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1 Introduction

The primal-dual first order algorithm discussed in [4,15,27] applies to convex optimization problems in
the form
minimize f(x) + g(Ax), (1)

where f : R™ — R and g : R™ — R are closed convex functions with nonempty domains, and A is an
m X n matrix. It uses the iteration

k= profo(xk_l — TAT T (2a)
zF = Prox, g« ("1 4 o AQ2zF — 2F71)) (2b)
2 = 2 (3 — 2 (2¢)
2P = 2F 4 pp(ZF - 2F . (2d)

The function g* in (2b) is the conjugate of g, and prox, ; and prox,,. are the proximal operators of 7 f
and og* (see §2). The parameters o and 7 are positive constants that satisfy o7||A||? < 1, where || A||
is the 2-norm (spectral norm) of A, and py is a relaxation parameter in (0,2) that can change in each
iteration if it is bounded away from 0 and 2, i.e., p; € [¢,2 — €] for some € > 0. With these parameter

values, the iterates 2¥, z* converge to a solution of the optimality conditions

0 AT [z of(x)
0€ [A 0 } L} + [ag*(z) ’ (3)
if a solution exists [11, Theorem 3.3.]. Following the terminology in the survey paper [5, page 212], we

use the name primal-dual hybrid gradient (PDHG) algorithm for the algorithm (2). The interested reader
can find a discussion of the origin of this name in [5, footnote 11].
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An older method is Lions and Mercier’s Douglas—Rachford splitting (DRS) method for minimizing
the sum of two closed convex functions f(z) 4+ g(x), by solving the optimality condition

0 € df(x) + dg(x),
see [8,14,20] [1, §2.7]. The DRS method with relaxation uses the iteration
" = prox,; (y* 1) (4a)
y* =" + pr(prox,, (22" — y* 1) — 2¥), (4b)

where t is a positive parameter and p; € (0,2). Chambolle and Pock [4, §4.2] and Condat [11, p.467]
observe that this is a special case of the PDHG algorithm. Although they discuss the connection only
for pr = 1, it is easily seen to hold in general. We take A =1, 7 =t, 0 = 1/t in algorithm (2):

it = prox; (z L kil)

Ek_proxt 19*(2' t(2x —2F 1)
k—

=1 - pw

o)t + ppzk
=(1—pp)z" 1 + pr2".

Next we replace z* by a new variable y* = 2% — t2*:

ot = o 1) (52)
= prox;-1, ( (2zF — ykE=1)) (5b)
=(1- Pk)$ Ly pk:c (5¢)

y" =2k — (1= pp) (@ =yt — pptz, (5d)

Substituting the expressions for ¥ and x* from lines (5b) and (5¢) in (5d) gives
" = prox(y* )

k

Y=yt (@t -y

1
— tprox;—1 g« (;(2:216 — ).

If we now use the Moreau identity ¢prox,—.,.(u/t) = u — prox,,(u), we obtain the DRS iteration (4).
Hence, the DRS algorithm is the PDHG algorithm with A = I and ¢ = 1/7. The purpose of this note
is to point out that, in turn, the PDHG algorithm can be derived from the DRS algorithm. As we will
see in §4, the PDHG algorithm coincides with the DRS algorithm applied to a reformulation of (1).
This result has interesting implications for the analysis of the PDHG algorithm. It allows us to translate
known convergence results from the literature on DRS to the PDHG algorithm. It also simplifies the
development and analysis of extensions of the PDHG algorithm, such as the three-operator extensions we
will discuss in §6. Finally, since the reformulation used to show the equivalence does not require duality,
it immediately leads to a primal form of the PDHG algorithm, which is better suited for non-convex
extensions than the primal-dual form (2). This is disucssed in §5.

The rest of the paper is organized as follows. We start with a short review of monotone operators and
the DRS algorithm (Sections 2 and 3). Section 4 contains the main result of the paper, the derivation of
the PDHG algorithm from the DRS algorithm. In Sections 5-7 we discuss some variations and extensions
of the results in Section 4.

2 Background material
2.1 Monotone operators
A set valued operator on R™ assigns to every = € R™ a (possibly empty) subset of R™. The image of =

under the operator F' is denoted F(z). If F(x) is a singleton we usually write F(x) = y instead of
F(z) ={y}. If Fis linear, F(xz) = Az, we do not distinguish between the operator F and the matrix A.



In particular, the symbol I is used both for the identity matrix and for the identity operator F(z) = x.
The graph of an operator F' is the set

gr(F) ={(z,y) e R" xR" | y € F(x)}.
The operator F' is monotone if

(=9 (z—2)20  Y(z,y),(&7) € gr(F). (6)

A monotone operator is mazimal monotone if its graph is not contained in the graph of another monotone
operator.

The inverse operator F~1(z) = {y | * € F(y)} of a maximal monotone operator F is maximal
monotone. We also define left and right scalar multiplications as

(AF)(z) ={\y |y € F(x)}, (Fp)(z) ={y |y € F(ux)}.

Since (AF)u = A(Fu) we can write this operator as AFpu. If F' is maximal monotone and Ay > 0, then
AF'u is maximal monotone. The inverse operation and the scalar multiplications are linear operations on
the graphs:

R R P I e R LA P!

From this, one easily verifies that (A\Fu)~! = p=1F=1A7L,

Maximal monotone operators are important in convex optimization because the subdifferential Jf
of a closed convex function is maximal monotone. Its inverse is the subdifferential of the conjugate
f*(y) = sup,, (y"x — f(x)) of f:

@f) "t =af

2.2 Resolvents, reflected resolvents, and proximal operators

The operator Jp = (I + F)~! is known as the resolvent of F. The value Jr(z) of the resolvent at z is
the set of all vectors y that satisfy
z—yeF(y) (7)

A fundamental result states that the resolvent of a maximal monotone operator is single-valued and
has full domain, i.e., the equation (7) has a unique solution for every z [14, Theorem 2]. The operator
Rp = 2Jp —1 is called the reflected resolvent of F. The graphs of the resolvent and the reflected resolvent
are related to the graph of F' by simple linear mappings:

ar) = |7 ] mtn =5 |7 |t ®

The resolvent of the subdifferential of a closed convex function f is called the proximal operator of
, and denoted prox; = Jy¢. The defining equation (7) is the optimality condition of the optimization
f f
problem in

pros(2) = augmin (/(s) + 3y — /) )

where || - || is the Euclidean norm.

The following calculus rules can be verified from the definition (see also [1, Chapter 23] and, for
proximal operators, [9, Table 10.1]). We assume F' is maximal monotone and f is closed and convex, and
that A > 0.

1. Right scalar multiplication. The resolvent and reflected resolvent of F'\ are given by
JF)\(Z‘) = )\71J)\F(/\17), RF)\(I‘) = )\71R)\F(>\JL‘). (10)

The proximal operator of the function g(z) = f(A\x) is

1
prox,(z) = XproxAzf()\x). (11)



2. Inverse. The resolvents of F' and its inverse satisfy the identities
Jp(z) + Jp-1(z) = =, Rp(xz)+ Rp-1(x) =0 (12)
for all 2. Using (A\F)~! = F~'A\~! and the previous property, we also have
Iap(®) + Ay-1p-1(z/A) = 2, Rap(z) + ARy-1p-1(2/A) = 0. (13)
Applied to a subdifferential F' = 9f, the first identity in (13) is known as the Moreau identity:
prox, ¢ () + Aproxy-i . (z/)\) = .

3. Composition with linear mapping. Assume A is an n x m matrix with AAT = I and F is a maximal
monotone operator on R™. Then the operator G(z) = ATF(Az) is maximal monotone, and the
resolvents of G and G~! are given by

Ja(x) = (I — AT A)x + AT Jp(Az), Ja(x) = ATJp 1 (Ax). (14)

Combining (14) with the scaling rule (10), we find formulas for the resolvents of the operator G(x) =
AT F(Az) and its inverse, if AAT = uI and pu > 0:

Jo(z) == ((ul — ATA)z + AT J,p(Az)), Jo1(z) = %ATJ(MF)fl(Ax), (15)

==

and

Rg(x) = —Rg-1(x) = i (uI — AT A)z + AT R, p(Ax)) .

It is useful to note that (10) and the identities for Jg in (14) and (15) hold for general (possibly non-
monotone) operators F. For (10) this is obvious from the definitions of the resolvent and scalar-operator
multiplication. Since it will be important in §5, we prove the first equality in (14) for a general operator F'.
Suppose y € Jg(x), i.e.,

x—yc ATF(Ay). (16)

Every vector y can be decomposed as y = § + ATv, where Aj = 0. If we make this substitution in (16)
and use AAT = I, we get

x—ATv — € ATF(v). (17)

Multiplying with A on both sides shows that v satisfies Az —v € F(v). By definition of the resolvent this

means that v € Jp(Az). Multiplying both sides of (17) with I — AT A shows § = (I — AT A)z. Putting
the two components together we find that

y=(I—-ATA)x+ ATv e (I — ATA)x + AT Jp(Ax).

We conclude that Jg(z) C (I— AT A)x+ AT Jp(Ax). Conversely, suppose v € Jp(Az), i.e., Az—v € F(v).
Define y = (I — AT A)z + ATv. Then Ay = v and

r—y=AT(Az —v) € ATF(v) = ATF(Ay).

This shows that y € Jg(z), so (I — AT A)x + AT Jp(Az) C Jg(x).

The identities (12) and (13), on the other hand, are not necessarily valid for general operators. Their
proofs depend on maximal monotonicity of F' and, in particular, the fact that the resolvents Jp(x) and
Jp-1(x) are singletons for every x. However, if the identities in (12) are written as Jp-1 = I — Jp and
Rp = —Rp-1, they do hold for general operators [30, Lemma 12.15].



p-strong monotonicity  S-Lipschitz continuity — 1/8-cocoercivity

O I R ) R Y

Table 1 Each of the three properties is equivalent to a quadratic inequality (18) for the matrix M shown in the table.
The parameters must satisfy p > 0, 8 > 0.

2.3 Strong monotonicity and cocoercivity

The definition of monotonicity (6) can be written as

R T 07| |z—2z
. .| >0 V(x,y),(z,9) € gr(F).
I e EUR CREORE Ty
Several other important properties of operators can be expressed as differential quadratic forms on the
graph. This is summarized in Table 1. Each of the three properties in the table is defined as
T
Tr—I Mll]M]QI Tr—I PN
- .| >0 Y(x T € gr(F 18
I S | e B ENC Ry 9
where M is the 2 X 2-matrix given in the table. Strong convexity with parameter u is equivalent to mono-
tonicity of the operator F — pl. If an operator F is (1/8)-cocoercive, then it is S-Lipschitz continuous,
as is easily seen, for example, from the matrix inequality

[0 5] =[55]

The converse is not true in general, but does hold in the important case when F is the subdifferential
of a closed convex function with full domain. In that case, (1/8)-cocoercivity and S8-Lipschitz continuity
are both equivalent to the property that I — F' is monotone.

The resolvent of a monotone operator is 1l-cocoercive (or firmly nonexpansive), and its reflected
resolvent is 1-Lipschitz continuous, i.e., nonexpansive. These facts follow from (8) and

LA ][]
AR R

3 Douglas—Rachford splitting algorithm

respectively,

The DRS algorithm proposed by Lions and Mercier [20] is an algorithm for finding zeros of a sum of two
maximal monotone operators, i.e., solving

0€ F(z)+ G(x). (19)

It can be used to minimize the sum of two closed convex functions f and g by taking F' = df and
G = 0g. The basic version of the method is the averaged fixed-point iteration

1, 1 _
v = 50+ S Ria(Rur(y* ) (20)

where t is a positive constant. (This concise formulation of the DRS iteration in terms of the reflected
resolvents is not used in the original paper [20] and appears in [2].) The right-hand side of (20) can be
evaluated in three steps:

2 = Jip(yFh) (21a)
wh = Jiq(2zF — yF 1) (21b)
Y =y b —ah (21c)



It can be shown that y is a fixed point (y = Ry (Rir(y))) if and only if 2 = J;r(y) satisfies (19). In the
following sections we discuss two extensions that have been proposed to speed up the method.

3.1 Relaxation

The relaxed DRS algorithm uses the iteration y* = T} (y*~!) with
Ti(y) = (1 — ar)y + oax Rec (Rer (y))- (22)

The algorithm parameter ¢ is a positive constant and aj, € (0, 1). The iteration reduces to (20) if oy, = 1/2.
The right-hand side of (22) can be calculated in three steps:

k= Jtp(yk_l) (23a)
Wk = Jia(2a* — ) (231)
y* ="+ pr(w® — 2) (23c)

where py, = 2ay,. Substituting Jirp = prox,; and Ji;g = prox,, gives the version of the algorithm presented
in (4). Using the relation between Jic and Juy-1 we can write the algorithm equivalently as

2 = Ty Y) (24a)
2F = Juay-1 (227 —yF 1) (24b)
y* = (1- pk)yk_1 + pk(ack — zk). (24c)

Fundamental references on the convergence of the DRS algorithm include [1,7, 8,10, 14, 20]. The
weakest conditions for convergence are maximal monotonicity of the operators F' and GG, and existence
of a solution. Convergence follows from the fact that R;s o Ry is the composition of two nonexpansive
operators, and therefore nonexpansive itself.

Convergence results that allow for errors in the evaluation of the resolvents are given in [14, Theorem
7], [7, Corollary 5.2]. If we add error terms dj and ey in (23) and write the inexact algorithm as

2 = Jp(*Y) + dy (25a)
wh = Jiq(2zF — yF 1) + ey (25b)
yF = yF 1 1 pe(wk — o), 25c¢)

(
then [7, Corollary 5.2] implies the following. Suppose the inclusion problem 0 € F(x) + G(z) has a
solution. If ¢ is a positive constant, pi € (0,2) for all k, and

D oelldill + llexll) < oo, D pr(2 = pi) = o0,

k>0 k>0

then the sequences w®, z*, ¥ converge, and the limit of ¥ is a solution of (19).

Under additional assumptions, linear rates of convergence obtain; see [13,17,18,20] and the overview
of the extensive recent literature on this subject in [17]. We mention the following result from [17].
Suppose F' is p-strongly monotone and G is (1/8)-cocoercive. Then the operator T} defined in (22) is
ni-Lipschitz continuous with

L Bt+1/(u)
1+ B8t +1/(ut)

This is a contraction (ng < 1) if a, € (0, 1). The contraction factor 7 is minimized by taking t = 1/+/Bu

and
1 2+vu/b
2=k 21+ /u/B)

e = |1 — 20y + agk| + agk,

Qp =
and its minimum value is

1
Ui

If T}, is n-Lipschitz continuous with 1 < 1, then the convergence of y* is R-linear, i.e., ||y* — y*| <
7%y — y*||. Since Ji is nonexpansive, ¥ = Jyr(y*) converges at the same rate.



3.2 Acceleration

Suppose F' is p-strongly monotone. The following extension of the DRS algorithm (21) is Algorithm 2
in [12] applied to the monotone inclusion problem (19):

o = Jur (") (262)
wh = Jippa((14+ Or)z® — OryF 1) (26b)
y* = 0pyF T 4+ Wk — 02t (26¢)

The parameters 0y, and t; are defined recursively as

1
torr = Opty,  Op= ———  k=1,2,...,
kt+1 = Uktp k T
starting at some positive ¢1. If we define z¥ = (1/t511)(2* — y*) and use the identity (13), we can write
the algorithm as

F = Jp, p (@b — 2 (27a)
1

prg- Jt;ilG_l(zk—l + t—(mk + O (aF — 2F71))). (27b)
k+1

Davis and Yin [12, Theorem 1.2] show that if 2* is the solution of 0 € F'(z) + G(z) (the solution is
necessarily unique, because F' is assumed to be strongly monotone), then

1

o — 2" = O

4 PDHG from DRS

We now consider the problem of finding a solution x of the inclusion problem
0c F(x)+ ATG(Az), (28)

where F' is a maximal monotone operator on R™, G is a maximal monotone operator on R™, and A is
an m X n matrix. For F' = 0f, G = 9y, this is the optimality condition for the optimization problem (1).

To derive the PDHG algorithm from the DRS algorithm, we reformulate (28) as follows. Choose a
positive 7 that satisfies v||A|| < 1 and any matrix C € R™*?  with p > m — rank(A), such that the
matrix

B=[AC] (29)

satisfies BBT = 42T (for example, the m x m matrix C' = (y~2I — AAT)/2). Problem (28) is equivalent
to
0 € F(u) 4+ G(u) (30)

where F and G are the maximal monotone operators on R™ x RP defined as

~ {F(Ul)XRPIfUQ:O

_ 5y _ pT
F(uy,uz) = otherwise, G(u) = B* G(Bu). (31)

From these definitions, it is clear that u = (uy, uz) solves (30) if and only if us = 0 and x = u; solves (28).
For an optimization problem (1) the reformulation amounts to solving

minimize f(u1) + 00y (u2) + g(Aus + Cua),
where d¢¢y is the indicator function of {0}, and interpreting this as minimizing f(u) + §(u) where

) = flw) + 8oy (uz). glw) = g(Bu).

At first this simple reformulation seems pointless, as it is unrealistic to assume that a suitable matrix
C' is known. However we will see that, after simplifications, the matrix C is not needed to apply the
algorithm.



We note that if F is p-strongly monotone, then F' is p-strongly monotone. If G is (1//3)-cocoercive,
then G is (42 /B)-cocoercive, and if G is B-Lipschitz continuous, then G is (8/~%)-Lipschitz continuous.

To apply the DRS algorithm to (30) we need expressions for the resolvents of the two operators or
their inverses. The resolvent of 7F is straightforward:

I p(ur,u2) = (Jrr(wa),0). (32)
The resolvent of 7G follows from the first identity in (15):
J &)=+ ((v"*I = B"B)u+ B J(; /y2)c(Bu)) = u+v*B” (J,-16(Bu) — Bu) (33)

where we defined o = 4?/7. The second identity in (15) combined with (10) gives an expression for the
resolvent of (rG)~! = G171

Jiray-1 (W) = VBT J(()42y0)-1 (Bu) = v* BT Jg-1,(Bu) = 7B J,g-1 (0 Bu). (34)
From the resolvent of G~'7~! and the scaling rule (10) we obtain the resolvent of 7= 1G~:

J 1g-1(u) = BT J,q-1(v*Bu). (35)

T

4.1 Relaxed DRS algorithm

The relaxed DRS iteration (24) applied to (30) involves the three steps

@ = Jp(y ) (36a)
@ = Ji -1 (20" =yt ) (36D)
Y = (1= pp)y* 1+ pr(@® — a®). (36¢)
The variables are vectors in R x RP, which we will partition as ¥ = (a¥, %), w* = (o¥,w}), y* =

(y¥,y%). Substituting the expressions for the resolvents (32) and (34) gives
a* = (Jr(y ), 0)
w" = 7BT J,q1(0B(2a" — y*71))
v = (1= p)y* T+ pi(@® - a"),

with o = 72 /7. Next we add two new variables u* = (1 — pg)u*~! + pp@* and w* = u* — y*, and obtain

i = (Jrr(yr 1), 0) (38a)
o* =7BTJ, ¢ (oB( ak — yF1)) (38b)

= (1= pp)ut"t + ppa (38¢)
y*" = (1= pr)y" ! + pr(a" — ") (38)
wh =uf -y (38e)

The variable y* can now be eliminated. If we subtract equation (38d) from equation (38¢c), we see that
the w-update in equation (38e) can be written as

= (1= pp) (@ =" ) + ppa® = (1 = pp)w* =" + ppo®.

Substituting y*~! = u*~! —w*~! in the first and second steps of the algorithm and removing (38d) then
gives

= (Jor(uy ! —wi™1),0) (39a)

" = 7BT J, - (ank—l +oB(2a* —u*7h)) (39b)

uf = (1 = pp)u*=t + prpa® (39¢)

wh = (1 — pp)w* ! + pp®. (39d)



The expression on the first line shows that @5 = 0 for all k. If we start with uJ = 0, then line 3 shows
that also uk = 0 for all k. The expression on the second line shows that @w” is in the range of BT for all
k, i.e., w* = 7BTz* for some z*. If we choose w® in the range of BT, then the last line shows that wF
is also in the range of BT for all k, i.e., w* = 7BT2* for some z*. Since BBT = =21, the vectors 2"
and z* are uniquely defined and equal to 2F = (y2/7)Bw* = ¢ Bw* and zF = (y?/7)Bw* = o Bwk. If

we make these substitutions and write z¥ = u¥, z¥ = @¥, then the iteration simplifies to
t = Jop(aht — rAT R (40a)
28 = Jya (2P + o A(22F — 2P (40b)
o = (1 - pp)att + ppzk (40c)
2P = (1= pp)2" =1 + ppz". (40d)

The parameters 7 and o satisfy o7||A||? = v2||A|* < 1.

To summarize, we have shown that the DRS method (36) for problem (30), started at an initial
point 40 = (2° + 7AT20,7CT2Y), is identical to the iteration (40), and that the iterates in the two
algorithms are related as y* = (2% + 7AT 2% 7CT2¥). The correspondence between the other variables
is that @* = (z¥,0) and w* = 7BTz*. In particular, when written as (40), the DRS method does not
require the matrix C. It is interesting to note that a combination of two facts allowed us to go from (39)
to (40) and express the equations in terms of the first block A of B. In the product B(2a* — uF~1) the
matrix C is not needed because the second components of @* and u*~! are zero. The product Buw"*~!
simplifies because w*~! is in the range of BT and BBT = ~~21.

For F = 0f and G = 9y, algorithm (40) is the PDHG algorithm (2). For general monotone operators
it is the extension of the PDHG algorithm discussed in [3, 34].

4.2 Accelerated DRS algorithm
If F is pu-strongly monotone, the accelerated DRS algorithm (27) can be applied to (30):
uk = (]Tk};(uk*1 — kY

1
k_ i k=1 % ok k_ k-1
w” = JT;JrllG,l(w + — (u® + 0k (u® —u®77)))

with 0, = 1/y/1+ 2u1; and 741 = 07 for k = 1,2,.... The variables u* and w* are in R™*P and will

be partitioned as u* = (u¥,u§), w* = (w§,wk). After substituting the expressions for the resolvents (32)

and (34) we obtain

u = (Jrp(uf ! = mwi ™), 0)

wh = BTJa-kcfl (VQBwk_1 + akB(uk + Hk(uk — uk_l)))

where o3 = 72 /741. From the first line, it is clear that ulg = 0 at all iterations. From the second line,

w® is in the range of BT, so it can be written as w* = BT 2F where z, = v?BwF. If we start at initial

points that satisfy uJ = 0 and w® = BT20, and define z¥ = v}, the algorithm simplifies to

af = p (e — AT R (41a)

K=, 6 (zk_l + o A(z" 4 Oy (z* — :ck'_l))) . (41b)

This is the accelerated PDHG algorithm [26, Algorithm 2] applied to a monotone inclusion problem.

4.3 Convergence results

The reduction of PDHG to the DRS algorithm allows us to apply convergence results for DRS to PDHG.
From the results in [7] discussed in §3 we obtain a convergence result for an inexact version of the relaxed



PDHG algorithm (40),

#F = Jop(ah T — AT 4, (42a)
= Joa (T 4 0 A2EF — ) 4 e (42b)
2F = (1= pp)a* 1t 4 ppz® (42¢)
2K = (1= pp)2"~t + pr2". (42d)

Suppose F' and G are maximal monotone operators and (28) is solvable. If the conditions

ol AP <1, S pelldkl +lewl) < oo, S k(2= pr) <o
k=0 k=0

are satisfied, then (2, z*) and (z*, 2¥) converge to a limit (z, z) that satisfies

e[ LB )

Applied to the PDHG algorithm (2) for solving (1), this gives Theorem 3.3 in [11]. The result from [11]
was itself a significant improvement over the convergence results in earlier papers on PDHG, which
mention convergence for To||A||> < 1 and pi, = 1; see [15, Theorem 2.4], [27, Theorem 2], [4, Theorem
1].

If F is strongly monotone and G is cocoercive, then the linear convergence result from [18] mentioned
in §3.1 applies to the reformulated problem (30). If F is u-strongly monotone and G is (1/8)-cocoercive,
then F is p-strongly monotone and G is (72/8)-cocoercive. Therefore taking

_2+9/u/B _ 7 _
pkil—f—'y\/m’ Tﬁ\/ﬁiﬂ’ 0,77-7,}/\/?7

in the relaxed PDHG algorithm (40) gives a linear convergence rate with factor

(43)

1
T Tl

This can be compared with the convergence result for Algorithm 3 in [4], a version of the accelerated
algorithm (41) with parameters

1 Yy
9 R ———) 7 = O = \/ /3

(in our notation). In [4, Theorem 3], the accelerated PDHG algorithm is shown to converge R-linearly
with rate

1/2
1
(1 + 27\/u/6> '

This is comparable in its dependence on +/u/8 and higher than the rate (43), which holds for the relaxed
non-accelerated algorithm.

Finally, if F' is p-strongly monotone, and no properties other than maximal monotonicity are assumed
for G, then it follows from the result in [12] mentioned in §3.2 that the accelerated PDHG algorithm (41)
converges with ||z* — 2*||2 = O(1/k?). This agrees with the result in [4, Theorem 2].
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4.4 Related work

The connections of the PDHG algorithm with the proximal point algorithm, the DRS method, and the
alternating direction method of multipliers (ADMM) have been the subject of several recent papers. He
and Yuan [19] showed that algorithm (2) can be interpreted as a variant of the proximal point algorithm
for finding a zero of a monotone operator [29] applied to the optimality condition (3). In the standard
proximal point algorithm, the iterates 2**1 and z**! are defined as the solution z, z of

0 AT [z of (z) 1[x—ak
0 {—A 0 } H " {ag*cz) -]
In He and Yuan’s modified algorithm, the last term on the right-hand side is replaced with

o sl 175)

where 70| |Al|3 < 1. This inequality ensures that the block matrix in (44) is positive definite, and the
standard convergence theory of the proximal point algorithm applies. Shefi and Teboulle [31, §3.3] use
a similar idea to interpret PDHG as an instance of a general class of algorithms derived from the
proximal point method of multipliers [28]. Yan [35, Remark 1 in §3.2] gives an interpretation of the
PDHG algorithm as the DRS algorithm applied to the primal-dual optimality conditions and using a
quadratic norm defined by I —2AAT.

In these papers the PDHG algorithm is interpreted as a modified proximal point or DRS method
applied to problem (3), or a modified proximal method of multipliers applied to problem (1). This is
different from the approach in the previous section, in which the algorithm is interpreted as the standard
DRS algorithm applied to a reformulation of the original problem.

5 Primal form and application to non-convex problems

The starting point in §4 was the DRS algorithm in the “primal-dual” forms (24) and (27), i.e., written in
terms of the resolvents of F' and G~. If instead we start from the original form of the DRS algorithm (23)
or (26), we obtain a “primal” version of the PDHG algorithm expressed in terms of the resolvents of
F and G. This variant was studied in [21,22] for optimization problems of the form (1), in which g is
allowed to be semiconvex (i.e., has the property that g(z) + (\/2)||z||? is convex for sufficiently large \).

If G is maximal monotone, the resolvents of G™! in the PDHG algorithm (41) can be written in
terms of the resolvents of G using the identity (12). However in applications to nonconvex optimization,
the identity (12), i.e., the Moreau identity, does not hold. The direct derivation PDHG algorithm given
in this section does not rely on the Moreau identity.

We work out the details for the accelerated DRS method (26), applied to (30):

uk J}kp(ykfl)
yF =T a((L+0)uf — 0y + 0,(yF 1 = uP).

Tk+1G

The formulas simplify if we introduce a variable w* = u* — y* and remove y*:

k_ 7 (k=1 _
u'=J_ p(u w

T

wh = uF 4+ 0y (uF — uF1) 4 Gt — Jrié

k—l)

(u* + Oy (uF — u*1) 4 G,

Substituting the expressions for the resolvents (32) and (33) then gives

wh =~2BT <B(uk + 0 (u® — uF ) + Gt — JO_EIG(B(U]C + 0 (u® —uFY) + kak_l)))
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where o, = v%/7x11. We now apply the same argument as in the previous section. We assume u$ = 0
and w® is in the range of BT. Then u§ = 0 and w* can be written as wkF = Tk+1BTzk with zF =
(v2/Try1) Bw® = o, Bw". After this change of variables, and with ¥ = u¥, the algorithm reduces to

o = T p (e = AT (45a)

2P =P o AR + O (b — 2Ph)) — akjgk_lG(iz’f-l + Az 4 O (aF — 2F71))). (45b)
Ok

It is important to note that the steps in the derivation of algorithm 45 do not assume monotonicity of
the operators F' and G, since the expressions (32) and (33) hold in general. In particular, the expression
for J s was obtained from the first identity in (15), which, as we have seen, holds for general operators.

6 Three-operator extension of PDHG

Several extensions of the PDHG algorithm that minimize a sum of three functions f(z) + g(Ax) + h(x),
where h is differentiable, have recently been proposed [6,11,34,35]. A three-operator extension of the DRS
algorithm was introduced by Davis and Yin in [12, Algorithm 1]. In this section, we use the technique
of Section 4 to derive Yan’s three-operator PDHG extension from the Davis-Yin algorithm.

Let F,G, and H be maximal monotone operators on R™ and assume that H is 1/5-cocoercive. The
Davis-Yin algorithm is a three-operator extension of DRS that solves the monotone inclusion problem

0€ F(z)+ G(z)+ H(x)
via the iteration
l‘k _ JtF(yk_l)
wh = Sy (22" —y* T — tH(2"))
v =" 4 pr(w® - 2b).

Using the relation between J;g and Jg)-1 given in (12) and taking pj, = 1 for all k, we can write the
algorithm as

)

P = Jea)— (22" — yF=t —tH(2"))

y* = ok — ok —tH (2F).

Eliminating y*, we obtain the iteration
a* = Jip(zht — o —tH (2R (46a)
o = Jugy-1 (22F — 2" 0P tH (2P — tH (). (46b)
We will use the Davis-Yin algorithm to solve the monotone inclusion problem
0¢c F(x)+ ATG(Az) + H(x), (47)

where F and H are maximal monotone operators on R, G is a maximal monotone operator on R, A
is a real m x n matrix, and H is 1/-cocoercive. Problem (47) is equivalent to the problem

0 € F(u) + BY'G(Bu) + H(u), (48)
where F and G are defined in equation (31), B is defined in equation (29), and H is defined by
H(uy,ug) = H(up) x {0}.
The Davis-Yin iteration (46) applied to problem (48) is
uF = J_p(uF — R (b))

ok = J(Té),1(2uk —uF T P T H (WP — T H(WF)).

12



The variables are vectors in R™ x R?, which we will partition as u* = (u¥,u5), v* = (vF,v%). Substituting

the expressions for the resolvents (32) and (34) gives

ub = (Jop(uy™t — oyt = TH(u{ ), 0)

v* =7BT J, -1 (0 B(2uf — uF 7t 4 oF 7t s H(uFY) — 7 H(u)))

with o = 42 /7. The expression on the first line shows that u% = 0 for all k£ > 1. If we start with uJ = 0,
then u§ = 0 for all k. The expression on the second line shows that v* is in the range of BT for all k > 1.
If we choose 1° in the range of BT, then v* is in the range of BT for all k, i.e., v* = 7BT2* for some
2%, Since BBT = ~v721, the vectors z* are uniquely defined and equal to z¥ = (v2/7)Bv* = o Bv¥. If we
make these substitutions and write ¥ = u%, then the iteration simplifies to

ot = Jop(ah Tt — 7 AT rH(2PTY) (50a)
=T (P o A2 — 2 T H (MY — TH(2))). (50b)

The parameters 7 and o satisfy o7||A[|> = 7?||A]|> < 1. In the case where F' = 9f, G = dg, and
H = Vh, for some closed convex functions f and g and a differentiable convex function h, this is the
PD30 algorithm introduced in [35, Equations 4(a)-4(c)].

The convergence results in [12] can now be applied directly to the PD30 algorithm. For example, it
follows from Theorem 1.1 in [12] that if problem (47) has a solution and the step size restrictions 7 < 2/
and o7||A|? < 1 are satisfied then z* converges to a solution of (47) as k — oo.

7 Separable structure

The parameters o and 7 in the PDHG algorithm must satisfy o7||A[|> < 1. When the problem has
separable structure, it is possible to formulate an extension of the algorithm that uses more than two
parameters. This can speed up the algorithm and make it easier to find suitable parameter values [26].
The extended algorithm can be derived by applying the standard PDHG algorithm after scaling the rows
and columns of A and adjusting the expressions for the resolvents or proximal operators accordingly. It
can also be derived directly from DRS as follows.

We consider a convex optimization problem with block-separable structure

minimize ij (CUJ) + Zgi(z Aijxj)-
j=1 i=1  j=1

The functions f; : R% — R and g¢; : RP? — R are closed and convex with nonempty domains, and A;; is
a matrix of size p; x g;. To apply the DRS algorithm, we rewrite the problem as

minimize f(u) + g(Bu) (51)
where f and § are defined as

fut, oo tn, upyr) = ij(njuj) + 610} (unt1), g(vr, ..., 0m) = Zgi(’n_lvi),
j=1 i=1

and B is an m x (n + 1) block matrix

By -+ Bip Bing1 mmAi yinediz - A, Cr

5 By -+ Ba, Bania YoniAor  YamaAaa o yammAa, Co

By -+ B Bm,n+1 ’YmnlAml 7m7]2Am2 ’YmnnAmn Cnm

The positive coefficients «;, n; and the matrices C; are chosen so that BBT = I. The matrices C; will
appear in the derivation of the algorithm but are ultimately not needed to execute it. It is sufficient to
know that they exist, i.e., that the first n block columns of B form a matrix with norm less than or
equal to one.
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The DRS algorithm with relaxation (24) for problem (51) is

—k kfl)

= prox, 7 (y
" = BTprox(tg)*(B(mik — 1)
y* = (1= pe)y* "+ pr (@ — ).

Here we applied the property that if h(u) = §(Bu) and BBT = I, then PIOX(spy« = BTprox(tg)*(Bu)
(see (14)). Next we add two variables u* and w* as follows:

—k kfl)

= prox, ;(y

sz = BTprox(tg)*(B(Qﬂk — 1)
= (1= pr)u"~" + ppa

v = (1 — pu)y*t + pr(a® — @")

wk uk yk

Eliminating y* now results in

—k k=1 k=1

= prox, (u
s BTprox(tg)*(B(wk_1 + 2% —uF71Y)

g

= (1= pp)u*! + pa”
(1 — pr)w™ ! + pr®.

The proximal operators of f and g* follow from the scaling property (11), the Moreau identity, and the
separable structure of f and g:

pI‘OXtJZ(Ul, ceey Un, uTLJrl) = (n;lproxrlfl (nlul)v R n;lproxrnfn (nnun)’ 0)
(M g1 TYm Om
ProX(45)« (V1, -+, Um) = (Ulproxalgf (%Ul), ce Umproxamg:n(’ymvm)>

where we define 7; = tnjz- and o; = 2 /t. Substituting these formulas in the algorithm gives

uf =1); Prox,; (nj(u;ﬁl - wffl)), J=1...,n
k
Up+1 = 0

m ~ n+1

@f:Z’BUproxag*< Bi(wf™" 4 2af — uf 1)>7 Jj=1...,n+1
i=1 " L=t

uf = (1 = pp)ut~t + ppa®

wh = (1 — pp)w® + ppa®.

From these equations it is clear that if we start at an initial u® with last component w9, = 0, then
uf =@k, =0 for all k. Furthermore, the third and last equation show that if w? is in the range of
BT, then w”* and w* are in the range of BT for all k, i.e., they can be expressed as

m m
Zt/% 7 Zt/% , j=1,....,n+1.
=1 1=1

Since BBT = I, the variables zF and zF are equal to

n+1 n+1

o _ Vi ki _k .
=y D Bywy, A=) Bydy,  i=l..m
j=1
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If we make this change of variables and also define :E;“ = njﬂ;ﬂ x;“ = njug? , we obtain

m

-k _ k—1 T k-1 .

zj = prox, r (z; —7; g Az ), i=1....n
=1

n+1

zk = ProX, g« (zf*1 + o; Z Ay (2zF — xfﬁl)) ji=1,...,n+1
1=1

a2 = (1 - pp)a" ! + ppzk

2P = (1= pp)2" " 4 prp 2t

Since o;7; = 7377]2», the condition on the parameters o; and 7; is that the matrix

\/017'11411 \/0172A12 \/JlTnAln
Vo1 Ao \f02T2 A2 -+ \JO2Tr A2y

vV UmTlAml vV JmTQAmQ BV UanAmn
has norm less than or equal to one.
When m = 1, the condition on the stepsize parameters is 71 2?21 o, AL A;y =< 1. Condat [11, Algo-
rithm 5.2] uses o; = o for all i and gives a convergence result for 7o Y, A7 A;; < I [11, Theorem 5.3].

Other authors use the weaker condition 72221 oillAin|l? < 1 [3, page 270], [34, page 678]. Pock and
Chambolle in [26] discuss this method for separable functions f and g, and scalar A;;.

8 Linearized ADMM

It was observed in [15, Figure 1] that linearized ADMM [24, 25] is equivalent to PDHG applied to the
dual. (In [15] PDHG applied to the dual is called PDHGMp and linearized ADMM is called Split Inexact
Uzawa.) This equivalence implies that linearized ADMM is also a special case of the Douglas—Rachford
method. In this section we give a short proof of the equivalence between linearized ADMM and PDHG.
Linearized ADMM minimizes f(z) + g(Axz), where f : R™ — R and g : R™ — R are closed convex

functions and A € R™*™ via the following iteration:

i = prox, (" — (r/A)AT (AP — FT b))

2% = prox, ,(AZ" + uF1)

uf = uFTt 4 AR — 2k

Here 7 and A satisfy 0 < 7 < \/||A||?. For k > 0, define 2% = 7**1, 5o that

2% = prox, (A" +uF ) (52a)
uf =7 Akl - ok (52b)
z* = profo(glck*1 — (T/NAT (Azh=1 — 2% b)), (52¢)

From equations (52b) and (52a), we have
1
uf =P 4 Axhl - p1r0><>\q(A:L'k*1 +ubh) = APTOX—1 g+ (X(Axkfl +uP1). (53)

Equation (52b) also implies that 2u* — uF~1 = AxF~1 — 2% 4+ o*. Plugging this into equation (52c), we
find that
zh = prOXTf(oskfl — (/N AT (2uF — P 1Y), (54)
Let y* = (1/\)u for all k > 0 and let o = 1/A. Then, from equations (53) and (54), we have
y* = proxag*(yk*1 + o Azb1)
zF = profo(xk*1 — TAT(2yF — k1)),
This is the same iteration that one obtains by using PDHG to solve the dual problem

minimize  f*(—ATz) + ¢*(2).
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9 Conclusion

The main difficulty when applying the Douglas—Rachford splitting method to problem (1) is the presence
of the matrix A, which can make the proximal operator of g(Az) expensive to compute, even when g
itself has an inexpensive proximal operator. Evaluating the proximal operator g(Ax) generally requires
an iterative optimization algorithm. Several strategies are known to avoid this problem and implement
the DRS method using only proximal operators of f and g, and the solution of linear equations. The
first is to reformulate the problem as

minimize f(z) + g(y)
subject to Az =y

and apply the DRS method to h(z,y) + dv(x,y) where h(z,y) = f(z) + g(y) and Jy is the indicator
function of the subspace V' = {(z,y) | Az = y}. The proximal operator of dy is the projection on V,
and can be evaluated by solving a linear equation with coefficient AAT + I. This is known as Spingarn’s
method [14, 32, 33].

A second option is to reformulate the problem as

minimize f(u) + g(y)
subject to L{J x = {Z}

and solve it via the alternating direction method of multipliers (ADMM), which is equivalent to DRS
applied to its dual [14, 16]. Each iteration of ADMM applied to this problem requires an evaluation of
the proximal operators of f and ¢, and the solution of a linear equation with coefficient AA™ + I.

A third option is to apply the DRS method for operators to the primal-dual optimality conditions (3).
The resolvent of the second term on the right-hand side of (3) requires the proximal operators of f and g.
The resolvent of the linear term can be computed by solving a linear equation with coefficient t 27+ AAT.
This method and other primal-dual applications of the DRS splitting are discussed in [23].

In these three different applications of the DRS method, the cost of solving the set of linear equations
usually determines the overall complexity. The PDHG method has the important advantage that it only
requires multiplications with A and its transpose, but not the solution of linear equations. Although
it is often seen as a generalization of the DRS method, the derivation in this paper shows that it can
in fact be interpreted as the DRS method applied to an equivalent reformulation of the problem. This
observation gives new insight in the PDHG algorithm, allows us to apply existing convergence theory for
the DRS method, and greatly simplifies the formulation and analysis of extensions.
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