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6. The proximal mapping

e proximal mapping
e projections

e support functions, norms, distances
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Proximal mapping

Definition: the proximal mapping of a closed convex function f is

. 1
prox (x) = argbrtmn (f(u) + §||M - x”%)

Existence and uniqueness: we minimize a closed and strongly convex function

8(u) = £ + 5l — 2l

e minimizer exists because g is closed with bounded sublevel sets

e minimizer is unique because g is strictly convex
Subgradient characterization (from page 4.7):
U = Prox ¢(x) = x—u€of(u)
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Examples

Quadratic function (A > 0)

f(x) = TAx +b'x+c,  prox,p(x) = (I+tA)” (x - tb)

Euclidean norm: f(x) = ||x||»

) A =/llxll)x x|l > 1
prox, ;(x) = { 0 otherwise

Logarithmic barrier

x,-+1/xl.2+4t

2 9

f(x) = Z log x;, prox, ¢(x); =

The proximal mapping

6.3



Simple calculus rules

Separable sum

x | x |, | prox,(x)
f(l v ]) = g(x) + h(y), prOXf(l v ]) = [ pmxi(y) ]

Scaling and translation of argument: for scalar a # 0,

F(x) = glax +b), prox ;(x) = é (proxazg(ax +b) - b)

“Right” scalar multiplication: with 4 > 0,

F() =A8(x/D),  prox(x) = Aprox -1, (x/2)
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Addition to linear or quadratic function

Linear function

f(x) =gx) +a'x,
Quadratic function: with u > 0

f () = g(x) + Sk - all3

where 6 = 1/(1 + u)

The proximal mapping

Prox ¢(x) = prox,(x — a)

Prox ¢(x) = proxg, (6x + (1 — 6)a),
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Moreau decomposition

X = prox ¢(x) + prox p.(x) forall x

e follows from properties of conjugates and subgradients:

u=proxs(x) & x-u€cadf(u)
& uedf (x—-u)

S X —u = Prox.(x)

e generalizes decomposition by orthogonal projection on subspaces:

x=Pr(x)+ Pri(x)

if L is a subspace, L its orthogonal complement

(this is the Moreau decomposition with f = 67, f* = 61)
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Extended Moreau decomposition

for 4 > 0,
x = prox, ¢(x) + Aprox -1 p-(x/A1) for all x

Proof: apply Moreau decomposition to A f

X = Pprox,¢(x) + prox ;s-(x)

= Prox, ¢(x) + Aprox -1 p.(x/2)

second line uses (Af)*(y) = Af*(y/A) and expression on page 6.4
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Composition with affine mapping

f(x) =g(Ax + D)

e for general A, prox-operator of f does not follow easily from prox-operator of g

e however, if AAT = (1/a)I, then

proxs(x) = (I—aA"A)x+aA" (prox,1,(Ax +b) — b)

x — Al (Ax+ b - prox,-1,(Ax + b))

Example: f(x1,...,xm) =g(x;+x2+---+Xx,,)

o writtas f(x) =g(Ax)withA=[T I --- 1]

e since AAT = ml, we get

1 & 1 I _
proxf(xl, e X )i =X — %ij + Eproxmg(ij), i=1,...,m
=1 =1
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Proof: u = prox ((x) is the solution of the optimization problem

minimize  g(y) + 5llu — x|12

subjectto Au+b=1y

with variables u, y

e eliminate u using the expression

u = x+ AT(AAT)_I(y — b — Ax)
= (I-aATA)x+aAl(y=b) (since AAT = (1/a)])
e optimal y is minimizer of

2
a (0
8+ lIA"(y = b= A0y = g(y) + S lly = b - Axlly

solution is y = prox ,-1,(Ax + b)

alg
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Projection on affine sets

Hyperplane: C = {x | a’x = b} (with a # 0)

b—alx

lall3

Pc(x) =x+ a

Affine set: C = {x | Ax = b} (with A € RP*" and rank(A) = p)
Pe(x) =x+ AT (AAD) N (D - Ax)

inexpensive if p < n,or AAT =1, ...
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Projection on simple polyhedral sets

Halfspace: C = {x | a’x < b} (with a # 0)

b—alx

lall3

Pc(x) =x+ a ifalx > b, Pe(x)=x ifalx<b

Rectangle: C =[l,ul]={x e R" | <x < u}

Iy xp <l
Pec(X)r =19 xx I <xp < ug
U Xip = Ug

Nonnegative orthant: C = RY

Pc(x) = x4 = (max{0, x; }, max{0, x>}, ..., max{0, x,})
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Projection on simple polyhedral sets
Probability simplex: C = {x | 17x = 1,x > 0}
Pc(x) = (x — A1)

where A is the solution of the equation

n
1" (x — A1), = >\ max{0,x, — A} = 1
i=1

Intersection of hyperplane and rectangle: C = {x | a’x=b, | <x < u}
Pc(x) = Py (x — da)
where A is the solution of the equation

aTP[l,u] (x —Aa) =b
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Proof (probability simplex): projection y = Pc(x) solves the optimization problem

minimize  3|ly — x|13 + 6z ()

subjectto 17y =1

optimality conditions are:

e y minimizes the Lagrangian

1
Sy - x5 +0Re () + A(1Fy = 1)
n

1
= > E()’k —xk)* + OR, (yk) + Ayg | — A
k=1

this is a separable function with minimizer y;, = (xy — )+ fork =1,...,n

e primal feasibility: requires
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Proof (rectangle and hyperplane): y = Pc(x) solves optimization problem

minimize  5lly = x13 + 87,47 ()

subjectto aly =b

optimality conditions are:

e y minimizes the Lagrangian

1
Sly = xI3 + 6110y (v) + Aa”y - b)

n
1
= Z E(Yk — X))+ Ol ur) (Vi) + dagyr | — Ab
k=1

the minimizer is y, = Py, (xx — dag) fork =1,...,n

e primal feasibility: requires

n
a'y = D kP (xk — dag) = b
k=1
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Projection on norm balls

Euclidean ball: C = {x | ||x]» < 1}

1
Pc(x) = ——x if|lx]2 > 1, Pc(x)=x
x|

1-norm ball: C = {x | ||x||; £ 1}

projection is Pc(x) = x if ||x||; < 1; otherwise

X —A
Pc(x); = sign(xg) max {|xg| — 4,0} =9 0
X+ A

where A is the solution of the equation

n
Z max{|x;| — 1,0} =1
k=1

The proximal mapping
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X > A
A< xp <A
X < —A
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Proof (1-norm): projection y = Pc(x) solves the optimization problem

. 1
minimize §||y—x||§

subjectto  ||y]|; <1

optimality conditions are:

e y minimizes the Lagrangian

n

1 1
Sy =2+ A0 =) = X {50 = x)?+ Ayl | = 2
k=1

the minimizer y is obtained by componentwise soft-thresholding:

yr = sign(xy) max{|x;| - 4,0}, k=1,...,n
e primal, dual feasibility and complementary slackness:

n
A=0, Iylhi=lxlli<1 o 2>0, |lylli= D] max{lx| 1,0} =1
k=1
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Projection on simple cones

Second order cone: C = {(x,7) € R™! | ||x||, < 1}

Pc(x,t) = (x,t) if|lxla<t,  Pc(x,1) =(0,0) if|lx|}p < —¢
an M
I+ ||1x|2 X
Pco(x,t) = ——= if [[x[]p > |t

Positive semidefinite cone: C = S/

n
Pc(X) = > max {0, Ai}qiq;
i=1
n
if X = > A;iqiq; is the eigenvalue decomposition of X
=

l
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Support function

e conjugate of support function of closed convex set is indicator function

f(x) =supx'y, [ ) =6c(y)
yeC

e prox-operator of support function follows from Moreau decomposition

X — IProx,-1 ¢+(x/1)
= x—tPc(x/t)

prox; ¢(x)

Example: f(x) is sum of largest r components of x
f)=xq+ - +xp=0a(x), C={y|0=y=<1,1"y=r}
prox-operator of f is easily evaluated via projection on C (page 6.12)
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Norms

e conjugate of norm is indicator function of dual norm ball:

f)=lixll, 7 (y)=068(y) withB={y]||yl. <1}

e prox-operator of norm follows from Moreau decomposition

prox, s(x) = x —1Pprox,ip.(x/r)
= x—tPgp(x/t)
= x— Pip(x)
e gives prox, .| when projection on tB = {x | ||x[|. <t} is cheap

Examples: for || - ||1, || - |2, get expressions on pages 4.2 and 6.3
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Distance to a point

Distance (in general norm)

f(x) = llx —al

Prox-operator: from page 6.4, with g(x) = ||x||

prox, ¢(x) = a+prox,(x —a)
X—a
5

)

= a+x—a-—tPpg(

= x—P;p(x—a)

B is the unit ball for the dual norm || - ||«
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Euclidean distance to a set

Euclidean distance (to a closed convex set C)

d(x) = inf [lx -yl
yeC

Prox-operator of distance

X+ ﬁ(PC(x) —x) d(x) =1

Pc(x) otherwise

prox;;(x) = 1

Prox-operator of squared distance: f(x) = d(x)?/2

1 t
pI’Oth()C) = mx + I_-I-Z‘PC(X)
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Proof (expression for prox,;(x)):

o if u = prox,,(x) ¢ C, then from page 6.2 and subgradient for d (page 2.20)

5

X—u= d(u)(u — Pc(u))
4
Ll(x) —t

/ P?(;) \

e if prox,,(x) € C then the minimizer of

1

d(l/t) + Z

2
[l — x|l

satisfies d(u) = 0 and must be the projection P (x)
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Proof (expression for prox, ¢(x) when f(x) = d(x)*/2):

1 1
prox,;(x) = argmin (Ed(u)2+ ||u—x||§)

b 2t
i inf (5 = ol2 + 5-llu — x[12
= argmin in —({lU — U — (U — X
gu veC 2 2 2t “
e optimal u as a function of v is
ot N 1
SR RPN
e optimal v minimizes
| A 2+1 2 2 t
= v X— — |0+ ——Xx—X|| =
2(t+1  t+1 , 2t|jt+1  t+1 ,  2(1+71)

over C,ie.,v=Pc(x)
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