
                       _________________________________________________________________

Evaluation of Langmuir probe ion density
measurement in weakly ionized discharges

using plasma oscillation probes and
microwave interferometry

John D. Evans, Wade Zawalski*, and Francis F. Chen
*Hiden Analytical, Ltd.

LTP-111       November, 2001

Low Temperature Plasma
Technology Laboratory

Electrical Engineering Department
Los Angeles, CA  90095-1594

UNIVERSITY OF CALIFORNIA   •   LOS ANGELES



Evaluation of Langmuir probe ion density measure-
ment in weakly ionized discharges using plasma oscilla-
tion probes and microwave interferometry

John D. Evans�1, Wade Zawalski�2,3, and Francis F. Chen�4

� UCLA Department of Electrical Engineering,

56-125B Engr. IV, UCLA 159410

Los Angeles, California, 90095   USA

� Hiden Analytical, Ltd.

420 Europa Boulevard, Warrington, WA5 7UN   UK

(Short title:  "Evaluation of Langmuir probe Ni measurement via POP and MWI")

(PACS #s in order of relevance;)
( 52.70.-m, 52.70.Ds, 52.70.Gw, 52.50.Qt, 52.80.Pi, 52.50.Dg)

                                                
1 jdevans@ucla.edu
2 Presently at IMEC, Kapeldreef 75, B-3001 Leuven, Belgium
3 wade_zawalski@imec.be
4 ffchen@ee.ucla.edu



1

ABSTRACT

A comparison study is made of the classical theories of the determination of the ion
density Ni from the ion current Ii to a cylindrical Langmuir probe vs bias voltage Vb in
weakly ionized RF plasmas.  A broad parameter range is examined in a commercial induc-
tively coupled plasma (ICP).  Accurate local electron density Ne values (Ne,MWI) obtained
from Abel inversion of chord-averaged microwave interferometry (MWI) measurements us-
ing radial profiles Ni(R) from Langmuir probes, are verified by comparison with Ne from a
plasma oscillation probe, and then compared with Ni obtained from theoretical interpretations
of the probe current Ip(Vb) characteristics using a Hiden Langmuir probe.  Observed agree-
ment between Ne,MWI and Ni thus obtained ranges from poor to fair; best agreement is ob-
served at low pressure and RF power.  A heuristic alternative approach based upon the Child-
Langmuir law of ion sheath expansion (Ii ∝ Vb

3/4) is described, whereby Ni is determined by
extrapolation of a linear regression fit to Ip, in the ion saturation regime, to its value Ii(Vf) at
Vb = Vf, the floating potential.  Good to excellent agreement with Ne,MWI is thus obtained, far
superior to that using conventional analyses, despite the nonrigorous foundation for this
�floating potential� method.
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1.  Introduction

Proper theoretical evaluation of the ion density Ni from the current-voltage charac-
teristics (I-V curves) of a Langmuir probe [2] has been a subject of ongoing controversy [3-7]
since the inception of the Orbital Motion Limited (OML) theory in the pioneering work of
Mott-Smith and Langmuir [8].  More modern treatments include the Allen-Boyd-Reynolds
(ABR) radial motion theory [3] and the Bernstein-Rabinowitz theory [4] for the monoener-
getic ion case, as extended by Lafromboise [7] to treat the ion flux Ii to a cylindrical probe tip
in a Maxwellian plasma.  ABR assumes that ions have zero initial velocity, hence zero (con-
served) angular momenta Lm about the probe tip of radius Rp, at a distance R → ∞, so that all
ions accelerate radially towards the probe and are thus eventually collected.  If one hypothe-
sizes an "absorption region" as the locus of points that lie within a boundary of average dis-
tance Ra surrounding the probe tip, such that only those ions that cross the boundary are col-
lected by the tip, it is clear that in ABR theory Ra → ∞ encompasses the entire plasma.

In contrast, the orbital motion model (figure 1) permits finite ion temperature Ti, and
thus finite Lm.  Ions with sufficient Lm follow open orbits (R > Ra) that miss the probe,
whereas the others traverse closed trajectories and are collected.  Note, however, that Lm → ∞
as R → ∞ for finite temperature ions, which appears to be unphysical unless Ti = 0 at infinity;
conservation of Lm (= 0) would then imply that the ion motion is purely radial for ions com-
ing in from infinity, which is exactly the premise of the competing ABR theory and incon-
sistent with the initial assumptions of the orbital motion model.  OML is a special case where
no absorption radius exists, valid in the "thick sheath" regime (here, Ne ≡ electron density, Te
≡ electron temperature, and λD ≡ [ε0Te/eNe]

1/2 is the Debye length):

p p D ./ 3Rξ λ≡ ≤ (1.1)

Clearly, neither ABR nor OML constitutes a complete theory.  However, the Bern-
stein-Rabinowitz formulation as extended by Laframboise (BRL) is complete in that it per-
mits finite Ti and also treats the Ti → 0 case in cylindrical geometry, thus being potentially
applicable in virtually all collisionless plasmas.  Early studies by Chen et al [5] established
that the theoretically sound BRL approach yields Ni values in good agreement with Ne ob-
tained from microwave interferometry (MWI) measurements in a fully ionized Q-machine.
Such findings would normally lead to acceptance of BRL as the theory of choice over OML
and ABR, except that BRL overestimates Ni in the weakly ionized RF plasmas of current in-
terest [9], probably because such plasmas are not truly collisionless.  In a typical processing
plasma, the neutral pressure P0, and thus neutral density N0 and the ion-neutral collision fre-
quency νi0, are large enough to significantly perturb the (otherwise collisionless) trajectories
of ions in the vicinity of the probe; collisionality therefore leads to an enhancement of Ii over
its BRL theoretical value and therefore to an overestimation of Ni.

Despite its apparent shortcomings, OML is attractive in that it yields a simple formula
for Ii to a cylindrical tip of length Lp in terms of V0 ≡ - (Vb - Vs), where Vb ≡ probe bias volt-
age and Vs ≡ plasma potential, in the ion saturation regime (V0 >> Te):
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where Ap ≡ 2πLpRp is the tip area and Mi ≡ ion mass.  Equation (1.2) is independent of Te and
easy to use; the slope of a least squares fit of Ii vs V0 1/2 is proportional to Ni for a given Vs.
This latter quantity is often determinable from the electron retardation region of the I-V curve
(Te ! Vb ! Vs), and thus Ni is obtained.

In practice, it is often found that Ii appears to vary as V0
1/2 at low densities.  However,

it is known that ABR [10] and BRL [11] also exhibit Ii ∝ V0
1/2 behavior in the thick sheath

regime.  Confusion may therefore arise as to whether an observed agreement between probe
data and an Ii vs V0

1/2 least squares fit constitutes experimental verification of BRL, OML, or
ABR, even though BRL is the most theoretically sound.  If OML is blindly applied anyway,
it is often observed that the intercept of the Ii 2 vs V0 least squares fit yields a value of Vs [at
Ii(Vs) = 0, from equation (1.2)] very different from the accurate result using the widely ac-
cepted Druyvestyn [13] method.  Finally, order of magnitude discrepancies between probe-
determined Ni values and Ne results obtained using other methods are reported [14,15] in
low-density plasmas, for which equation (1.2) is expected to apply.

At the other extreme, ξp  >> 1 (�thin sheath� approximation), BRL reduces to

0.4  i i p BI eN A u≅                                                      (1.3)

where uB ≡ (eTe/Mi)½ is the Bohm velocity.  Equation (1.3) differs from the Bohm result only
in the leading coefficient: values ~ 0.4 - 0.6 appear in the literature.  An apparent feature of
equation (1.3) is the lack of dependence upon V0, such that the probe current Ip approaches
this value as V0 → ∞, implying that its validity can be checked by adjusting V0 and verifying
that Ii indeed remains constant.  Although this condition is often met in high-Np plasmas such
as helicon discharges (Ne ≥ 1012 cm-3), it does not hold for all of the parameter regimes of an
ICP, particularly at low RF power.  Again, the experimentalist is denied a simple, reliable
theory for Ni from I-V curves.

A renewed interest in the proper interpretation of Ii vs V0, and the need for reliable in
situ plasma diagnostics in general, has arisen with the ongoing growth in popularity of
weakly ionized RF discharges [16,17] in the plasma processing industry.  A wide variety of
RF plasma production schemes are employed, each posing its own challenges in regards to
the measurement of plasma parameters.  In particular, RF-induced Vs fluctuations can distort
Langmuir probe characteristics, leading to an overestimation of Te [17] and Ni [11,18].  Nev-
ertheless, RF distortion of Ii is expected to be less severe than that of the electron current Ie,
so it appears worthwhile to demonstrate the reliable determination of Ni from Ii in a weakly
ionized RF plasma by using an independent diagnostic method to determine Np, and compar-
ing these results.

Despite the need for such a demonstration, surprisingly few accounts of such
research appear.  An earnest attempt was made by Tuszewski and Tobin [11] using spatially
averaged <Ne> from MWI to compare with the local Ni from a Langmuir probe in a variety of
plasma processing relevant gases.  Indeed, it was shown that RF distortion leads to an over-
estimation of Ni (~2-3x), obtained using BRL.  However, the validity of the technique used
for comparison of <Ne> with the local Ni(0) probe value was not established, and thus the
accuracy of BRL was left undetermined.
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In the present work, we present the results of a comprehensive comparison study, in a

commercial ICP reactor, of central Ni(0) measurements obtained by applying the above clas-
sical probe theories to the I-V curves from a cylindrical Langmuir probe, with (a) the local
Ne(0) using the plasma oscillation probe (POP) method, and (b) the spatially-averaged <Ne>
from MWI.  The connection between the nonlocal MWI values (<Ne>,MWI) and the local
Ni(0) probe measurement is established by Abel inversion; the profile normalization factor
Fnorm(0) ≡ Np(0)/<Np> is obtained from relative (not absolute) values of Np(0) and Np(R)
using a radially scannable Langmuir probe, and then used to solve for Ne(0) from the chord-
averaged <Ne>,MWI value.  This partially inferred Ne(0) is compared to the POP result as an
independent check of the Abel inversion.  If satisfactory agreement is obtained, a comparison
is then made with Ni(0) from the I-V curve using the various probe theories, as well as with
the electron density Ne,Ies(0) obtained from the electron saturation current Ies ≅ Ip(Vs).  The
results are used to choose the appropriate theory of ion current collection in weakly ionized
RF plasmas.

          Surprisingly, it is found that a heuristic approach based on the Child-Langmuir
law of ion sheath expansion, whereby it is postulated that Ii α V0

3/4
, and a least squares fit to

the Ii data yields Ni values that exhibit better agreement with Ne,MWI than the classical probe
theories throughout the range of parameters studied here.  Extrapolation of said fit to its value
at the floating potential Vf yields Ii (Vf), which together with the Bohm criterion, provides an
analytical solution for Ni as a function of Vs and Te.  This "floating potential method" is suc-
cessful despite its apparent lack of rigor.

2.  Experimental Apparatus and Diagnostic Methods 

The experimental device shown in figure 3 consists of a PlasmaTherm ICP source
module, mounted on top of a "magnetic bucket" [19] vacuum chamber that is lined with an
array of permanent magnets (not shown), arranged in vertical columns in alternate line cusp
configuration.  Such an edge-localized magnetic confinement scheme significantly enhances
the plasma density (Np) uniformity, especially near the edge [20], as well as increases the
overall density.  Edge uniformity is particularly desirable, as it dramatically decreases the
discrepancy between the chord-averaged density <Np> and the local Np(0) central value.
Several neutral gas feed ports are used, one near the top and two diametrically opposite each
other near the bottom (not shown), to minimize azimuthal asymmetry.  It proved necessary to
cool the tube (with a fan in this case) connecting the plasma chamber to the neutral pressure
(P0) gauge, and thus keep the neutrals sampled therein near room temperature, so as to permit
the determination of the neutral gas density (N0) from the P0 measurement.  An RFPP

RF10M generator with built-in automatic impedance matching network is used to couple RF
power Prf ≤ 1kW at fixed frequency fRF = 2MHz into the spiral-shaped antenna element
within the ICP module.  This antenna encircles a ~ 1 cm thick insulating ceramic liner which
comprises the antenna-plasma boundary.  Plasma is produced and sustained at 5 power levels
(300-900W at 150W intervals) and 4 neutral pressures (1, 2, 5 & 10 mTorr), thereby forming
a 20-element experimental matrix that spans a wide range of operating parameters of interest
to the processing industry.  Experiments are performed in the collisional regime; the ratio of
the electron collision frequency (fcoll) to RF frequency fcoll/fRF " 1 is such that Ohmic resis-
tive dissipation is predicted to dominate.
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Figure 4 shows a detailed conceptual diagram of the essential elements of each diag-

nostic.  MWI consists mainly of an HP 8510C network analyzer, which both launches and
mixes the signal and reference legs while sweeping the frequency fµw.  The phase shift ∆Φ
between the two legs versus fµw is thereby obtained, yielding accurate values of the line-
averaged density <Ne> vs fµw along a chord that intersects the region (R ~ 0, axial distance z
~ 22cm below top plate) sampled by the POP and Langmuir probe.  The POP consists of an
antenna in close (~ 1 cm) proximity to a filament, biased in such a way that a beam-plasma
instability, at oscillation frequency fosc approximately equal to the electron plasma oscillation
frequency fpe(0), is excited near the filament and detected by the antenna.  This signal is fed
into a spectrum analyzer, thereby yielding an independent measurement of Ne(0) α

( )0pef .  The resultant Ne(0),POP is then compared to the MWI value Ne(0),MWI obtained

from Abel inversion of <Ne>,MWI using Ni(R) from a radially scanable Langmuir probe, as a
check of the validity of this MWI technique.   If satisfactory agreement is observed, then
Ne(0),MWI is treated as the true Ne(0) value, which is used as the basis for comparison with
Ni(0) from the Langmuir probe using the various probe theories to determine which theory
yields the most accurate results in weakly ionized RF plasmas.

2.1.  Langmuir Probe (LP)

Figure 5 shows a schematic of the commercial Hiden [1] Langmuir probe (ESP)
used for all Langmuir probe measurements.  RF distortion of the I-V curve is reduced by a
choke located within the shaft near the tip and a large compensation electrode that is ca-
pacitively coupled to the tip, in order to drive it at the RF frequency and thus track Vs(t).
Hiden uses a standard tip size, Rp = 0.075 mm and Lp = 1cm >> Rp, to facilitate the use of
cylindrical probe theory, and so the criterion for validity of OML (equation 1.1) is satisfied in
many cases.  Let Xsh be the thickness of the sheath surrounding the tip; Rp is such that Rp/Xsh
goes through unity within the range of parameters spanned by the experimental matrix.  A
Hiden Hal IV probe driver interface unit (Fig. 4) was used to simultaneously sweep Vb and
measure Ip in order to obtain high quality I-V curves.  Hal IV is operated from a PC pro-
grammable interface using the ESPsoft Langmuir probe data acquisition/analysis software
package, which is user friendly and allows for rapid data analysis.  Figure 6 is a typical I-V
curve, which forms the basis of the ESPsoft analysis example outlined below.

Semi-automatic data analysis proceeds as follows.  Taking the first derivative of the I-
V curve and finding its maximum value (equivalent to setting d2I/dV2 = 0) according to the
Druyvestyn approach [13] yields Vs ≅ 14.2V (figure 7).  Next, Ip

2 vs Vb is generated, and the
user adjusts the scale until it looks similar to figure 8.  Ion current analysis is then performed
manually in conjunction with the ESPsoft OML algorithm, which calculates a least squares
fit (Iion-fit) of a user-selected interval of the curve, similar to the red dashed line of figure 8.
From equation (1.2), it is seen that OML theory requires that the extrapolation of Iion-fit inter-
sects the Vb-axis at Vs.  However, in practice a compromise is made between the quality of
the fit, the range over which the fit is obtained, and the degree to which this Iion-fit(Vs) = 0
constraint is met.  In many cases, a linear regression fit over the entire ion saturation region
will not extrapolate to Iion-fit(Vs) = 0, as it should according to equation (1.2).  Usually, how-
ever, a fit can be found that satisfies this condition, but this fit is of good quality over only a
limited portion of the I-V curve in the near-ion saturation current region.  In the case of figure
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8, the interval -50V < Vb < -7.2V was selected, yielding an Iion-fit (red dashed line) with Vb-
intercept = 14V ≅ 14.2V = Vs, in approximate agreement with that obtained using the Druy-
vestyn method.  However, (see Introduction) a good Ip

2 α Vb fit does not in itself constitute
proof of the validity of OML.  Assuming for the moment that OML does indeed apply, equa-
tion (1.2) yields Ni,OML from Iion-fit.  Analysis proceeds by taking the square root of Iion-fit

2 and
subtracting the resulting Iion-fit from the source curve Ip, yielding an approximation to the
electron current component Ie ≅ Ip - Ii of the original I-V curve.  Taking Ln(Ie) and choosing a
linear regression fitting interval, we obtain the slope = 1/Te.  ESPsoft then calculates Ne from
the electron saturation current Ies = eApNe(KTe/2πm)1/2 using Te and Vs from above, and dis-
plays the results in tabular form (Table 1) along with fitting parameters (note: the substitu-
tions "Vp"→Vs, " Ni +"→ Ni,OML and "Ne"→Ne,Ies are used henceforth).  All I-V curves, and
their associated Ni,OML and Ne,Ies values, were obtained in this fashion.  Radial profiles were
also obtained, at z = 22 cm, for calibration of the MWI results (Section 2.2).

Parameter Value Units Degree of accuracy: Comments by authors

Position 0 cm n/a

Time 42.4 seconds n/a

Vf 2.24 V

Vp Est. 14.2 V From Druyvestyn method

Vp 14.26 V From intersection of M1 & M2: Used for Ies

I(Vp) 0.037 Amps Evaluated at Vb = "Vp Est."

I(Vp)data 0.038 Amps Evaluated at "Vp":Used for Ies to calculate"Ne"

Te 3.13E+04 K

Te 2.69E+00 eV From user defined fit:slope="M1 Gradient"=1/Te

Ne 1.80E+17 /m3 From Te & Ies : => Ne,Ies

Ni+ 3.59E+17 /m3 From user selected "IC Gradient": => Ni,OML

Db 2.88E-05 m Debye length λD

Area 4.7 mm2 Cylindrical probe tip area Ap ≡ 2πRpLp

IC V Start -50.1 V Linear regression interval  -  Ip2 vs Vb : begin

IC V End -7.2 V "    "    "    " : end of regression fit interval

IC Gradient -3.53E-08 +/- 1.57E-10   : Yields Ni,OML from Eqn (1.2)

IC Intercept 4.84E-07 +/- 4.50E-09   : Yields Vs = (-intercept/gradient)

IC # points 430

M1 V Start 0 V Linear regression interval - Ln(Ie) vs Vb : begin

M1 V End 10 V "     "     "     "  : end of regression fit interval

M1 VMaxSlope 0 V

M1 Gradient 0.3711 +/- 0.001444  : Te (eV) = 1/(M1 Gradient)
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M1 Intercept -8.216 +/- 0.007222  : Intersection of M1 & M2 lines=>Vp

M1 # points 101

M2 V Start 17.6 V Linear regression interval-Ln(Ies) vs Vb : begin

M2 V End 24.8 V "     "     "     "   : end of regression fit interval

M2 Gradient 0.05145 +/- 0.000463

M2 Intercept -3.659 +/- 0.009825 : Intersection of M1 & M2 lines => Vp

M2 # points 73

Table 1: ESPsoft "Full Report", tabulated results obtained with the Langmuir probe, along with
authors' comments in italics.  Notation substitution: "Vp"→Vs, " Ni +"→ Ni,OML and "Ne"→ Ne,Ies.

ABR and BRL routines were developed in house [21] and used in Excel spread-
sheets; ESPsoft I-V curves were imported and analyzed, and the results plotted (figure 10).
In this example (P0 = 5 mTorr), neither ABR nor BRL achieved much better than factor-of-
two accuracy when compared with the true MWI Ne values [22], whereas OML yields the
best overall agreement of the classical probe theories.  Indeed, the normalized probe radius
varies from 1 ! ξp ! 4 over the sampled parameter range; the OML validity condition (equa-
tion 1.1) holds in most cases.

2.2.  Microwave Interferometry (MWI)

As indicated in figure 4, microwaves at frequency fµw are beamed into the discharge
(Sin) from a transmitting horn through one window, traverse the plasma and thus undergo
phase shifting due to the alteration of the beam phase velocity by the dielectric plasma me-
dium, then exit through a diametrically opposite window (Sout) and enter the receiving horn.
The phase of this outgoing �signal� beam (Φp) is measured (detected) by mixing it with a
fixed reference signal.  This process is repeated in the absence of plasma, yielding Φ0, the
vacuum phase value.  The measured phase delay ∆Φ ≡ |Φ0 - Φp| is used to calculate the aver-
age electron density <Ne> sampled by the signal beam (see below) over its entire path.  Basic
treatments of MWI are found in Chen [23] and Lieberman [24]; the technique used in the
present work is an improved, modern version of this basic scheme.  An HP 8510C vector
network analyzer replaces the klystron, oscilloscope, attenuator and phase shifter from the
classic [23,24] MWI setup.  Amplitude and phase ∆Φ are measured with resolutions of 0.05
dB and 0.5 degrees, respectively.  Also, fµw is swept over an interval, so that a plot of ∆Φ vs
fµw is generated.  Problematic fµw intervals [25] are identified and avoided (see below) by
using this technique, whereas they may go undetected in fixed frequency configurations.

Let s denote the position of a point along the path S of the signal beam.  The chord-
averaged electron density <Ne> along S is given by:

( )out out out

in in in

S S S

S S S
( )  ( )ds 1e ee N s ds ds N sN S≡ ≡∫ ∫ ∫             (2.1)
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It is thus important to choose S such that its length S ≡ |Sout - Sin| is easily determined,

and thus <Ne> readily evaluated.  Care must be taken in this regard.  Let λp (λ0) be the
plasma (free-space) wavelength of the beam.  Small-diameter plasma columns, for which the
wave number within the plasma kp ≡ 2π/λp ~ 2π/S, will diffract the beam and thus cause it to
traverse an a priori unknown path length - possibly not arriving at the receiving horn at all.
Plasma cylinders, a common discharge geometry, can cause significant refraction if the free-
space wave number k0 is comparable to 2π/Rc, where Rc is the local radius of curvature of the
plasma boundary.  Finite chambers (especially metallic cylinders) can have multiple internal
reflections of all or part(s) of the beam, leading to a weighted phase averaging over an un-
known mixture of path lengths.  The refractive index Np ≡ kpc/ω = λ0/λp that determines the
phase of the beam as it traverses the plasma is a function of s when Ne gradients are present;
such gradients are inevitable in laboratory discharges near the boundaries, although their sig-
nificance varies.  Aperture size, in this case the diameter of the vacuum-chamber interface
windows dw of the beam ports, must be carefully chosen; severe diffraction and internal re-
flections can occur if λ0, λp ~ dw.

All of the above-mentioned difficulties can be overcome in practice as follows: (a)
choose S to lie along a central chord such that its path through the plasma is symmetric, in
order to minimize possible refractions, (b) select fµw such that λp << a, where a is the radius
of the chamber, so that the plasma edge "looks flat" to the beam and refraction is thus mini-
mized, c) use microwave-absorbing material on the walls of the chamber--the bucket has
anodized walls which do not reflect microwaves particularly well, but this is not relied upon
here, (d) do the measurements on a plasma region with a fairly uniform Np(R) (ICPs are re-
markably so) and gentle gradients, if given a choice, and (e) further choose fµw such that
fp2/fµw

2 ≤ 0.1, so that the reflected/absorbed power is an insignificant fraction of the trans-
mitted power [25].

It is also convenient to choose fµw such that ∆Φ is a significant fraction of, but not
greater than, a single fringe (2π); this permits the unambiguous and yet accurate determina-
tion of ∆Φ in case the plasma initiates too rapidly to permit an accurate count of multiple
fringes, even with a fast storage oscilloscope.  It is not uncommon for the beam to be se-
verely refracted, or even lost altogether, in a rapidly time-varying plasma with large transient
Ne gradients.  It is apparent when signal loss occurs, as rapid and erratic discontinuities in ∆Φ
appear.  However, network analyzers are very sensitive, and the signal was never lost during
the experiment.  Accurate ∆Φ < 2π measurement is achieved by judicious choice of fixed fµw

or a swept-fµw technique over a suitable range.  Amplitude information can be safely ignored
as long as it is too small to produce appreciable plasma; it is the phase shift that is of utmost
interest.

An additional potential source of error stems from the fact that ∆Φ is averaged over
all paths that are traversed by the microwaves from their point of entry Sin  (transmitting horn
at near window) to their exit Sout (receiving horn at far window).  Phase averaging over mul-
tiple beam paths leads to a systematic error in the direction of increased ∆Φ, since all alter-
nate paths are longer than the desired direct signal path S, leading to an overestimation of Ne
if proper care is not taken.  Whereas this effect may be difficult to eliminate, or even detect,
when a single fµw is used, it is readily detected by sweeping over a range of fµw and examin-
ing the resulting DF vs fµw plots.  Multiple beam paths are indicated by discontinuities in said
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graphs, which are readily avoided by sweeping over a range of fµw and choosing an interval
for which DF(fµw) has nearly constant slope (constant Ne).  Generally, an interval for which
broad local minima in <Ne> ∝ DF/fµw vs fµw are observed in the parameter range of interest
is desired.  Such a well-behaved interval (82-88 GHz) was identified and selected for the pre-
sent work.

Trade-offs between accuracy and sensitivity of DF measurement (small λ), desire for
small beam cross-section (small λ), and affordability of the MWI apparatus (large λ), often
occur in practice.  For the chosen fµw range, λ0 ranges from 3.41 - 3.66 mm, and since a ~
180 mm >> λ0, the plasma boundary appears flat to the beam.  The aperture (window) di-
ameter dw = 26.6 mm, so λ0/dw ≤ 0.14 and the diffraction effects are expected to be tolerable.
The reliability of this MWI technique is evident from the stability of Ne,MWI vs swept fµw in
figure 11.  Deviations from the least squares fit line (red) indicate that the expected errors are
very small in this case.

Quantitatively, <Ne> is determined as follows.  For a single-pass beam (figure 4) that
traverses the central chord S connecting the entrance (Sin) and exit (Sout) windows of the
chamber through the axis (R = 0) at fixed axial distance z ≅ 22cm from the top of the source
module, ∆Φ is the integral of the cumulative phase delay of the beam along the locus of in-
finitesimal intervals ds that constitute S:

( ) ,  where 2 2 /
out

in

S

o p
S

o o wk k ds k f cµπ λ π∆Φ = − ≡ ≡∫  ,                     (2.2)

and ( ) ( ) ( )
1 2 1 22 21 1p o pe w o e ck s k f f k N Nµ= − = − .                    (2.3)

Here, Nc is the critical "cut-off" density above which fpe > fµw, kp becomes imaginary,
and the beam no longer propagates.  Note that kp is, in general, a function of s through its de-
pendence upon Ne(s).  Without loss of generality, we then write:

( )1 21 1 ( ) /  
out

in

S

o e c
S

k N s N ds ∆Φ = − − ∫ , (2.4)

which is real if Ne(s) ≤ Nc for all s. 

In practice, neither the maximum density Ne,max nor the shape of the profile Ne(s) is
known a priori, but in an unmagnetized ICP at Prf ≤ 1kW for P0 ≤ 10 mTorr it is safe to as-
sume that Ne,max << 1014 cm-3 ≅ Nc, the cut-off density for an 88 GHz beam.  At this fre-
quency, λ0 = 0.35 cm and S = 2a = 35.5cm, so that S/λ0 ~ 10 fringes.  Thus, a change in kp by
1% yields ∆Φ ~ 36 degrees, which is measurable to within ± 1% with the network analyzer.
Ease of evaluation of ∆Φ occurs when Ne << Nc; the integrand of equation (2.4) is expanded
in a Taylor series, and only the 1st order term is retained:

( ) [ ] ( )1 2
01 1 ( ) / 1 1 ( ) / 2 ( ) 2    2 ( )

out

in

S

e c e c e c c e
S

N s N N s N N s N k N N s ds− − ≅ − − = → ∆Φ ≅ ∫ . (2.5)

Note that 2   2e c e cN N N N∆Φ ∆Φ≅ ⇒ ≅ , and thus the chord-averaged density
is proportional to the phase shift in this approximation.  In the happy circumstance that
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Fnorm(0) is known (at least approximately) or perhaps even unity (better still), then the central
density Ne(0) is readily obtainable from ∆Φ.  In general, Fnorm(0) must be determined
through alternate means or via Abel inversion of a matrix of many chord-averaged MWI
measurements, including off-axis chords that are prone to refraction and multiple beam path
effects.  This latter technique is expensive and usually impractical, particularly if chamber-
width rectangular windows or alternate means of sampling an entire plasma cross-section are
unavailable.

A compromise solution to the profile correction problem was adopted, whereby the
usual Abel inversion procedure was used to calculate Ne(0) using the relative, as opposed to
absolute, values of Ni(R) and Ni(0) obtained with a radially scannable Langmuir probe in or-
der to compute Fnorm(0)|LP ≡ {Ni(0)/<Ni>}|LP using equation (2.1).  Provided that the actual
normalization factor Fnorm(0)|actual = Fnorm(0)|LP, and (from above) <Ne>,MWI = <Ne>|actual,
we may then relate the actual local electron density Ne(0)|actual to the measured <Ne>,MWI as
follows:

,
, 

< >   (0)|
(0)| =   (0)|   < > .

< >|
•

≡ •e MWI i LP
e LP e MWI

i LP
normactual

N N
N F N

N
                  (2.6)

The success of this technique depends upon the ability of the probe to yield accurate
relative measurements of Ni(R) at all R along the chord.  If the probe theory that is used to
obtain Ni(R) becomes invalid at some R or otherwise exhibits systematic error, then the
measured Fnorm(0)|LP may differ from Fnorm(0)|actual and yield an inaccurate value of
Ne(0),MWI from equation (2.6).  An independent measurement of Np(0) {Np(0)|other} is thus
desired to ensure that gross errors are not thereby introduced.  To this end, the POP method is
employed in the present work.  As will be discussed in Section (2.3), the POP itself may suf-
fer from systematic error [26], but a lower bound of the accuracy of the Abel inversion tech-
nique can still be obtained for verification purposes.

It will be demonstrated a posteriori that the density profiles obtained as per above are
very uniform over the majority of the plasma cross-section, and thus <Ne> ≅ Ne(0) is readily
determined.  Using this local value of Ne(0), a comparison is made with that obtained from
the local POP method with the probe positioned at R = 0 along the chord subtended by the
MWI beam path.  If satisfactory agreement is obtained between the MWI value Ne(0),MWI
and the POP result Ne(0),POP, then Ne(0),MWI is treated as the true Np(0) value to which all
else will be compared.  Radial Ni(R) profiles were obtained at each P0 and Prf using the scan-
nable Langmuir probe, and the resulting curves were integrated to yield Fnorm(0) in each
case.  It was thus found that <Ne> ≅ Ne(0) to within experimental error in all cases, probably
due to the excellent uniformity of the ICP discharge.  Figure 12 shows the results for the 5
mTorr case.  Profile effects are henceforth ignored, but the POP technique is described in the
next section.

2.3.  Plasma Oscillation Probe (POP)
The Plasma Oscillation Probe (POP) method is, in principle, a robust way to make lo-

cal measurements of Ne in a wide variety of operating regimes.  Introduced by Sugai and co-
workers [27] and demonstrated in the harsh RF and chemical environments of exotic proc-
essing plasmas such as electronegative gases [26], this method has been used for Np ~ 109 -
1011cm-3 in the low-medium pressure range of capacitive and inductively coupled RF-
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plasmas.  As shown in figure 13, the POP consists of a filament (e.g. tungsten) and an an-
tenna (thin wire ~ 1 cm long), parallel to each other and in close (~ 1 cm) proximity.  Enough
filament current Ifil is supplied to make it glow (dull-to-bright red) and emit electrons, while
sufficient negative filament bias voltage Vfb is applied with respect to the chamber so that the
electrons stream towards the walls.  If Ifil and Vfb are sufficiently large [26,27], an electron
beam forms of sufficient energy Ub = Vs - Vfb and density Nb to excite the classic two-stream
instability [23].  Under those conditions where thermal effects can be neglected (Ub/Te > 20,
true in all cases herein), the frequency of the most unstable mode fosc is given by the "weak
beam" formula [28]:

( )1 31 16  if << 1η η ≅ − ≅ ≡ osc pe pe eb b bf f f N N               (2.7)

If this inequality is satisfied, fosc is independent of Nb and Ub as long as the latter is
also kept sufficiently small.  Electron plasma oscillations are detected by the antenna, which
is connected to an HP8592A spectrum analyzer.  With proper care [26] a single narrow peak
is observed (figure 14) at frequency fosc ≅ fpe, related to Ne in convenient units as:

( )210 -3(10 cm ) = 1.24 GHze peN f                         (2.8)

This simple formula is known to break down (a) at sufficiently high electron collision
frequency fcoll such that fcoll/frf ≥ 0.1 [26], and (b) when Ub (i.e. Vfb) is large enough to excite
other modes besides the most unstable one.  Also, if Prf (and thus Ne) is too low, then the
electron beam becomes a significant source of ionization and it undergoes self-oscillation
within the tenuous plasma it creates (figure 15).  In this filament-produced plasma (Prf = 0),
fosc = 783 kHz (as indicated by the marker) yields Nb = 7.6 x 109 cm-3.

In practice, the failure modes described above are readily detected as follows: modest
changes in Vfb and slight changes in Ifil do not alter fosc.  If the peak moves sideways on the
spectrum analyzer (fosc shifts) as these parameters are varied, then it does not correspond to
the desired mode, and the beam parameters must be readjusted until the candidate peak re-
mains stationary.  POP is robust in that fosc is not altered by phenomena that typically inter-
fere with other diagnostic techniques, most notably RF-induced Vs fluctuations that distort
the characteristic curves from Langmuir probes that are not properly RF compensated [9].
However, if the oscillation is not already driven into saturation, such fluctuations may am-
plitude-modulate this electron plasma "carrier" frequency (by modulating Ub) and create
sidebands at fpe ± frf, such as are commonly observed (figure 16).  Furthermore, if Np itself is
RF-modulated, then split peaks may result (at say, f1 & f2) such that, in the specific example
of figure 17,

2 2 2 2
2 1/   ( - ) /( )   (5.4 / 45.6)   1.5% e e avgN N f f f∆ ≅ = ≈               (2.9)

If Ne(t) modulation indeed occurred in this case, then the peak near 100 MHz could
be the interference product of a pair of unstable modes, corresponding to Ne(tn) at times tn = t0
and t0 + 1/(2frf) at which Vs(tn) reaches its maximum and minimum values (respectively)
within one RF cycle.  In many cases [e.g. Vs(t) ∝ sin(2πfrft)], the plasma parameters are
quasi-stationary at times tn corresponding to such extrema, so that the plasma appears to os-
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cillate between the two quasi-stable states.  Such an effect could, in principle, be detected by
mixing the MWI mixed/detected phase signal ∆Φ(t) with an RF reference signal, but this is
beyond the scope of the present work.  Alternatively, modulation of Ne(t) at frequency f ≠ frf
could yield similar features in the POP spectrum, provided that Ne(t) is quasi-stationary at
specific times τ corresponding to adjacent Ne(t) extrema.  Note that this Ne(t) modulation hy-
pothesis hinges upon the persistence of the beam-plasma instability over a time interval ∆τ
≥ 1/(2f); otherwise no interference would be observed between the two modes.

In contrast to figure 17, the case depicted in figure 18 is that of a purposefully over-
driven mode; Vfil = 230V and Ub are more than double the values required to generate a sin-
gle peak.  A split peak at fosc = f0 ± δf  is observed, with central frequency f0 ≅ 2.6 GHz and
frequency difference δf ≅ 30 MHz.  These features are relatively broad and indistinct, in con-
trast to the well-defined narrow peaks of figure 17.  Furthermore, a broadband "skirt" is ob-
served around fosc = 0 in figure 18, whereas a narrow low frequency peak that appears to be
an interference product of the two distinct peaks at fosc ~ 1.9GHz appears in figure 17.  This
finding suggests that multiple peaks are not automatically attributable to overdriving of the
beam, and are consistent with the hypothesis of a peak splitting mechanism due to temporal
modulation of Np, as per the preceding discussion.

In the present work, POP is used merely to confirm the validity of the Abel inversion
method used to extract Ne(0) from <Ne>,MWI measurements.  It can then be determined by
comparison which probe theory is the most accurate.  Although it is apparent from the above
discussion that the POP method is not perfectly understood, it is nevertheless sufficient for
the task at hand.

3.  Floating Potential Method 
As previously discussed (figure 10), it is found that the three main classical colli-

sionless probe theories (ABR, BRL and OML) yield different results for Ni(0), none of which
exhibit good agreement with the reliable Ne,MWI results for all operating regimes in the pres-
ent study.  Previews of the comparison with OML are shown in figure 19a.  It is observed
that OML consistently overestimates Ni, and the ordering Ne,Ies ≤ (Ne,MWI, Ne,POP) ≤ Ni,OML
recurs; these observations are consistent with previously reported results
[10,11,18,24,26,27,29].  This divergence of Ni results is possibly due to the fact that colli-
sions actually do occur in real plasmas that can destroy the ion angular momentum that OML
and BRL assume to be conserved.  Such an effect would increase the ion current [30] over
that predicted by OML or BRL theory, resulting in an overestimation of Ni,OML and Ni,BRL
over their true values.  Collisions could also cause ions to deviate from their (presumed) col-
lisionless trajectories within the presheath, thereby reducing their flux to the probe tip--an
effect which is not accounted for in the ABR or BRL theories.

It will be shown, however, that the best agreement with experiment is obtained from
none of the classical probe theories mentioned above.  Instead, we adopt an alternative heu-
ristic approach; it is postulated that Ii in the ion saturation region (V0 >> Te) is largely deter-
mined by the expansion of the Child-Langmuir (CL) ion sheath [22] surrounding the tip.  It is
further assumed that this sheath constitutes an absorption region of area Ash; it then follows
that Ii ∝ Ash = effective tip area.  It remains to show how Ash varies with V0 in order to de-
termine the dependence of Ii upon V0.  In its simplest one-dimensional form, the Child-
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Langmuir formula for the ion sheath thickness Xsh ∝ V0

3/4; it will be seen that, to a good ap-
proximation, Ii

 ∝ V0
3/4 in the ion saturation regime; a preview of the comparison of all of the

Ni results, including Ni,CL-Vf thus obtained, is shown in figure 19b.  In general, the ordering
Ni,ABR ≤ (Ne,MWI, Ni,CL-Vf, Ni,OML) ≤ Ni,BRL is observed throughout.

The 1-D formula for the CL sheath thickness Xsh as a function of the normalized
probe bias voltage ( )b s eV V kTη ≡ − −  is given by [23,24,31]:

( )3 4 3 4 3 4

0

2 = 2   1.02
3

η λ η λ η λ
α

≅ ≅sh D D DX .                            (3.1)

Other authors have derived similar formulas, differing mostly in the way the bound-
ary conditions at the sheath edge are treated [31,32], but use of these more sophisticated ex-
pressions does not improve the results.  Further assuming that the absorption region is a cy-
lindrical shell consisting of a probe tip of radius Rp surrounded by a CL sheath with thickness
Xsh given by equation (3.1), we write:

( ) ( ) for 2 + 1 / ,    . 2π π≅ = + ≅ << <<sh sh p p p sh p p sh pp shA X R L A X R R X LL X  (3.2)

Substitution of Xsh from equation (3.1) into (3.2) yields:

( )3 42sh p p DA L Rπ η λ= +    .    (3.3)

( )3 4
0( ) 2η π η λ α= +i f p f D p i BI R L N u .         (3.4)

Substitution of λD ≡ [ε0Te/eNe]
1/2 into (3.4) yields an analytical expression for Ni:

( )
21 2

2= -  + 1 + ,
          

iN B B C B
( )3 4 1 2

0

0
where & C

2
 

ηη ε
π α

 
 
 

≡ ≡ i ff e

p p p B

ITB
R e R L u

    (3.5)

Note that Ni may now be solved for in terms of Te, Vf, Vs and Iion-fit(Vf) ≡ Ii(Vf), pro-
vided that the latter quantity can be ascertained from the I-V curve.  Strictly speaking, Vs by
itself need not be known, since it only appears in equation (3.5) through the expression for
ηf, the normalized floating potential.  In any case, Vf is immediately obtained from the I-V
curve, and values for Te and Vs can in principle be found from the natural logarithm of Ie = Ip
- Iion-fit (below) and from dIp/dVb in a straightforward fashion.   Since the validity of the CL
law for the sheath thickness has been assumed as an initial ansatz, inspection of equation
(3.4) in the thick sheath limit (Rp << ηf

3/4 λD) yields Ii
4/3 α V0, indicating that a linear regres-

sion fit (Iion-fit) of Ii 
4/3 α V0 is in order.  Extrapolation of said fit to Vb = Vf yields a value of

Iion-fit(Vf) ≡ Ii(Vf) from which Ni can be determined.  Note that this technique is novel in that
it relies on the accuracy with which the ion current at Vf can be inferred through extrapola-
tion rather than on a directly measurable quantity.  The success of this "floating potential
method" [22,32] is probably due to the fact that the extrapolation need be valid only for a
relatively small excursion from the region of the I-V curve for which Ii >>Ie, as opposed to
other methods that require precise knowledge of Vs or are more sensitive to the estimate of Te
that is used in the calculations.
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Figure 20 illustrates the use of this Child-Langmuir floating potential (CL-Vf)

method in the analysis of Ii from a Langmuir probe.  In this example (P0 = 5 mTorr and Prf =
900 W), the functional dependence of Ip(V0) according to (a) OML and (b) CL-Vf is evalu-
ated by plotting the single power laws Ip

x vs V0 for x = 2 and x = 4/3, respectively, then com-
paring the quality of the fits.  Note the remarkable improvement in (b) over (a), suggesting
that the CL-Vf method is the more applicable of the two in this case.  It must be noted that an
additional constraint is imposed in the OML case, namely that Ii → 0 as Vb → Vs ≅ 14.2V as
measured previously using the Druyvestyn approach; this constraint must be imposed since it
follows directly from the OML formula {equation (1.2)}.  No constraint is imposed in the
CL-Vf case; the CL sheath must collapse for Vb>Vs - Te / 2 because the Bohm sheath crite-
rion cannot be satisfied.

An excellent fit of the Ii 4/3 power law to the data is shown in figure 20b. More details
concerning the rationale for this approach are presented in a companion paper [32].  Inver-
sion of the Ip

4/3 curve of figure 20b back to Ip ≅ Iion-fit vs Vb yields figure 20c, whereby a
value of Ii(Vf) ≅ Iion-fit(Vf) is obtained by inspection of the graph.  Subtraction of this Iion-

fit(Vb) fit from Ip yields an approximation to Ie, the electron component of the total current.
Taking the natural logarithm of Ie yields figure 20d, which appears to be linear (nearly expo-
nential behavior) over a much larger interval in Vb (-7V < Vb < 10V) than in the correspond-
ing Ii

2 power law case of figure 9.  In this case, apparently the I 4/3 power law fit more accu-
rately models the ion contribution to the total probe current.   A least squares fit to said inter-
val is obtained (red line of figure 20d), the slope of which (= 1/Te) yields Te ≅ 2.84 eV.  Sub-
stitution of Te into equation (3.5), together with Ii (Vf) from above, yields a value for Ni
(≡Ni,C-L-Vf ), which is then compared with the corresponding quantities (Ni,ABR, Ni,BRL and
Ni,OML) obtained using the classical probe theories described above.  Such a procedure is
used to generate the Ni,CL-Vf points of figure 19b and figure 21, which exhibit the best overall
agreement with experiment of all of the methods of determination of Ni from Ip considered
herein.

4.  Results and Discussion
Figure 21 summarizes the results of the density measurements for the entire 20-

element experimental matrix of operating parameters sampled in the current study.  Density
measurements from all of the diagnostics are included here.  For ease of comparison, the
probe results obtained from the BRL and ABR analyses are excluded from these graphs; we
merely note that BRL (ABR) continually overestimates (underestimates) Np by ~ 2x, as in the
case of figures 10 and 19b.  ESPsoft is used to extract Ii from the I-V curves to yield
Ni,OML.  Excellent agreement is observed between Ne,POP and the true Ne,MWI values for P0 ≤
2 mTorr.  However, for P0 ≥ 5mTorr, Ne,POP consistently falls on or below Ne,MWI, and lies
above the Ne,Ies results.  As shown in the figures, the CL-Vf approach yields the best agree-
ment between the Langmuir probe results and MWI throughout the range of parameters cov-
ered in the present work.  Indeed, Ni,CL-Vf falls within the error bars of Ne,MWI in all cases.  It
is not known for certain at present how such a remarkable degree of accuracy is obtained
from this non-rigorous approach, but these figures provide overwhelming evidence that the
extrapolation of the Ii 4/3 fit to Vb = Vf is indeed the correct approach.  Further discussion may
be found in the companion theoretical work [32].  Many results obtained over the years are
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also confirmed here: Ni,OML consistently overestimates Np for all but the highest P0 and Prf.
Indications are that Ni,OML exhibits good agreement with Ne,MWI by accident [10] for P0 ≈ 10
mTorr.  Ni,ABR results are the lowest of all.

Apparently, the POP technique is more accurate than the Langmuir probe method
when OML theory (Ni,OML) or the electron saturation current (Iesat) method (Ne,Ies) is applied
in the low-P0 cases.  It has been noted [26,27] that POP yields values of Ne ~ 40% higher
than Ne from Langmuir probes, and ~ 30-50% lower than Ni from Langmuir probes when
BRL is used.  This discrepancy was attributed to probe aberrations such as electron reflection
and reemission from the tip, secondary electron emission, etc.  In the present study, it is also
observed that Ne,Ies ≤ Ne,POP ≤ Ni,OML, in apparent agreement with previous authors, which
would seem to corroborate the previous findings.  However, note that Ne,POP ≤ Ne,MWI
throughout the parameter range of the present work as well.  Treating the MWI results Ne,MWI
as true, reliable values of Np, we therefore conclude that POP suffers from a systematic error,
in that it yields results that are consistently lower than the true values, the degree of deviation
increasing with P0 and/or Np as well.  Since the causes of probe-related aberrations men-
tioned above cannot affect the MWI measurements, we deduce that another mechanism is
responsible for the discrepancy between the POP results and the Langmuir probe values at
higher P0 and/or Np.  In order to narrow down the cause still further, we note that the dis-
crepancy between the Ne,POP and Ne,MWI / Ni,OML results is much larger at P0 = 10mTorr than
at 5mTorr, even when cross-comparisons between the two data sets for points with approxi-
mately equal Np are made.  This finding strongly indicates that it is P0, and not Np, which is
associated with the apparent systematic error in the POP method.  Despite this complication,
POP proved to be very useful for the purposes of the present work.

5.  Summary and Conclusions
A definitive experimental evaluation of ion density measurement techniques based on

Langmuir probes is performed in an RF-produced ICP reactor, in which the classical theories
of ion collection current Ii to a Langmuir probe are tested over a wide range of plasma pa-
rameters.  In particular, ABR, BRL and OML theories are evaluated as to their predictive
power in the determination of Ni over the wide range of parameter space thus obtained.  Ac-
curate values of central electron density Ne(0) are obtained in Ar from chord-averaged <Ne>
measurements using MWI and Abel inversion of the radial profile N(R) obtained from
Langmuir probes.  Density profiles were highly uniform, so that a correction to the chord-
averaged MWI results for <Ne> was unnecessary.  Results are compared to those obtained
from the PO) method.  Reliable values of Ne,MWI(0) thus obtained are compared with Ni(0)
from theoretical analyses of the I-V curves obtained with a Langmuir probe, as well as with
Ne,Ies(0) from electron saturation current Ie(Vs).

ABR theory consistently yields Ni(0) values that are too low, and BRL overestimates
Ni(0) as well.  OML exhibits the highest degree of agreement with experiment of all three
classical ion collection current theories, but the accuracy of the OML values is observed to
decrease markedly with decreasing P0.  This observed trend is inconsistent with the physical
picture of OML, since it is presumably collisions that make Ii deviate from its expected val-
ues, which should lead to better agreement as P0 decreases.  Therefore, the inapplicability of
OML theory is reaffirmed, whereas it is conceded that Ii vs V0

1/2 yields a reasonable fit in
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some cases, albeit by accident.  However, the best results are obtained by using a heuristic
floating potential method, whereby Ii

4/3 ∝ Vb is observed and attributed to the expansion of
the Child-Langmuir sheath as Vb is driven into the ion saturation region.  This simple tech-
nique for determining Ni(0) from an extrapolation of an Ii 4/3 vs Vb linear regression fit to the
value Iion-fit(Vf) ≡ Ii(Vf) evaluated at the floating potential Vf, and subsequent solution of a re-
sulting quadratic equation, is demonstrated.  Excellent agreement between this CL-Vf method
and the MWI and POP results are observed in most cases, and CL-Vf still outperforms the
classical probe theories in the remaining instances.  Further studies are necessary to deter-
mine the limits of applicability of this approach.
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Figure Captions

Figure 1:  Orbital motion model.  Ions with sufficient angular momenta follow open (free)
trajectories; the rest are collected.  An absorption region of radius Ra ≥ R surrounds the
probe tip.

Figure 2: Orbital Motion Limited (OML) theory applies in the absence of an absorption ra-
dius.

Figure 3:  PlasmaTherm ICP source module on top of a magnetic bucket.  A 3-turn spiral
antenna is wrapped around a ~ 1cm thick ceramic liner which contains the plasma it cre-
ates when energized with RF.  Hiden ESP Langmuir probe (right) and the POP (left)
are visible through a MWI access window � all diagnostics sample the region R ≅ 0, at
axial distance z ≅ 22cm from the top of the source.  Machine parameters: module
i.d.=32cm, module-bucket interface at z = 16.4cm, bucket i.d. = 35.5cm, bucket height =
20.5 cm, RF power Prf = 300 � 900 W, neutral pressure P0 = 1-10 mT Ar, plasma density
Np = 4 x 1010 � 5 x 1011 cm -3 and electron temperature Te = 2 � 4 eV.

Figure 4:  Conceptual cutaway (top) view of experimental setup, including the essential ele-
ments of the diagnostics.  Also shown (dotted lines) is the plasma volume subtended by
the MWI signal beam path S, which encompasses the region sampled by the POP and
Langmuir probes.

Figure 5:  Schematic diagram of Hiden ESP commercial Langmuir probe.

Figure 6: Typical Langmuir probe I-V characteristic.  P0 = 5 mTorr, Prf  =  900 W.

Figure 7:  1st derivative of the I-V curve of Fig. 6.  A single peak is observed at Vb ≅ 14.2V
≡Vs, the plasma space potential, according to the Druyvestyn method.

Figure 8:  Ip
2 vs Vb, as generated by squaring the curve from Figure 7.  Linear regression over

a user-defined interval yields a reasonable ion current fit Iion-fit (dashed line) except at
large -Vb.

Figure 9: Ln(Ie) vs Vb, with least squares fit line evaluated in the electron retardation region
(red dashed); interval is chosen manually by the user.  Te is the reciprocal of the slope: ~
2.7 eV in this case.

Figure 10.  Np vs Prf, for P0 = 5 mTorr; Ni using BRL, OML and ABR-based algorithms on I-
V curves. OML yields the best agreement of the three classical probe theories with the
true Ne,MWI values.

Figure 11:  Example of <Ne>,MWI versus fµw over the interval 82-88 GHz, indicating the sta-
bility of ∆Φ with respect to swept fµw. Good statistics achieved by sweeping fµw.

Figure 12:  Calibration of Ne(0) from MWI using Abel inversion of Ni(r) from the radially
scannable Langmuir probe.  "Corrected" Ne(0) and "uncorrected" (Abel inversion not in-
corporated) <Ne> vs Prf: P0 = 5mTorr.  Both data sets fall within the error bars; similar
results obtained for all P0.

Figure 13:  Schematic of POP apparatus, consisting of a filament, an antenna, bias/filament
supplies and spectrum analyzer.  Vfb is applied between probe and chamber to accelerate
the electron beam.
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Figure 14:  Typical POP signal on spectrum analyzer.  Peak at fosc = 2.095 GHz yields Ne =

5.4 x 1010cm-3.  A narrow peak occurs if minimal Vbf and Ifil are supplied to excite the
beam-plasma mode.

Figure 15:  POP spectrum of tenuous, localized plasma produced by filament/e-beam only.
Prf = 0.

Fig. 16a:  Single, but broad, POP peak at fosc = 2.023GHz.  Note "skirt" near f = 0.

Fig. 16b:  Same as (a), but f-scale expanded - sidebands at frf and harmonics observed.

Fig. 17: Two narrow POP peaks centered at ~ 2.1GHz and ~ 100MHz apart.  Note presence
of 100MHz signal and several harmonics as well, possibly due to Np modulation by RF.

Figure 18:  Broad POP split peak due to an overdriven electron beam.  Vfb = 230V, Ifil = 6.8A,
more than double the values that yield a single, narrow peak.  Broadband skirt near f = 0,
indicating broadband beating with frf. P0 = 1 mTorr, Prf = 450 W.

Figure 19a:  Same as figure 10, but with Ne,POP and Ne,Ies from the Langmuir probe for com-
parison with Ne,MWI.  Ne,Ies ≤ (Ne,MWI, Ne,POP) ≤ Ni,OML, as previously reported in the litera-
ture.

Figure 19b:  Same conditions as (a), but just the Ni results from classical Langmuir probe
theories and Ni,CL-Vf from the Child-Langmuir floating potential approach. NI,CL-Vf yields
excellent agreement with Ne,MWI.  BRL represents an upper bound on the theoretical Ni,
whereas ABR is the lower bound.

Figure 20a:  I2 vs V0 fit (line) of the I-V curve (dots) obtained for P0 = 5 mTorr, Prf = 900W.
Adherence to OML imposes the constraint Ii →0 as Vb → Vs ≅ 14.2V obtained from the
1st derivative.

Figure 20b: I4/3 vs V0 fit (red) of the same I-V curve (dots) as in (a).  Note the high quality of
the fit and that no constraint on Ii at the Vb-intercept is imposed.

Figure 20c:  Inversion of the I4/3 ∝ V0 fit from (b), plotted as Iion_fit (line) with the Ip data
(dots).  Ii(Vf) is found by extrapolation of the fit to Vb = Vf; and then plugged into equa-
tion (3.5) to yield Ni,CL-Vf.

Figure 20d:  Ln(Ie) vs Vb, where Ie = Ip - Iion-fit, as calculated from the CL-Vf method.  A high
quality linear fit is obtained over a fairly wide interval -7 V < Vb < 10V, yielding Te =
2.85 eV.

Figure 21a:  Comparison of Np from (a) MWI - Ne,MWI, (b) POP - Ne,POP, and the Langmuir
probe--the latter using (c) OML - Ni,OML, (d) the CL-Vf algorithm--Ni,CL-Vf, and (e) elec-
tron saturation current--Ne,Ies.  The ordering Ne,Ies < (Ne,POP, Ne,MWI, Ni,CL-Vf) < Ni,OML is ob-
served.  Here, Ni,POP ≅ Ne,MWI and Ne,MWI ≅ Ni,CL-Vf < Ni,OML at all Prf.

Figure 21b:  Same as Figure 21a, but for P0 = 2 mTorr.  Same results, except that the success
of the CL-Vf  approach is more apparent, as is the convergence of the MWI, POP and CL-
Vf results.

Figure 21c:  Same, but for P0 = 5 mTorr.  Note the systematic deviation of Ne,POP from the
Ne,MWI result, and the convergence of the Ni,CL-Vf and Ne,MWI values, as Prf increases.

  Figure 21d:  Same, but for P0 = 10 mTorr.  The ordering Ne,Ies < Ne,MWI, Ne,POP < Ni,OML is
violated for the first time, for Prf ≥ 600 W.  Deviation of Ne,POP from Ne,MWI increased dra-
matically from the 5 mTorr case.  Ni,CL-Vf agrees with Ne, MWI to within experimental error in
all cases.
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Figure 1:  Orbital motion model.  Ions with sufficient angular momenta follow open (free)
trajectories; the rest are collected.  An absorption region of radius Ra ≥ R surrounds the probe
tip.
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Figure 2: Orbital Motion Limited (OML) theory applies in the absence of an absorption ra-
dius.
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Oscillation
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Microwave
Interferom etry
(MW I) W indow
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Probe

Ceram ic
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Figure 3:  PlasmaTherm ICP source module on top of a magnetic bucket.  A 3-turn spiral
antenna is wrapped around a ~ 1cm thick ceramic liner which contains the plasma it creates
when energized with RF.  Hiden ESP Langmuir probe (right) and the POP (left) are visi-
ble through a MWI access window � all diagnostics sample the region R ≅ 0, at axial distance
z ≅ 22cm from the top of the source.  Machine parameters: module i.d.=32cm, module-bucket
interface at z = 16.4 cm, bucket i.d. = 35.5 cm, bucket height = 20.5 cm, RF power Prf = 300
� 900 W, neutral pressure P0 = 1-10 mT Ar, plasma density Np = 4 x 1010 � 5 x 1011 cm -3 and
electron temperature Te = 2 � 4 eV.
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.Figure 4:  Conceptual cutaway (top) view of experimental setup, including the essential ele-
ments of the diagnostics.  Also shown (dotted lines) is the plasma volume subtended by the
MWI signal beam path S, which encompasses the region sampled by the POP and Langmuir
probes.

Figure 5:  Schematic diagram of Hiden ESP commercial Langmuir probe.
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Figure 6: Typical Langmuir probe I-V characteristic.  P0 = 5 mTorr, Prf  =  900 W.
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Figure 7:  1st derivative of the I-V curve of Fig. 6.  A single peak is observed at Vb ≅ 14.2V
≡Vs, the plasma space potential, according to the Druyvestyn method.
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Figure 8:  Ip
2 vs Vb, as generated by squaring the curve from Figure 7.  Linear regression over

a user-defined interval yields a reasonable ion current fit Iion-fit (dashed line) except at large -
Vb.
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Figure 9: Ln(Ie) vs Vb, with least squares fit line evaluated in the electron retardation region
(dashed line); interval is chosen manually by the user.  Te is the reciprocal of the slope: ~ 2.7
eV in this case.
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Figure 10.  Np vs Prf, for P0 = 5 mTorr; Ni using BRL, OML and ABR-based algorithms on I-
V curves. OML yields the best agreement of the three classical probe theories with the true
Ne,MWI values.
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Figure 11:  Example of <Ne>,MWI versus fµw over the interval 82-88 GHz, indicating the sta-
bility of ∆Φ with respect to swept fµw.  Good statistics achieved by sweeping fµw.
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Figure 12:  Calibration of Ne(0) from MWI using Abel inversion of Ni(r) from the radially
scannable Langmuir probe.  "Corrected" Ne(0) and "uncorrected" (Abel inversion not incor-
porated) <Ne> vs Prf: P0 = 5mTorr.  Both data sets fall within the error bars; similar results
obtained for all P0.

Figure 13:  Schematic of POP apparatus, consisting of a filament, an antenna, bias/filament
supplies and spectrum analyzer.  Vfb is applied between probe and chamber to accelerate the
electron beam.

Ifil

Ifil



27

Figure 14:  Typical POP signal on spectrum analyzer.  Peak at fosc = 2.095 GHz yields Ne =
5.4 x 1010cm-3.  A narrow peak occurs if minimal Vbf and Ifil are supplied to excite the beam-
plasma mode.

Figure 15:  POP spectrum of tenuous, localized plasma produced by filament/e-beam only.
Prf = 0.
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Fig. 16a:  Single, but broad, POP peak at fosc = 2.023GHz.  Note "skirt" near f = 0.

Fig. 16b:  Same as (a), but f-scale expanded - sidebands at frf and harmonics observed.



29

Fig. 17: Two narrow POP peaks centered at ~ 2.1GHz and ~ 100MHz apart.  Note presence
of 100MHz signal and several harmonics as well, possibly due to Np modulation by RF.

Figure 18:  Broad POP split peak due to an overdriven electron beam.  Vfb = 230V, Ifil = 6.8A,
more than double the values that yield a single, narrow peak.  Broadband skirt near f = 0, in-
dicating broadband beating with frf. P0 = 1 mTorr, Prf = 450 W.
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Figure 19a:  Same as figure 10, but with Ne,POP and Ne,Ies from the Langmuir probe for com-
parison with Ne,MWI.  Ne,Ies ≤ (Ne,MWI, Ne,POP) ≤ Ni,OML, as previously reported in the literature.
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Figure 19b:  Same conditions as (a), but just the Ni results from classical Langmuir probe
theories and Ni,CL-Vf from the Child-Langmuir floating potential approach. NI,CL-Vf yields ex-
cellent agreement with Ne,MWI.  BRL represents an upper bound on the theoretical Ni, whereas
ABR is the lower bound.
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Figure 20a:  I2 vs V0 fit (solid line) of the I-V curve (dots) obtained for P0 = 5 mTorr, Prf =
900W.  Adherence to OML imposes the constraint Ii →0 as Vb → Vs ≅ 14.2V obtained from
the 1st derivative.
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Figure 20b: I4/3 vs V0 fit (solid line) of the same I-V curve (dots) as in (a).  Note the high
quality of the fit and that no constraint on Ii at the Vb-intercept is imposed.
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Figure 20c:  Inversion of the I4/3 ∝ V0 fit from (b), plotted as Iion_fit (line) with the Ip data
(dots).  Ii(Vf) is found by extrapolation of the fit to Vb = Vf; and then plugged into equation
(3.5) to yield Ni,CL-Vf.
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Figure 20d:  Ln(Ie) vs Vb, where Ie = Ip - Iion-fit, as calculated from the CL-Vf method.  A high
quality linear fit is obtained over a fairly wide interval -7 V < Vb < 10V, yielding Te = 2.85
eV.
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Figure 21a:  Comparison of Np from (a) MWI - Ne,MWI, (b) POP - Ne,POP, and the Langmuir
probe--the latter using (c) OML - Ni,OML, (d) the CL-Vf algorithm--Ni,CL-Vf, and (e) electron
saturation current--Ne,Ies.  The ordering Ne,Ies < (Ne,POP, Ne,MWI, Ni,CL-Vf) < Ni,OML is observed.
Here, Ni,POP ≅ Ne,MWI and Ne,MWI ≅ Ni,CL-Vf < Ni,OML at all Prf.
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Figure 21b:  Same as Figure 21a, but for P0 = 2 mTorr.  Same results, except that the success
of the CL-Vf  approach is more apparent, as is the convergence of the MWI, POP and CL-Vf
results.
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Figure 21c:  Same as above, but for P0 = 5 mTorr.  Note the systematic deviation of Ne,POP
from the Ne,MWI result, and the convergence of the Ni,CL-Vf and Ne,MWI values, as Prf increases.
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Figure 21d:  Same as above, but for P0 = 10 mTorr.  The ordering Ne,Ies < Ne,MWI, Ne,POP <
Ni,OML is violated for the first time, for Prf ≥ 600 W.  Deviation of Ne,POP from Ne,MWI in-
creased dramatically from the 5 mTorr case.  Ni,CL-Vf agrees with Ne, MWI to within experi-
mental error in all cases.


