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Abstract

This document describes the algorithms used in the conelp and conegp solvers of CVXOPT
version 1.1.2 and some details of their implementation.
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1 Introduction

Two problems are considered in these notes. The first is the cone linear program (cone LP)

minimize ¢’z (1a)
subject to Gx+s=nh
Ax=b
s=0
with variables z and s, and its dual
maximize —hTz —bTy (1b)
subject to GTz+ ATy +c=0
z=0

with variables y and z. The inequalities s = 0, z = 0 are generalized inequalities with respect to a
self-dual convex cone C'. We restrict C' to be a Cartesian product

0201X02X---XCK, (2)

where each cone Cj, can be a nonnegative orthant, second-order cone, or positive semidefinite cone.
The second problem is the cone quadratic program (cone QP)

minimize  (1/2)z” Pz + Tz (3a)
subject to Gx+s=h

Axr=b

s >0,

with P positive semidefinite. The corresponding dual problem is

maximize —(1/2)(GTz+ ATy + )T PG Tz + ATy +c) - hTz —bTy (3b)
subject to GTz+ ATy + ¢ € range(P)
z -0,

where Pt is the pseudo-inverse of P. The dual problem can be written more simply by introducing
an additional variable w:

maximize —(1/2)w? Pw —hTz —bTy
subject to GTz + ATy + ¢ = Pw
z = 0.

Although the cone LP can be solved as a special case of the cone QP, the absence of a quadratic term
in the cost function makes it easier to implement methods that detect primal or dual infeasibility.
This explains the difference between the conelp and coneqp solvers. The conelp solver does not
require strict primal and dual feasibility and attempts to solve the problem (1) or establish primal
or dual infeasibility. The coneqgp solver can handle a quadratic term in the objective, but requires
that the problem is strictly primal and dual feasible, and does not detect infeasibility.

The algorithms implemented in the two solvers are primal-dual path-following methods based
on the Nesterov-Todd scaling. For more background, history, and analysis of the algorithms we
refer the reader to the articles in the References (in particular, [ART03, Stu02, Stu03, TTT03]).



Rank assumptions We assume that
rank(A) = p, rank ([ P AT GT ]|)=n

where p is the row dimension of A and n is the dimension of . This is equivalent to assuming that
the matrix

P AT GT
A 0 0
G 0 —-Q

is nonsingular for any positive definite Q.

If rank(A) < p, then either the equality constraints in the primal problem are inconsistent (if b ¢
range(A)) or some of the equalities are redundant and can be removed. If rank([ P AT GT ]) <
n, then either the equality constraints Gz + ATy 4+ ¢ = Pw in the dual problem are inconsistent
(if ¢ € range([ P AT GT ])) or some are redundant and the number of primal variables can be
reduced.

The CVXOPT solvers raise an exception if the rank conditions are not satisfied. They do not
report which of the two rank assumptions does not hold and they do not detect whether this makes
the primal or dual equalities inconsistent or not.

Notation We will often represent symmetric matrices as vectors that contain the lower triangular
entries of the matrix. This operation is denoted vec: if U € SP (the symmetric matrices of order p),
then

Vec(U) = (Un, \/§U21, ey \/iUpl, U22, \/§U32, ey \/iUpg, ey Up—l,p—ly \/iUp’p_l, Upp) .

The scaling of the off-diagonal entries ensures that inner products are preserved, i.e., tr(UV) =
vec(U)T vec(V) for all U, V. The inverse operation is denoted mat: if u is a vector of length

p(p+1)/2, then
uy ug/V2 e up/V2
UZ/\/i Up4-1 T U2p—1/\/§

mat(u) =

Up/\/i U2p—1/\/§ T Up(pt1))/2

The scaling ensures that u’v = tr(mat(u) mat(v)).
The image of Sﬁ_ (the positive semidefinite matrices of order p) under the vec operation is
denoted Sp:

Sp = {vec(U) | U € 8} = {u e R?"TD/ | mat(u) = 0}.

The second-order cone in RP is denoted
Qp = {(uo,u1) € R x RP™ | Jluyl2 < uo}.

The notation Rﬁ is used for the cone of nonnegative p-vectors.



2 Logarithmic barrier function

We use the following logarithmic barrier function for C:

K — > 51 logu; Cr =R
ou) = d(wy),  dp(w) =4 —(1/2)log(ud —ufw) Cp=Q,
=1 — log det mat(u) Cr =S,

Note that ¢(tu) = ¢(u) — mlogt for ¢t > 0 where

p Cp=REL
m=my+- -+ mg, mp=4 1 Cp=9, (4)
p Cp=35p.

We refer to m as the degree of the cone C.

2.1 Gradient
We write the gradients of ¢ and ¢y at u as g(u) = Vé(u) and gi(ur) = Vo (ug):
—diag(ug) "1 Cr =RE
gr(ug) = —(ul Jug) " Juy, Cr=9,

—vec(mat(ug)™t) Cr =3,

1 0
J = .
[0 pl]

It can be verified that g(u) < 0 and u? g(u) = —m for u > 0.

where 1 is a p-vector of ones and

2.2 Hessian
The Hessians of ¢ and ¢y at u are denoted H (u) = V2¢(u) and H(uy) = V2¢y(ur). The Hessian
for C}, = Rfr is Hy(uy) = diag(ug)~2. The Hessian for Cj, = Q, is

1 _
5 (2Jugup J — (uf Juy)J) Hp(ug) ™ = 2ugul — (ul Jug)J.

P = G

For future reference, we give the symmetric square roots:

Hy(ug,)H? 1 Uko —ufy
k\Uk = —1
u;{Juk — U1 (Ukzo + (ugJuk)l/z) uklu;{l + (ugJuk)lﬁl

T
H 12 _ Uko Uk )
k() [ wir (o + (@fJug)Y2) " wgg ) + (uf Jug) V21

For C}, = S, the Hessian is defined by

Hj(u)v = vec (mat(ug) ! mat(v) mat(uy)™').



2.3 Self-scaled property

The following property is known as the self-scaled property of the barrier function [NT97, Tun98,
NT98]. Suppose w > 0. Then H(w)u > 0 for all u > 0 and

P(H(w)u) = ¢p(u) — 2¢(w). (5)

This identity is straightforward to derive in the case of the nonnegative orthant and the positive
semidefinite cone, so we prove it only for the second-order cone Cy = Q,,. Define vy, = Hy(wy)u.
Then

1
(wl Jwy)? (
vl Ju, = W (2(nguk)<]wk — (ngwk)Juk)T (2(wgJuk)wk — (wngk)uk)
1
(wi Jwg ) (
ugJuk
(wf Jwy)?

v = 2(w,{Juk)ka — (wngk)Juk)

A(wi Jug)? (wi Jwy) — 4wl Jug)? (Wi Jwg) + (wf Jwg)? (up Juy,))

Hence ¢ (vi) = —(1/2) log(vE Juy) = —(1/2) log(ul Jug) — log(w? Jwg).
By taking the first and second derivatives with respect to u of each side of (5) we see that

for all v,w > 0. Thus, H(H(w)'v)"/? is the symmetric square root of H(w)H (v)H (w).

3 Central path

The central path for (3) is defined as the family of points (s, x,y, z) that satisfy

0 P AT @GT x —c
O(+] A4 O 0 Yy | = b ) (57 Z) -0, Z = —ug(s) (7)
s G 0 0 z h

for some p > 0. Primal-dual algorithms are based on an equivalent definition of the central path
in which the primal and dual variables appear symmetrically. The symmetric parametrization is
obtained by writing z = —ug(s) as s o z = pe, where the kth component of the product s o z is
defined as (s o 2)p = s 0 2, with

(urv1, ..., upvy) Cr =RE
wov =< (ulv,ugvs + vouy) Cr=9
(1/2) vec(mat(u) mat(v) + mat(v) mat(u)) Ci =S,



and e is the vector e = (eq,...,ex),

(1,1,...,1) Cy=RE
€L — (1707...,0) Ck:Qp
vec(I,) Cr=Sp.

Note that e’(z 0 s) = 275 and e’'e = m.

Replacing the condition z = —pug(s) in (7) by the symmetric expression s o z = p e gives
0 P AT GT x —c
o+ 4 0 0 y|l=10b |, (s,z) >0, zos=pe. (8)
S G 0 0 z h
For future reference, we give some useful properties of certain powers associated with the o prod-
uct. The inverse, square, and square root of u are defined by the relations v ' ou =e, u> = uou,

ul/2 o u/? = y, and can be computed componentwise for each subvector in u = (uy,...,ug). If
Cy = Rﬁ the operations are the componentwise vector operations on uy. If Cp = S, they are given
by the matrix inverse, square, and symmetric square root. If Cp = Q,,, we have

1 T 1 T
= S, u = [ uy, U } ul1€/2 _ uro + \/up Juk |
ol T 2t N S
kO k k
Note that
(Tt = @l Ju) ™, ()T = (uf ) V2.

The following general properties of the logarithmic barrier are also useful.
Hw) ™ =Hw™),  Hw"?=Hu'?), (9)

Huwu=u"", Hu'*u=e  (Huw) ' =Hw) ot (10)

4 Nesterov-Todd scaling
A primal-dual scaling W is a linear transformation
s=WwTs, =Wz
that leaves the cone and the central path invariant, ¢.e.,
s>=0 < 5>0, z>=0 << z>0, soz=lue < S0z =Le.

If W is a scaling we can write the central path equations (8) equivalently as

0 P AT GT x —c
o(+]4 0 0 y|=1 01, (s,z) >0, (Wz2)o (W Ts)=pe. (11)
5 G 0 0 z h

The self-scaled property of the logarithmic barrier function (section 2.3) provides a method
for constructing primal-dual scalings that are symmetric: the Hessian of the barrier at any strictly



positive point is a primal-dual scaling. To see this, we first note that the self-scaled property implies
that multiplications with the Hessian and inverse Hessian leave the interior of the cone invariant.
Second, if W is the Hessian of the barrier at some point, then, from (6), z = —pug(s) is equivalent
to Wz = —ug(W=1s), i.e., (Wz)o(W~1s) = pe. In general, however, one can also consider other,
non-symmetric, scaling matrices.

Interior-point algorithms are based on linearizing the central path equations (11), using a primal-
dual scaling that changes at each iteration depending on the values of the current iterates 3, 2. The
Nesterov-Todd scaling at §, Z is derived from the unique scaling point w that satisfies

H(w)s =2
[NT97, NT98]. A general expression for the scaling point is

w= H(5Y/2) (H(§_1/2):2)71/2 — H(zY?) (H(2‘1/2).§>1/2. (12)

H(w)s = H(3Y?
= H(3?
= H(s'?
= 2

A Nesterov-Todd scaling is obtained by factoring H(w) as H(w)™' = WTW, where W is a scaling
matrix. Hence W2 = W~T5 and we will denote this vector as \:
A=W Ts=Ww:.

One possible factorization is the symmetric square root: W = H (w)_l/ 2. This is a scaling matrix,
because from (9), H(w)~"/? = H(w~'/?) and we have seen that the Hessian of the barrier at
any strictly positive point is a scaling matrix. Note that there may exist more than one suitable
factorization H(w)™' = WTW. For example, for the second-order and semidefinite cones, one can
choose the symmetric scaling W = H (w)_l/ 2 or a nonsymmetric scaling.

4.1 Nonnegative orthant

Scaling Any positive diagonal matrix W} can be used as a scaling for Cy = Rﬁ.

Nesterov-Todd scaling point The Nesterov-Todd scaling point at g, 2 is

L1/2  .—1/2
wk:sk/ ozk/.

Nesterov-Todd scaling The Nesterov-Todd scaling is
Wy, = diag(wy) = diag(s)/” 0 2, /%).
The scaled variable A\, = W~ Lo = W2y is

172 A1)2
A =2%""035"".



4.2 Second-order cone

Scaling Any matrix W that satisfies
Wi W = 32T (13)

where ( # 0, can be used as scaling matrix for Cy, = Q). (The matrix (1/3)W}, is sometimes called
a hypernormal matriz [RS88].) Note that W}, is necessarily nonsingular, and

WEIw,, = JW, YW JWD) W), = §2J. (14)

Examples of symmetric scaling matrices are Hessians Hy(u) or inverse Hessians Hy(u)~! of the
second-order cone barrier (in this case 3 = 1/(u? Ju), resp., 3 = u’ Ju). The matrix

g e W) = gt = J

is also called a hyperbolic Householder matriz [RS88]. A product of scaling matrices (for example,
Wy J), is also a (generally nonsymmetric) scaling matrix.

We now verify that if W, satisfies (13), then the second-order cone and the central path are
preserved under multiplication with Wj. Let e, be the first unit vector and v = W,;[ e, = (vo,v1)
the first row of Wj. This is a nonnegative vector since, from (13),

vl Jv = (Wle )T J(Wley) = el Wiy JWle, =52 >0.
Suppose & = (xg,21) € Qp and T = Wjz. Then
Fo = vla = vowo + vi 1 > voxo — |Jv1|2)|z1]]2 >0
by the Cauchy-Schwarz inequality, and
il Ji = "W IWya = %2 Jx > 0.

Conversely, using (14) we see that if & is in the second-order cone, then xz = W, 1% is also in the
second-order cone. A similar argument shows that multiplications with W,;‘F and W~ T preserve the
second-order cone. Furthermore, if z; and si are on the central path, i.e.,

n
sfjsk

2k = —pgr(sk) = J Sk,

then z = Wyzg, s = W~ Tsk are on the transformed central path, with the same parameter u:

. p

Zk = H

Wi WLs, = L &, = —uge(5e).
T o kI Wi 5 T Sk 19k (5x)

Nesterov-Todd scaling point The Nesterov-Todd scaling point wy is uniquely defined by
H(wk)_lik = §.

Let Z;, and 5, be the normalized vectors

_ 1 . 1
Zk = a3 ok Sk = a3k
IR SN PES e



and define

14275,\ " 1
v = (+§’“8k> , Wy, = % (5K + JZk) - (15)
We have
W} Jwg = 1, W}z, = Wi J5E = .

From this it is easy to see that
(2wywy — J) Zh, = 3, (2Jwyw] J — J) 5 = Z.

In other words the hyperbolic Householder transformation defined by w; maps Z to 5.
In terms of the unnormalized variables, this means that if we define

5T T3

/\T ~
zp J 2,

1
T 2 T /2 __
wi, Jwy, = < ) , wg = (wk ka) W,

then
H(wk)_lik = (2wkw£ — (w,{ka)J) 2y = (wkTka) (2@k@£ — J) 2 = 8.
Symmetric Nesterov-Todd scaling Let wy be as in (15), and define

V= WI/Z = L
b @ + 1)

(W, + ey,).

We have v,ZJvk = 1, so the matrices
Wi = 2up0k — J, W,:l = 2Jul J — J

are hyperbolic Householder matrices. More explicitly, written in terms of wy,

— T — T
— [ wko Wiy w1 Wko —Wiy
Wie=1 _ _ T , W, = - _ T
b W1 I+ (Wgo + 1) "0l ] k [ —W1 1+ (Wio + 1) o w,

W is the Householder transformation that maps Jwy, to ey, and therefore
W}A?J@k@g,f — J)Wk = (2eke;‘g —J)=1.

In other words, W, = (2@;{E£ —J ) v/ 2 In terms of the unnormalized variables, H (wk)*1 = W,? W
where

Wi, = (wi Jwy) Y2 Wy, =
k= (W Jwg) W N

To find expressions for the scaled variables, we define
Xk = szk = W;lgk = JWkJEk.

We have X}fﬁk =1 and B _ L
Ao =7, A — I = Wi(Zg — J5g).



The last expression provides a way to evaluate \; directly from §; and 2:

_ 1
/\kl = 5 (Wk(zk — J?k))l
I Y A Zk0 — Sko
= 35 <Zk1 + Sk1 + T + 1 Wk1>
1 o o
= ————— (v +Zro)Sk1 + (7 + 5k0)Z11) -

Sko + Zko + 27
The unnormalized scaled variable is

R . T e e N1/4—
e = Wide = Wi s, = (87730 (T 7200) 4 2.

4.3 Semidefinite cone

Scaling Any nonsingular congruence transformation can be used as a scaling for Cj, € S):

Wiv = vec(RT mat(v)R), W,;Tu = vec(R ' mat(u)R™T).

Nesterov-Todd scaling point The scaling point at S, 2x is the symmetric matrix for which

mat(wk)Zk mat(wy) = Sk
where S = mat(5;) and Zj, = mat(%;). From (12),
. A1/ A A ~-1/2 .
wy, = vec (S;/Q (S;/QZICS;ﬂ) Si/2> )
Nonsymmetric Nesterov-Todd scaling The scaling point w; can be computed in factored
form wy, = vec(RyR}), where Ry, diagonalizes mat(%;) and mat(3y):
R mat(2;) Ry, = R, mat(3;)R; " = mat(\;),

with mat()\;,) diagonal. Note that W, 7§, = Wi, = A and A/ A, = 57 4.
The scaling matrix Rj can be computed as follows. We first compute Cholesky factorizations

Sy =mat(3,) = L1 LT, 7, =mat(3) = Lo,

Next, we compute the SVD
LI, =uAvT

and take A\, = vec(diag(Ay)). Finally, we form
Ry = LiVA,"? = L;TUN/?.

It can be verified that R;{Sk_le = A,;l and RszRk = A; and that the inverse of Ry is given by
R = APVTLT = A PUTLE.

10



4.4 Compositions of scaling matrices
If V is a scaling matrix, then

VIHw) 'V = HVTw) L (16)

This is easy to see for the nonnegative orthant and the semidefinite cone. To verify the property
for Cj, = Qp, assume VI JV;, = V. JV,I' = 3%J. Then

Vi He(wr) ™ Ve = Vi Qugw] Vi — (wi Jw) J) Vi
Vi 2wl V. — (wi Jwy) 82T
2V wpwl Vie — (Wi Vi J Vil wg) J
= Hk(Vkka)fl.

5 Path-following algorithm for cone QPs

The algorithm implemented in coneqp is based on linearizing the central path equations (11),
obtained from (8) after applying a scaling with a matrix W.

5.1 Outline

A~

We denote the current iterates by (8, Z, 7, 2). We start at initial values (s,
where sg > 0, zo > 0. We also compute the Nesterov-Todd scaling W
variable A := W15 = W3,

z,9,2) = (50,0, Y0, 20),
at 5§, 2, and the scaled

1. Evaluate residuals, gap, and stopping criteria. Compute

p AT G

Ty 0 T c
ry =10+ 4 0 0 g+ —b (17)
T, s G 0 0 Z —h
and
8Tz AT
'u/ = —_——" —
m m
Terminate if (s, x,y,2) = (8, 2,7, 2) satisfies (approximately) the optimality conditions
0 P AT GT x c
0of=]-4 0 0 y|+|b |, (s,2) =0, 2T's=0.
S G 0 0 z h

2. Affine direction. Solve the linear equations

0 P AT GT Ax, Ty
0 + A 0 O Aya | =—| 1y (18a)

Asa G 0 0 Aza Tz
Ao (WAzy + W TAs,) = —Ao A (18b)

11



3. Step size and centering parameter. Compute
a = sup{a€l0,1]](5,2) + a(As,, Az,) = 0}
= sup{a€[0,1] | (\,A) +a(W TAs,, WAz,) = 0}
(5 +als) T (2 +alz,)T

p = 5T 5
stz
-TAg T
e ata? (W $a)t (WAZ,)
ATA
o = max{0,min{1,p}}>.

4. Combined direction. Solve the linear equation

0 P AT GT Az Ty
O [+]4 0 0 Ay = —(1—=n)| ry (19a)
As G 0 0 Az T,
Ao (WAz+ W TAs) = —XoX—y(WTAs,) o (WAz,) + ojfe. (19b)

Common choices for n are n = 0 and 7 = o. The current implementation uses n = 0. The
parameter vy is 1 or 0, depending on whether or not a Mehrotra correction is used. The default
value is v = 1.

5. Update iterates and scaling matrices.
(8,2,9,2) :=(8,2,9,2) + a(As, Az, Ay, Az)

where

a = sup {a € [0,1] ‘ (A, N) W TAs, WAz) = 0} .

+ 2
0.99
Compute the scaling matrix W for §, 2, and the scaled variable A\ :== W15 = W3.
5.2 Discussion

The equations (18) are obtained by substituting (s,z,y, z) = (5,2,9, 2) + (ASa, Aza, Aya, Az,) in
the two equations in (11) with x4 = 0, and setting the second order terms in

(W(E+Az)o (W T (54+As,) = A+ WAz) oA+ W TAs,) =0

equal to zero. If n = v = 0 the equations (19) are obtained in the same way by linearizing (11)
with p = ofi. Nonzero values of 7 can be justified by writing (19a) as

0 P AT GT x+ Ax c Ty
0 +1 A 0 0 y+Ay |+ | b | =n]| my
$+ As G 0 0 z4+ Az —h T,

This shows that taking a unit step in the direction (As, Az, Ay, Az) decreases the residual by a
fraction n. If we choose v = 1, we approximate the second order terms in

(W(2+ Az))o (W L(5+ As)) = ojie,

(W TAs)o (WAz) = (W TAs,) o (WAz,).

The second term on the righthand side of (19b) is known as the Mehrotra correction [Meh92, Wri97].

12



5.3 Initialization

If primal and dual starting points &, 8, ¢, Z are not specified by the user, they are selected as

follows. We solve the linear equation

P AT GT T —c
A 0 0 y | = b ,
G 0 -—I z h

(20)

and take & = z, § = y. The equation (20) gives the optimality conditions for the pair of primal

and dual problems
minimize  (1/2)z? Pz + Tz + (1/2)]/s]3
subject to Gxr+s=nh

Axr =b
and
maximize —(1/2)w!’ Pw —hTz — Ty — (1/2)||2]3
subject to Pw+ GTz+ ATy +c=0.
The initial value of § is computed from the residual h — Gx = —=z, as

PO ap <0
| =2+ (1+ap)e otherwise

where ap, = inf{a | —z + ae = 0}. The initial value of z is

s z ag <0
| 24+ (14 aq)e otherwise,

where g = inf{a | z + ae = 0}.

5.4 Newton equations

The most expensive computation in each iteration of the algorithm is the solution of the linear
equations in steps 2 and 4. These equations differ only in the righthand side and are of the form

0 P AT GT Az dy
0O [+ A 0 0 Ay | = | dy
As G 0 0 Az d,

Ao (WAz + WﬁTAs) = d,.

(21a)

(21b)

We refer to the equations as Newton equations because they can be interpreted as linearizations
of the central path conditions. In this section we describe how CVXOPT reduces the Newton
equations to a smaller 3 x 3 block equation (KKT system). Later, in section 10, we explain how

the 3 x 3 block equation is solved.
Eliminating As from (44b) gives

p AT GT Ax dy
A 0 0 Ay | = dy
G o —w'w || Ax d, — WT(\od,)

13

(22a)



As=WTNod, —WAz). (22D)

Here u ¢ v denotes the inverse of u o v taken as a linear function of v, i.e., u o (uov) = v for all v.
For C,, =R, Ay ov = diag(\;) " 'v. For Cy = Q,,

1
_ Ao )‘gl Vo
Aeov = [ Akl Akol U1

_ 1 [ Ako -5 ] [ % }
)‘%0 - )‘51)‘161 —Ak1 )‘1201 (()‘io - )%1)‘161)[ + /\kl)‘ZI) U1

If Cy = Sy, with A = mat(\g), A\, o v is the solution of
%(A mat(x) + mat(xz)A) = mat(v),

i.e., \yov = vec(mat(v)©I") where I';; = 2/(Ay+A;;) and © denotes the Hadamard (element-wise)
matrix product.

Note that u = W7 (Aod,) is the solution of 2ou = d,. Hence, the solution of (22) depends only
on the product W7 W and not on the scaling W itself as the righthand side of (22a) may suggest.
Note also that for the affine scaling Newton equation (step 2), the righthand side of (22a) simplifies
to

d, —WT\ody) = —r, + W= —r, 4 5.

6 Self-dual embedding of cone LPs

The conelp algorithm is based on a self-dual reformulation of the cone LPs [YTM94, dKRT97].
In this section we first describe a homogeneous embedding, and explain how it can be used to
detect primal and dual infeasibility. We then give a slightly larger extended embedding that has
the advantage of being strictly feasible and define the central path for the embedded problem.

6.1 Homogeneous self-dual embedding

The primal and dual cone LPs can be embedded in a self-dual cone LP

minimize 0
0 0 AT GT ¢ T
. of | A4 0 0 b y
subject to 1= _¢ o 0 & z (23)
K —cI' T —pT T
(s,k,2,7) = 0.

This problem is always feasible, since (s, K, z,y,2z,7) = 0 is a feasible point. Moreover any feasible
point is optimal. We also note that the equality constraint implies that

T T

T 0 x 0 AT GT ¢ T
T |y 0| v —-A 0 0 b vy |
§ 2+ KT = z s | | z -G 0 0 h z | 0
T K T ' —pT —pT 0 T

14



at all feasible points. In particular, this shows that there are no strictly feasible points.
Now suppose (s, Kk, x,y, z,7) is a solution of (23) with x4+ 7 > 0.

e If 7 >0, Kk =0, we can divide z, y, z by 7 to obtain a solution of the Karush-Kuhn-Tucker
(KKT) conditions for (1),

0 0 AT GT x c
0|l=|-4 0 0 y |+ b |=0 (s,2)=0, 2Ts=0. (24)
S -G 0 0 z h

o If 7 =0, k>0, then KTz + b7y + 'z < 0, so we must have h7z +bTy < 0 or ¢z < 0 or
both. If KTz + b7y < 0, this provides a proof of primal infeasibility, since

GTz+ ATy =0, z >0, Tz 4+ b1y < 0. (25)
If ¢z < 0, this provides a proof of dual infeasibility, since

Gr+s =0, Az =0, s =0, Tz <0. (26)
If 7 = Kk =0, no conclusion can be made about (1).

6.2 Extended self-dual embedding

As an extension, we can define another self-dual cone LP

minimize (m+ 1)6

0 0 AT Gt c T 0
0 -A 0 0 b gy y 0
subject to s|=| -G 0 0 h g z | + 0 (27)
K ' —pT T 0 ¢ T 0
0 —q; —qy -4 —g¢ 0 0 m+1
(s,k,2z,7) = 0.
Here m is the degree of the cone, defined in (4), and
Qz 0 0 AT Gt ¢ o
g | _ m+1 o | -4 0o 0o b||w (28)
qz 8(7;20 +1 S0 -G 0 0 h 20
qr 1 ' =T —pT 0 1

where z, so, Yo, 20 can be chosen arbitrarily with (sg, zg) = 0. This LCP is always strictly feasible

and

sgzo +1
m+1 )

is a strictly feasible point. By taking the inner product of both sides of the equality constraint

in (27) with (x,y, z,7,0) we see that the constraint implies that

(87 Ry Z,Y,2,T, 9) = (807 17 0, Y0, 20, 17

STZ—FHT
fg="—"1 " 29
1 ? ( )
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so 6 > 0 for all feasible points.

It is easily verified that (27) is self-dual, i.e., its dual problem is formally the same (if we change
the objective to a maximization). Therefore, at optimum the solution must satisfy a complemen-
tarity condition with itself, and we can write the optimality conditions for (27) as

0 0 AT Gt c Qs x 0
0 —A 0 0 b g ||y 0
s|=| -G 0 0 h  q. z | + 0 , (30a)
K ' =T —pT 0 ¢, T 0
0 —qF —qf -4 —q¢ 0 0 m+ 1
(s,k,2,7) = 0, 2ls+ kT =0. (30b)

Combined with (29), this implies that at the optimum 6 = 0 and the extended embedding reduces
to the homogeneous embedding. If (s, K, z,y, z,7,6) is an optimal solution with x + 7 > 0, we can
therefore extract from it an optimal solution of (1), or a proof of primal or dual infeasibility.

6.3 Central path of the embedded problem
The central path of (27) is defined as the solution of

0 0 AT GT c Qs x 0
0 -A 0 0 b q y 0
s|=| -G 0 0 h g z | + 0 , (31a)
K ' - T 0 ¢ T 0
0 —qF —q¢& —¢¥ —¢ O 0 m+ 1
(s,k,2,7) > 0, z=—pug(s), T=u/k (31b)

where p is a nonnegative parameter. It follows from the equalities in (31b) and the property
sTg(s) = —m that u = (sT2+x7)/(m+1). By taking the inner product with (x,y, z,7,6) on both
sides of the equality (31) we also see that 6§ = p at points on the central path. We can therefore
parametrize the central path more simply as

0o AT @GT

0 c T Qx
o | -4 0 0 b Y Qy
s | | -G 0 0 h S| T q- (322)
K ' =" T 0 T qr
(5.,8,27) = 0, 2= —pg(s),  T=p/k. (32b)

The last equality in (31) was dropped because it is redundant: by taking the inner product of both
sides of (32a) with (0,0, z,7), we get

s+ rr=p(¢lze+ quy +¢L 2+ qr1),

and hence the last equation in (31). We will use (32) to parametrize the central path. Alterna-
tively, we can interpret (32) as a nonstandard definition of the central path for the homogeneous
embedding (23).
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As in section 3 we replace the condition z = —pug(s) by the symmetric relation soz = pe. This
gives
0o AT Gt

0 c T qx
0| | -4 0o 0 by a
s | | -G 0 0 h L | TH q- (332)
K ' =T —pT 0 T q-
(s,k,2,7) > 0, zo0s8=e, KT = | (33b)

as a symmetric equivalent of the central path equations (32).

7 Path-following algorithm for cone LPs

The algorithm computes search directions by linearizing the central path equations (33) around the

AAAAAA

0 0 AT GT ¢ x Gz
o] | -4 0 0 b Y Qy
s| | -G 0 0 h S| TH q- (342)
K —c' —pT —nT 0 T qr
(W Ts)o(Wz)=pe, kr=p. (34b)

7.1 Outline

(G2, a4y, 9z, q-) as in (28). We also compute the Nesterov-Todd scaling W at 3, Z, and the scaled
variable A\ :== W15 =W3.

1. Evaluate residuals, gap, and stopping criteria. Compute

o 0 0 AT G ¢ i
ry | O] | -4 0 0 b g
r. | T |3 G 0 0 hl|]:z (35)
Tr R ' =T T 0 7
and
ﬂ_§T2+/%%_/\T/\+/%%

m+1  m+1

AAAAAAA

tions (24), or (2,9) is an (approximate) certificate of primal infeasibility (25), or (§,Z) is an
(approximate) certificate of dual infeasibility (26).

2. Affine direction. Solve the linear equations

0 0 AT GqT ¢ Az, Ty

0 -A 0 0 b Ays | Ty
As, | Tl =@ 0 0 m|| A | T | (362)

Akg - T —pT o AT, T,
Ao (WAzy+ W TAs,) = —XoX, AT, + 7Ak, = —i7. (36b)
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3. Step size and centering parameter. Compute

a = sup{a€[0,1] | (8,R,2,7) + a(ASa, Aka, Aza, ATy) = 0}
= sup{a € [0,1] | (\ & A7)+ (W T Asy, Akia, WAZy, A7) = 0}
((s + als) T2+ alz)T + (4 alka) (7 + aAT,) ) 5
Tz + k7
= (1-a)? (37)

4. Combined direction. Solve the linear equation

0 0 AT GT ¢ Az Ty
0 -A 0 0 b Ay - Ty
As | | =G 0 0 h Az = —(1-0) r, (38)
Ak ' =" —hT 0 AT rr
Ao (WAz+ W_TAS) = - Xod— (W TAs,) 0o (WAz,) + ofie, (38b)
RAT + TAK = —RT — AR ATy + o[l (38¢)
5. Update iterates and scaling matrices.
(5,k,2,9,2,7) :== (8,R, 2,9, 2,7) + a(As, Ak, Az, Ay, Az, AT)

where

a = sup {a e [0,1] ( A7)+ (WTAs, Ak, WAz, AT) = o} .

0.99
Compute the scaling matrix W for §, 2, and the scaled variable \ :== W15 = W3.

7.2 Discussion

We discuss steps 2—4 in more detail. We first derive some useful properties of the affine scaling
direction computed in step 2. The first equation in (36b) is equivalent to

§0Azy+20As, = —502%

in unscaled coordinates. Taking the inner product with e on both sides gives

§TAz, + 3T As, = =572, RAT,+ TAR, = —R7. (39)
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Furthermore,

[ Az, ] rr Ty
Az As, + AT Ak, = — AYa "y
Az, Ty
i AT, 1 Lrr
T Az, 1Y /T O 0 AT GT ¢ 2
| A 0 —A 0 0 b i
- Az, 5 ~G 0 0 h 2
| AT, | 15 ' =T —RT 0 T
#1°1 0 AT GT ][ Aw
_  _.T a2 _ (0 —A 0 0 b Ay,
= T8 AmRAT | -G 0 0 hl|| A
T ' T —pT AT,
~ T
T Ty
= —iTAz, — RAT, — 2T As, — Ak, + Z :y
T T,
= —8TAz, — kAT, — 2T As, — 7Aky + 572 + /7
- 0. (40)

Lines 1 and 4 follow from (36a) and the skew-symmetry of the coefficient matrix. Line 6 follows
from (39). Line 5 follows from the skew-symmetry of the coefficient matrix in the definition of the

residuals (35):
T

=
<
8

T4 bt =(m+1Dj (41)

> D>
=3
<

>
<
\‘

The simple expression for o in (37) follows by plugging in (39) and (40) in the definition.
The combined direction computed in step 4 has similar properties. From (38b) and (38c) we
see that

§TAz+ AT+ 2T As +7Ak = —8T5 — k7 — AsL Az, — AkaATy + ofi(m + 1)
= —(1-0)(sT2+k7) (42)
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and

Az Ty
A
T 1 Yy Ty
Az As+ATAk = —(1—-0) A "
| AT | | 7y
Azl /0 0 AT GT ][4
B Ay 0 -A 0 0 b ]
= -9 A s - o o nll:
| AT I3 —c' =T T 0 T
#17 0 AT GT ¢ Ax
_ . AT N yA —A 0 0 b Ay
= —(1—o0)| s Az+ RAT + 3 a0 0 h As
T —s I —hT 0 AT
T r Ty
= —(1-0) | TAz + &AT + 5TAs + #Ak + (1 — o) Z :y
T rr
= —(1-0)(8"Az+ RAT + 2T As + #Ak + (1 — 0)(87 2 + &7))
= 0. (43)

Next we show by induction that

('ﬂv’ Ty, Tz, T-r) = ,a(%m Qy> 4z, QT)

at the beginning of each iteration. In the first iteration, this is true by definition of (¢s, gy, ¢z, ¢r)-
Suppose it is satisfied by the current iterates. Then

(rirgrdorl) = (1—a(l—0))(re,ry, 2 17)
= (1 - Oé(]. - J))ﬂ(QIv an QZ)qT)
= 07 (qx Gy @20 Gr)s

because, from (42) and (43), 4™ = (1 — a(1 — 0))ft. Using this property, we can write (38a) as
0

0 AT Gt ¢ Ax qx Ty
0 —-A 0 0 b Ay | | ay Ty
As | | =G 0 0 h Az | T H e | | r
Akr ' =T T 0 AT qr Ty

This shows that (38a) can be interpreted as the central path equation (34a) with (s,k,x,y, z,7)
replaced by (§ + As,k + Ak, Z + Az, § + Ay, 2 + Az, 7 + A7), and p = oji. Making the same
substitution in the nonlinear central path equations (34b) gives

(W T4+ A2)0(W(E+As)) =cie, (k4 Ar)(7+ AT) = ofi.

20



Expanding the products, using W72 = W5 = ), and using the Mehrotra correction to approximate
the second-order terms as

(W TAs)o (WAz) = (W TAs,) 0 (WAZ,), ATAK = Ak AT,

gives (38b) and (38c).

In summary, we see that in step 4 a search direction is computed by linearizing the central path
equations (34) around the current iterates with p = oji. Step 2 is the linearization for © = 0. Step
3 is a heuristic for choosing o, based on the result for p = 0.

7.3 Initialization

If primal and dual starting points , §, §, Z are not specified by the user, they are selected as
follows. The initial primal variable Z is the solution of the constrained least-squares problem

minimize ||Gz — h||3
subject to Ax =b.

The initial value of § is computed from the residual § = G& — h, as

5= 5 ap <0
| $4+ (14 ap)e otherwise

where a, = inf{a |5+ e = 0}. The values &, § can be computed by solving the linear equation

0 AT G7T z 0
A 0 0 Y =10
G 0 —I —§ h

The initial dual variables 7, Z are computed by solving a least-norm problem

minimize |z||3
subject to GTz+ ATy +c=0.

If the solution is 7, Z, then we use ¢ as initial value of y, and

5= z ag <0
| 2+ (1 4+ aq)e otherwise,

where aq = inf{a | Z + e = 0}, as the initial value of z. The least-norm problem is equivalent to
the the linear equation

0 AT GT T —c
A 0 0 g | = 0
G 0 -—I z 0
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7.4 Newton equations

The two linear equations in steps 2 and 4 differ only in the righthand side and are of the form

0 0 AT GT ¢ Ax dg
0 A 0 0 b Ay | | d,
As |7l =@ 0 o nl||az|T | a (44a)
Agr ' —pT —pT 0 AT d,
Ao (WAz+ W TAs) = —ds,  RAT +7Ak = —d,. (44b)
Eliminating As and Ak from (44b) gives
0 AT GT c Az dy
~A 0 0 b Ay | d,
-G 0 WI'w & Az | T | d.—WT(Aody) (452)
. A YE AT dy —d, /7
As=-WT (Nods + WA2), Ak = —(d + FAT)/7. (45b)

As in section 5.4, u o v denotes the inverse of u o v taken as a linear function of v, i.e., W' (Ao dy)
is the solution fo z o u = ds. For the affine scaling Newton equation (step 2), the righthand side
of (45a) simplifies to

dZ_WT()‘OdS):TZ_WT)‘:TZ_év dT_dfi/%:rT_/%-

To solve the 4 x 4 block system (45) we solve two KKT systems

0o AT @GT 2™ c
~A 0 0 y | =—1 b (46)
-G 0 W'w z(1) h
and
0o AT GT 22 dy
—A 0 0 y? | = dy , (47)
-G 0 WTw 2(2) d, —WT(\ody)

and make a linear combination with

dr — d /7 + 2@ £ 5Ty 4 pT(2)

AT = T = e 4Ty — A0
dr — di )7 4 2@ 6Ty 4 pT2(2)
Rf7+ W23
to get
z =2 4+ Arag®, y=y? + AryD), z2=23 4 Ar W,

In summary, the main computation in one iteration of the algorithm is the solution of three
equations with the same coefficient matrix (equation (46) and equation (47) for the two different
righthand sides in steps 2 and 4).
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8 Step length computation

Steps 3 and 5 of the algorithms require the computation of the maximum « such that
A+ aAs = 0, A4+ alAzZ =0,
where A§ = W~TAs and AZ = WAz. To facilitate the calculation we compute, for each cone,
pr=H(\e) A5, o) = H() 2 A%,.
The maximum step size is then o = ming a, where
ap =sup{a | e, +ap, = 0,e, + aoy, = 0}.

(This follows from H(A/2)\ = e; see (10).)

8.1 Nonnegative orthant

For the nonnegative orthant Cj, = R%,
—1
Pk :)\lzloAék, Uk:)\lzloAék, Qay :maX{O, — min pg;, —mjnaki} .
(2 K3

8.2 Second-order cone

For the second-order cone Cj, = Q,,

B 1 N TAG,
Pk = AEIXN)Y2 | Ay — (XfJAgk + Afrg) (Ao + 1)~ g ]
S S 7T N TAZ ) ) ]
AETXN)V2 | Az — O, JAZ, + AZko) ko + 1) A

where A, = A\/(A} JAg)'/2. The maximum step size is
ap = max {0, |prillz = pro, llowillz = owo} "
8.3 Semidefinite cone
For the semidefinite cone Cj, = 8%,
pr = vec(APASALY?), o = vec(A,PAZA ),

where A = mat(\g), ASy, = mat(ASsy), AZ, = mat(AZ;). We determine ay by taking two
eigenvalue decompositions

mat(p;,) = Q. diag(1,)Q!,  mat(oy) = Q. diag(+.)Q!.

The maximum step size is

-1
Qj, = max {0, —min s, — minvzi} .
T A
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9 Updating the scaling matrix

At the end of each iteration, we update the scaling point, scaling matrix, and scaled variables. The
current scaling point w and scaling W satisfy

Hw)s=2  Wi=WTs=\
We need to compute a scaling point w™ and scaling W7 such that
Hwh)(5+als) =24+alz,  WT(E+aAz)= (W) T(5+als) =T
This can be achieved as follows. We first compute the scaling point g for the scaled coordinates:
H(q)st =z, 57 = X+ aAs, Zt =4 aAz.
The new scaling point is w* = W7¢q. This follows from (16):

HWTg) 24+ anz2) = WIH(q)7'W(:+ alAz)
= WTH(q) Y\ + aA2)

= W+ aAs)
= 5§+ als.
9.1 Nonnegative orthant
If Cp = Rﬁ, the update is straightforward:
wi = (Mg + @A) Yo (A + aAz) V2o wy
A = (A adz)Y2o (M +ald) 2

9.2 Second-order cone

Updated NT scaling point If C}, = Q,, we compute the scaling point g, for the scaled variables,
which satisfies
Hy(qe) "5 =21, (48)

1/2G, where

as in section 4.2: g = (¢} Jqi)

~ ~ 1/2 S~ =+ 1/2
oI = G5y G = 1 (§+ " J§+> Yt = 1+ (3 )75k
k (EZ)TJZ;F ) v k k |> 2

and ?,j and ?Z are the normalized scaled variables (in the current scaling)

3= L o F = ! En
kT N1/27k k= T e\ 127k
(Z)TIZ) ()T T3()
Note that
— _ _T=+ , =4+
GJa. =1, Gz =q.J5 ="

The new scaling point then follows as

1/2 _
wi = Wlq, = ((w,{ka)(q,{qu)) / (2vkv£ —J) Gy
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Updated scaling matrix It follows that the parameters of the new scaling matrix
1/2 — —t
Wit = ()T Jw) "W, Wy =208 (v)T -,
can be determined as follows.

1. The new scaling factor is

e ) 1/2

T + _ T T T _
(wl—:) Jwy, = (wy Jwg)(q;, Jaw), G Jar = ((g};i-)TJg;

2. The unitary vector v,j, which defines the updated Householder transformation, is

1
+ 1/2 _ —_
o= (@) (2(wf, + 1))1/2 (Wi +ex)
with
=H\T=*+ 1/2
w n gL (Gt 1+ ()73
wk+ = (2vvr — )k, qr = s (S;j; + Jz;:) , At = <(2’f)/€) ‘

Updated scaled variable The updated scaled variable

1/2 ~

A= (ADTIO) N

can be computed from the updated scaled variables 52, 2,‘; as follows. The norm is easy to compute:

1/2 1/2
ADTIN = ((s Y Ts)) ((z,j)TJz,j)
1/2
. _ 1/2 - o 1/2
= ((s )TJ8;) ((z,j)TJz,j) .
The normalized vector X,j is defined as
N =Wzt = (W) st = Wy Jsi.
Its first component is
~+ . . T _ 7=+
Mo = @) 2 =g Wizl = a2, =27
The rest follows from

(I— DA =Wy (55— J57) =W, Wy (zZ _J& ) Wi Iw, (Jzk —s,j)
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Define ug = ?: — JZ_. Using the fact that q;{Juk =0, we get

20y = — <(w++1(w; + ek)(w;: + ek)T — J> JWkuk>
k0 1
1 — _ _
= _T@;I(Wkak + ek)TJWkuk + (Wkuk)l
Wy + 1
1 _ _
= 7’11};:1 (quuk + e{Wkuk) + (Wkuk)l
ka +1
Wk _y o
= TFa1” Wiu
T 1k + (Wrur)1

S

’“( 1q’“+“’“>>1

2%0 vl ug) — ugo_
k ( k 4y + ug
ka +1 1

vEo( vlug) — ugo/2 1
k( k) / Qk+uk>)
wko—i—l 2 1

S

=

("
(
. <
(v

1—d/yt= 14+d/~yt =
— W ( /T 5k — +/’YJZk>>
2 1
where . .
g ko (V) k) — uko/2 _ vko(vg uk) — Uro/2
W, + 1 200(V Q) — Tpo + 1

9.3 Semidefinite cone
If Cy, = S, we use the eigenvalue decompositions
AJPASAY? = Q. diag(v)QT,  AYPAZAY? = Q. diag(y.)

where A, = mat(\g), AS; = mat(ASy), AZ, = mat(AZy), to factor the new iterates in the old
scaling coordinates as

RIASTRT = A +aASy = L1 LT,  RIZIRy = A, +aAZ, = LyLY,
with L; = A}ﬁsz(I + ardiag(v,))V/?, Ly = AIIC/QQZ(I + adiag(y,))!/2. We then take an SVD
LiLy =UASVT.
The scaling matrix that satisfies
(RSB ™ = BOTZF R = Af

is given by .
R} = Ry L\ V(M) Y2 = R Ly TU (MY,

Its inverse is

(le) (A+)1/2VTL 1R 1 (A+) 1/2UTL'§RI;1
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10 Linear equation solvers

Each iteration of the interior-point methods requires the solution of a small number (2 or 3) of
linear equations

P AT GT T by
A 0 0 y | =1 by (49)
G 0 —-wWTw z b,

(with P = 0 for cone LPs). We refer to an equation of this form as a Karush-Kuhn-Tucker (KKT)
system. In addition, if the problem includes second-order cone or semidefinite constraints, one step
of iterative refinement is applied when solving (21) or (44). This increases the number of KKT
systems solved per iteration by two. In this section we describe the default methods for solving
the KKT system (49). These solvers do not exploit problem structure except, to a limited extent,
sparsity. (However, CVXOPT allows the user to provide a ‘custom’ solver that exploits problem
structure in the KKT equations of a particular cone program.)

10.1 Cholesky factorization
The equation (49) can be reduced to

P+Gtw=tw-Tg AT } [ T ] B [ by + GTW W =T,

A 0 Y by (50)

From x, y the solution z follows as Wz = W1 (Gz — b,).
If P+ GTW='W~TG is nonsingular, we can solve (50) via a Cholesky factorization P +
GTW='W-TG = LL”. We solve

ALTTL ATy = ALTTL7 (b + GTW W Th,) — by,
using a Cholesky factorization of AL~TL~1AT to obtain y, and then
LL 2 = b, + GTWwTh, — ATy

to obtain z.
If P+ GTW—W-TTQG is singular, we first write (50) as

P+GTw-lw-TGg+ATA AT z] [ b+ GTWIWTh, + ATh,
A 0 y | by

We compute the Cholesky factorization P + GTW " 'W TG + ATA = LLT, and solve
ALTTL ATy = ALTL 7 (b, + GTW W T, + ATby) — by,
using a Cholesky factorization of AL~TL~1AT to obtain y, and then
LIz = b, + GTW W Tb, + AT(b, — y)

to obtain x.
The Cholesky factorization method is the default KKT equation solver for linear programs
and quadratic programs (i.e., cone LPs and cone QPs without second-order cone or semidefinite
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constraints). The CHOLMOD sparse Cholesky factorization algorithms are used for factoring
sparse matrices and the LAPACK algorithm for factoring dense matrices. No attempts are made
to separate G and A in dense and sparse submatrices and to exploit such structure. (For large
sparse problems replacing the equalities by two inequalities As < b, Ax = b may therefore be
faster.)

10.2 Two QR factorizations

This method is the default method for cone LPs with second-order cone or semidefinite constraints.
We write the KKT system (with P = 0) as

0 AT GT x by
A 0 0 y = by, (51)
G 0 -I Wz WTh,
where G = W~TG. To solve this we use two QR factorizations, of AT and GQs,
R -
AT=1Q1 Q2] [ 01 ] : GQ2 = Q3R3. (52)

The solution z, y, Wz is computed in the following steps:
w = Wb, —GQ1R"b,
u = R3TQ3b.+Qiw
Wz = Qsu—w
y = B (QTb, - QIGT(W2)
r = QR T, + QB3 u.
To verify this, we first use the QR factorization of AT to write (51) as

0 0 R QGF Ty QTb,

0o 0 0 QG* s | _ | Qbs (53)
Rl 0 0 0 y by ‘
GQ1 GQy 0 —I Wz wW-Th,

From the third equation, we have Q{x =Ry Tby. The three remaining equations in the variables
QYz, y, Wz are

Riy = Qib,—Q{G"(Wz)
QIGT(W2) = Qib
Wz = GQ1(QTz) + GQa(QEz) — Wb,
= QsR3Qiz—w
if we define w = W*TbZ—C;’QlRl_Tby. Multiplying the last equation on the left with RgQT = QgéT
and using the second equation gives an equation in QQTm:
R R3(Q37) = Q3 ba + RE Q5w

The LAPACK dense QR factorization routines are used for the factorizations (52), so no sparsity
in A or G is exploited.
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10.3 QR factorization and Cholesky factorization

The third method is the default method for cone QPs with second-order or semidefinite constraints.
We write the KKT system as

P AT GT T by
A 0 0 y | = by (54)
G 0 -—I W2 w1,

with G = W-TG. We use a QR factorization of AT to eliminate the equality constraints and a
Cholesky factorization of size n — p to solve the remaining problem

A=l @[] asreaTae - (55)

We can use the QR factorization to write (54) as

QTPQ1 QTPQs R QTGT Tz QTb,
R 0 0 0 y by
GQ GQo 0 —I Wz wW-Th,

Eliminating Wz gives

QI(P+G"G)Q1 QT(P+G"G)Q2 R Tw QF (bs + GTWTh,)
Q3 (P+GTG)Q1 QF(P+GTG)Q2 0 Jz | = | QF(by+GTWTh,)
RT 0 0 Yy by

From the third equation, QTz = RfTby. From the second equation and the Cholesky factorization
of Q¥ (P 4+ GTG)Q2 we can solve for Q1 x. From the first equation we solve for y.
The LAPACK routines are used for the QR and Cholesky factorizations (55).

References

[AG03] F. Alizadeh and D. Goldfarb. Second-order cone programming. Mathematical Program-
ming Series B, 95:3-51, 2003.

[ART03] E.D. Andersen, C. Roos, and T. Terlaky. On implementing a primal-dual interior-point
method for conic quadratic optimization. Mathematical Programming, 95(2):249-277,
2003.

[dKRT97] E. de Klerk, C. Roos, and T. Terlaky. Initialization in semidefinite programming via a
self-dual skew-symmetric embedding. Operations Research Letters, 20(5):213-221, 1997.

[Meh92] S. Mehrotra. On the implementation of a primal-dual interior point method. SITAM
Journal on Optimization, 2(4):575-601, November 1992.

[NT97]  Yu. E. Nesterov and M. J. Todd. Self-scaled barriers and interior-point methods for
convex programming. Mathematics of Operations Research, 22(1):1-42, 1997.

29



[NTOS)]

[RSSS]

[Stu00]

[Stu02]

[Stu03]

[Tsu99)

[TTT03]

[Tun9g|

[Wri97]

Yu. E. Nesterov and M. J. Todd. Primal-dual interior-point methods for self-scaled
cones. SIAM Journal on Optimization, 8(2):324-364, May 1998.

C. M. Rader and A. O. Steinhardt. Hyperbolic Householder transforms. SIAM Journal
on Matriz Analysis and Applications, 9(2):269-290, 1988.

J. F. Sturm. Similarity and other spectral relations for symmetric cones. Linear Algebra
and Its Applications, 312:135-154, 2000.

J. F. Sturm. Implementation of interior point methods for mixed semidefinite and second
order cone optimization problems. Optimization Methods and Software, 17(6):1105-1154,
2002.

J. F. Sturm. Avoiding numerical cancellation in the interior point method for solving
semidefinite programs. Mathematical Programming Series B, 95:219-247, 2003.

T. Tsuchiya. A convergence analysis of the scaling-invariant primal-dual path-following
algorithms for second-order cone programming. Optimization Methods and Software,
11-12:141-182, 1999.

R. H. Tiitiincii, K. C. Toh, and M. J. Todd. Solving semidefinite-quadratic-linear pro-
grams using SDPT3. Mathematical Programming Series B, 95:189-217, 2003.

L. Tungel. Primal-dual symmetry and scale invariance of interior-point algorithms for
convex optimization. Mathematics of Operations Research, 23(3):708-718, 1998.

S. J. Wright. Primal-Dual Interior-Point Methods. STAM, Philadelphia, 1997.

[YITM94] Y. Ye, M. J. Todd, and S. Mizuno. An O(y/nL)-iteration homogeneous and self-dual

linear programming algorithm. Mathematics of Operations Research, 19(1):53-67, 1994.

30



