defined as

1
foole) = nf ( £0)+ 5 ol

(lecture 8, page 11). Prove the following formula for the proximal mapping of f(,):

A
= +
)\+u$ A+

Prox, s (x) ProX(y 4,7 (2)-

As an example, applying this to f(x) = ||z||; gives a formula for the proximal mapping of
the Huber penalty. Another example (for f(z) = dc(x)) is the formula for the prox-operator
of the squared Euclidean distance on page 6.21.

We have discussed the following technique for smoothing a nondifferentiable convex function
f(z): find the conjugate f*(y), add a small strongly convex term d(y) to it, and take the
conjugate (f* + d)* of the modified conjugate. The Moreau—Yosida smoothing in lecture 8
is an example with d(y) = (¢/2)||y|3-

In this problem, we work out two other examples. Find (f* + d)* for the following com-
binations of f and d. In both problems, the variable z is an n-vector and p is a positive
constant.

(a) f(z) = |lzlly and d(y) = p 3 7 (1 — /1 = 47).
(b) f(z) =max;—y,_,2; and d(y) = pu(> o, yilogy; + logn).

Projection on order cone.

Ordering constraints x; < zo < --- < x, arise in many applications. In this problem we
discuss the Euclidean projection on the cone defined by these inequalities, i.e., the problem

minimize |z — a3 3)
subject to z; < a9 < --- < Ty,

This is known in statistics as the isotonic regression problem. It can be written as

minimize |z — a|3 (4)
subject to Az <0,

where A is the (n — 1) x n matrix

1 -1 0 0O 0 O

o 1 -1 --- 0 0 O

o o 1 .--- 0 0 0
A= . : :

o 0 0 - 1 -1 0

0O 0 0 0 1 -1




The following algorithm is called the Pool Adjacent Violators Algorithm. We use the following
notation. If /5 is a subset of {1,2,...,n}, then ag is the subvector of a with elements indexed
by 3, and avg(ag) denotes the average of the elements of the vector ag. Thus, if 5 = {2, 3,4},

then
as + asz + ay

3

ag = (a27a37a4)7 an(aﬁ) =

Pool Adjacent Violators Algorithm. Initially, [ =1 and 8; = {1}. For
1 =2,...,n, execute the following steps.

(a) Set l:=1+ 1 and define §; = {i}.
(b) While avg(ag,_,) > avg(ag,), merge the sets §,_ and f;:

Bi—1 = Bi—1 U By, l:=1-1.

An example is shown in Table 1.

When the algorithm terminates, the sets (31, ..., §; partition {1,2,...,n}. We show that
the optimal solution of (5) is given by

xg, = avg(ag,)l, i=1,...,L (5)
(a) Show that x is optimal for (6) if and only if there exists an (n — 1)-vector z with
Ax <0, z =0, 2T Az =0, x+ ATz =a.

(b) Verify that after cycle i = 1,...,n in the algorithm, the following properties hold.

(i) The sets (; are nonempty sets of consecutive indices in {1,2,...,n} and they follow
each other, i.e., max Sy +1 = min B4 for k =1,...,l—1. Together, they partition
{1,2,...,max 3 }.

(ii) The averages of the subvectors ag, are strictly increasing:

avg(ag,) < avg(ag,,,), k=1,...,1—1
(iii) The cumulative sums of the vectors ag, — avg(ag, )1 are nonnegative:
cs(ag,) =0, k=1,...,1,

where cs(u) is defined as

1 0 0 0
1 1 0 0
es(u)=| + + . | (u—avg(u)l).
11 --- 10
11 --- 11

(Note that the last element of cs(u) is necessarily zero.)

8



i Subvectors ag,, ..., ag, Averages avg(ag, ), ..., avg(ag,)

1 7

2 7, -8
-1/2

3 ~1/2, —6
7, -8, —6 —7/3

4 7, -8, —6|]18] —7/3, 18

5 7, -8, —6||18]| 9] —7/3, 18, =9
17, -8, —6][18, =9 ~7/3,9/2

6 [7. -8 —6][18, —9][4] —7/3,9/2, 4
17, -8, —6][18, 9, 4] —7/3,13/3

7|7, -8, —6][18, -9, 4][16] —7/3,13/3, 16

8 |7,-8,—6][18, =9, 4|[16][17] —7/3,13/3, 16, 17

9 17, -8, —6][18, -9, 4|[16][17][—10] —7/3,13/3, 16, 17, —10
|7, -8, —6]|18, -9, 4|[16][17,—10] —7/3,13/3, 16, 7/2
7, -8, —6][18, -9, 4|16, 17, —10]| —7/3,13/3, 23/3

10 |7, -8, —6]|18, -9, 4]|16, 17, —10|| 8|  —7/3,13/3, 23/3, -8
17, -8, —6][18, -9, 4||16, 17, =10, —=8| ~ —7/3,13/3, 15/4
17, -8, —6|18, 9, 4,16, 17, =10, =8| —7/3, 4

Table 1: The projection of the vector a = (7, —8,—6,18,—9,4,16,17, —10, —8) on the order
cone is x = (—7/3,—-7/3,=7/3,4,4,4,4,4,4,4).
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13

(c¢) Show that the optimality conditions in part (a) are satisfied by the vector = defined
in (7) and the (n — 1)-vector z defined by

zg, = cs(ag;), i=1,...,1—1, (23,,0) = cs(ag,),

where 3 = £\ {n}.
(d) Explain why the complexity of the algorithm is linear in n.

In the lecture we derived ADMM from the Douglas—Rachford splitting method applied to a
dual problem. One can also derive the Douglas—Rachford splitting from ADMM. Show that
ADMM applied to the problem

minimize  f(z) + g(u)
subject to z —u =0

(with variables z and u) gives the Douglas—Rachford splitting method in its equivalent form
on page 11.5.

Describe an efficient implementation of ADMM for each of the following four optimization
problems with variable x € R™.

We use the notation H(x) for the linear function that maps an n-vector z to the p x ¢ Hankel
matrix

il ) T3 cee Lq
T T3 Xy s Tgl
H(x)=| T3 T4 Ts ot Xgy2 |
| Tp Tp+1 Tpyr2 0 Tn |

for some fixed p, ¢ with p+ ¢ —1 = n. The matrix D in parts (b) and (d) is the (n — 1) x n
finite-difference matrix

-1 1 0 0 0
0 -1 1 0 0
0 0 -1 0 0
D = ,
o o0 0 -- 10
. 0 0 0 - -1 1]
The matrix norm || - ||« is the trace norm or nuclear norm (sum of the singular values). See

problem 2(b) of homework 4 for the proximal mapping of the trace norm.

By “efficient implementation” we mean that the cost per iteration should be dominated by
the cost of a singular value decomposition of a p x ¢ matrix (assuming p and ¢ are not small).

(a) Given a € R", solve

1
minimize ||H(z)||. + 5”35 — alf3.

10



(b) Given a € R™ and v > 0, solve

1
minimize ||H(2)|s + =||z — a|/>

subject to || Dzx|l2 < 7.

(c¢) Given a € R™, solve
minimize ||H(z)|« + ||z — a;.

(d) Given a € R™ and v > 0, solve

minimize || H(z)|s + ||z — a|
subject to || Dz|]s < .

14 Linearized ADMM. Consider the standard problem
minimize f(z) + g(Az) (6)

where f and g are closed convex functions. In lecture 12 (page 12.31) we derived the prozimal
method of multipliers from the proximal point method applied to the primal-dual optimality
conditions. Here we write the proximal method of multipliers as

. T 1
(@1, 1) = argmin (f(z) +g(y) + 5llAz —y + g5 + oy E zk][3)
x?y

U1 = Up + ATp1 — Yt

The two parameters 7 and o correspond to 7 = ¢ =t on page 12.31. Using different values
can be interpreted as a simple “preconditioning” of the proximal point method (see page
12.29). The variable uy corresponds to uy = z/t on page 12.31.

We note that the iteration is similar to the augmented Lagrangian method, with an extra
term ||z — z1|? added to the augmented Lagrangian. Motivated by the interpretation of
ADMM as a simplified augmented Lagrangian method, we can replace the joint minimization
over x,y by an alternating minimization:

) T 1
tea = argmin (f(2) + SllAz —gi +unllz + o-llz = wly)
Yot1 = ProXq ng(Azksr +up)

Upr1 = Ugp+ ATpi1 — Ypr1-

For general f and A, the optimization problem in the z-update may be expensive, because
the second term in the cost function contributes a quadratic term x” A” Az. To avoid this,
one can make a further simplification and linearize the second term around zy:

1 1
5”!‘156 — g + w3 = §||A$k — i+ w3 + (Azi — g + )" Az — x).

11
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If we omit the constant terms (in x), the simplified z-update is
. 1
Tpp1 = argmin (f(x) 4+ 7(Azy — yp +up) T Az + %Hx — x1]13)

1
= argmin (f(z) + %Hx —ap, + 7o AT Az — yi + wi) [13)
= Prox,s(zy — To AT (Azy, — yp + wp)).

The resulting method is known as linearized ADMM:

Tpy1 = pl“OXaf(l"k - TUAT(A% — Y+ ug))
Ykl = ProXng(Azpir + up)
Uprr = Up + ATy — Ypy1-

Show that linearized ADMM is equivalent to PDHG applied to the dual of (9),
maximize —g*(z) — f*(—A'z).
PDHG for this problem is

Zhp1 = DProxX (2 + TALy)

Tpp1 = ProX,p(Tp — o AT (2241 — 21)).

Prozimal gradient method as Bregman proximal point algorithm [O’Connor|. The following
iteration is an extension of the proximal point algorithm (page 8.2, with t; = 1) to a Bregman
distance d:

Thy1 = arginin (f(z) + d(z, zy)). (7)

We apply this to a cost function f(x) = g(z) + h(z), where g and h are convex, and ¢ is
differentiable with a Lipschitz continuous gradient. As we have seen in lecture 1 (page 1.17),
this means that the function

8(r) = 5w — g(x)

is convex for 0 < ¢ < 1/L, if L is the Lipschitz constant for the Euclidean norm.

Find the Bregman distance d generated by this kernel ¢. Show that the proximal point
iteration (10) with this distance reduces to the proximal gradient iteration

Tpy1 = prox,, (zr — tVg(xy)).

Exponential method of multipliers. We consider a convex problem with m linear inequality
constraints, and the dual problem:

Primal:  minimize f(z) Dual: maximize —bTz— f*(—AT2)
subject to Az <b subject to z = 0.

12
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The dual variable z is an m-vector. In lecture 8 we interpreted the augmented Lagrangian
method as the proximal point method applied to the dual problem. Here we work out what
happens if we replace the squared Euclidean distance in the proximal point method with the

relative entropy
m

d(u,v) = Z(uz log(u;/vi) — w; + v;).

i=1

The Bregman proximal point iteration for the dual problem is
: T * T 1
2k = argmin ( b u + f(—A u) + t—d(u,zk) ,
u k

where t;, is a positive step size and the starting point 2 is a positive vector. Show that this
is equivalent to the following iteration:

m
. . 1 Ty b
t = argmin (f(z)+ — E 2y, et (a T=0)
x tk.
=1
ti (el &—b; .
Zhtli = Rki€ K(a; l), 1=1,...,m.

Here a! is the ith row of A, and 21, is the ¢th component of the m-vector z.

[Polyak] In this problem we compare the convergence results for the conjugate gradient
method (lecture 13) with the gradient method (lecture 1). We consider the minimization of

a quadratic function

flz) = %xTAx — b

with A positive definite and Apax(A) = L. From the last expression on page 13.15 we have
the following bound on the error after k iterations:

n d2
oV inf Aig(\i)?
(il /\,2> deg(q)gcl, q(0)=1 (1311axn a(A) >

o1, it (e va00?) )

deg(q)<k, q(0)=1 \i=1,...,n

2(f (zx) = f7)

IN

The second line follows from ||[A7Yd||; = |QAT |2 = ||QATIQT || = [|A71D|o.

The infimum in (11) is over all polynomials ¢ that satisfy ¢(0) = 1 and have degree k or
less. We will use Chebyshev polynomials to construct a polynomial ¢ that satisfies these
conditions, and therefore gives an upper bound on the right-hand side of (11).

The Chebyshev polynomial of degree m, denoted by T,,, is defined by the recursion
To(t) =1, Ti(t) =t, To1(t) = 2tT,,(t) — T (t) for m > 1.

The following properties will be needed.

13
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20

e The Chebyshev polynomials of odd degree only contain odd powers of ¢t. The coefficient
of t in Topy1(t) is (—1)*(2k + 1). For example,

Ti(t)=t,  Ty(t)=4t>—3t,  Ts(t) = 16t° — 20> + 5t,

o |T,,(t) <1forte[-1,1].

Verify that the polynomial
_ (—1)F Toesr(\/t/L)
2k+1 Vt/L
is a polynomial of degree k and satisfies ¢(0) = 1. Use this polynomial in (11) to show that
after k iterations of the conjugate gradient method (started at xy = 0),

q(t)

L
flag) — 7 < m”mo — 2[5, (9)

The corresponding result for the gradient method (page 1.26) with fixed step size t = 1/L is
. L
Flan) = 1 < gl —

While the bound (12) only holds for quadratic functions, the faster 1/k* convergence has
motivated research on accelerated gradient methods.

Perturbation lemma. With the notation of page 14.3, show that if A is invertible and
|A71B|| < 1, then

A7'B
A+ By - a7 < T

— " _||A7Y.
—ag

[Deuflhard] Consider a nonlinear equation f(z) = 0 where f : R" — R” is differentiable.
Suppose f(z) # 0 and the Jacobian matrix f'(Z) of f at Z is nonsingular. Show that the
Newton direction v = — f'(2) ™! f(2) is a descent direction of the function ga(x) = ||Af(2)||3,
for any nonsingular matrix A. In other words, show that

Vga(2)'v <0 for all nonsingular A. (10)
Are there other directions v (other than the Newton direction) with this property?

[Myklebust and Tungel] Quasi-Newton update with two secant equations. Let yy, ya, S1, So be

n-vectors that satisfy
T T
{8%91 SlTyz]:{Of 5}>0.
S2Y1 5292 B v
Suppose H is a given symmetric positive definite n x n matrix. We construct an update H
of H as follows.

(a) Define § =y — (8/a)yr and § = s3 — (B/a)s1.

14



(b) Make two consecutive BFGS updates:

X 1 1
H = H4+ —uyy ———Hss'H
+ yls i sTHs 151
o1 1 o
Hy = H+—9§" — ———H3"H.

grs 8TH3
Show that H, is positive definite and satisfies the two secant equations

H+81 =Y, H+82 = Y2.
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