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a  b  s  t  r  a  c  t

This  paper  aims  to  numerically  predict  the  capacitance  of electric  double  layer  capacitors  (EDLCs)  made
of mesoporous  electrodes  consisting  of  closely  packed  monodispersed  mesoporous  carbon  spheres  in
(C2H5)4NBF4/propylene  carbonate  electrolyte.  The  model  faithfully  accounts  for  the  electrode  packing
morphology  and  the dependency  of  electrolyte  dielectric  permittivity  on  local  electric  field.  Three  sphere
packing  morphologies  were  investigated,  namely,  simple  cubic  (SC),  body-centered  cubic  (BCC),  and  face-
centered  cubic  (FCC).  A cylindrical  mesopore  in a mesoporous  carbon  sphere  was also  simulated.  This
study  demonstrates  that  the  field-dependent  electrolyte  dielectric  permittivity  significantly  affects  the
predicted  capacitance  of  EDLCs.  Moreover,  the  Stern  layer  needs  to be  accounted  for  in order  to  match
predicted  specific  area  capacitance  with  experimental  data.  This  study  also  establishes  that,  for  all  packing
structures, larger  sphere  diameter  results  in  larger  electric  field  at the electrode  surface  and  thus  larger
diffuse  layer  specific  area  capacitance.  For  sphere  diameter  less  than  40  nm,  SC packing  had  the  largest
electrolyte  volume  fraction.  This provided  more  space  for the  electric  potential  to  decrease  resulting  in
larger  electric  field  at the  electrode  surface  and  diffuse  layer  specific  area  capacitance  compared  with
BCC and FCC  packings.  On  the contrary,  FCC  features  the  smallest  volume  fraction  resulting  in  the  lowest
surface  electric  field  and  diffuse  layer  specific  area  capacitance.  The  packing  morphologies  of electrode
spheres  were  found  to  have  no significant  effect  on  the  diffuse  layer  specific  area  capacitance  for  sphere
diameter  larger  than 40 nm.

© 2011 Elsevier Ltd. All rights reserved.

1. Introduction

Electric double layer capacitors (EDLCs) have attracted signifi-
cant attention due to their promises as energy storage systems for
high power applications such as hybrid electric vehicles [1,2]. EDLCs
store electric charges physically in the electric double layer formed
at the electrode/electrolyte interfaces which are readily accessible
to ions present in the electrolyte [1–3]. Fig. 1 shows a schematic
of the electric double layer structure formed near the surface of
the cathode. Solvated cations of diameter a migrate and adsorb to
the electrode surface due to electrostatic forces. The Stern layer is
defined as the compact layer of immobile ions strongly adsorbed to
the electrode surface [4–7]. Beyond the Stern layer is the so-called
diffuse layer where ions are mobile under the coupled influence of
electrostatic forces and diffusion [4–7]. Because the charge is stored
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physically in EDLCs, the charging/discharging process is rapid and
highly reversible. Thus, the cycle life of EDLCs is essentially infinite
[1,2]. However, the energy density of EDLCs is typically lower than
that of batteries [1,2].

Electrodes in EDLCs are typically made of materials featur-
ing both micropores and mesopores offering large surface area
[1–3,8–11]. Research efforts have focused on increasing the energy
density of EDLCs by increasing the surface area of porous elec-
trodes and tailoring their morphology or pore size distribution
[1–3,8–11]. For example, Liu et al. [12] synthesized highly ordered
mesoporous carbon spheres arranged in a face-centered cubic
structure and used them as electrodes for EDLCs. Mesopores with
hexagonal cross-section existed in the carbon spheres and aligned
toward the sphere center [12]. The diameters of the mesoporous
carbon spheres and their mesopores were 250 nm and 10.4 nm,
respectively while the total specific surface area was reported
to be 601 m2/g [12]. The electrolyte was (C2H5)4NBF4 in propy-
lene carbonate non-aqueous solution [12]. The capacitance of
the mesoporous carbon spheres was  measured using both cyclic
voltammetry and galvanostatic charge/discharge. The capacitance
measured by cyclic voltammetry at low scan rate (1 mV/s) was
identical to results obtained using galvanostatic method [12]. The
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Fig. 1. A schematic of the electric double layer structure showing solvated anions
and  cations arrangement near the electrode/electrolyte interface in the Stern layer
and the diffuse layer.

authors reported the specific area capacitance of 10.8, 12.6, and
14.0 �F/cm2 under voltage of 1.5 V for the electrolyte concentra-
tions of 0.3, 0.5, and 1.0 mol/L, respectively [12].

Numerous experimental studies have been devoted to charac-
terizing the performances of EDLCs and their dependence on the
material, morphology, and pore size of the porous electrodes, as
well as on the ion size and solvent of the electrolyte [13–26].  It
is believed that the optimal electrode morphology should provide
both large surface area and “appropriate pore size” [1,9]. How-
ever, it remains unclear how the electrode morphology affects the
capacitance of EDLCs [1,27,28].

The equivalent RC circuit models [29–32] and homogeneous
models [33–46] have been used to numerically predict and inves-
tigate the performance of EDLCs. However, the equivalent RC
circuit models require prior knowledge of macroscopic parame-
ters such as the resistance and capacitance of the device which
are typically determined experimentally or by other methods.
Moreover, the classical RC circuit models may  not be valid for
EDLCs since this approach inherently neglects ion diffusion and
non-uniform ion concentration in the electrolyte [47–49].  Alter-
natively, homogeneous models were also developed to investigate
the charging/discharging dynamics of EDLCs. These models treat
the heterogeneous microstructure of the electrodes as homoge-
neous with some effective macroscopic properties determined
from effective medium approximations and depending on poros-
ity and specific area [33–46].  In addition, they typically impose
specific area capacitance or volumetric capacitance rather than pre-
dict them [33–46].  In addition, none of the RC and homogeneous
models mentioned accounts for the detailed mesoporous electrode
morphology.

Moreover, Yang et al. [50] performed molecular dynamics (MD)
simulations of EDLCs made of 390 single-wall carbon nanotubes
with diameter of 0.67 nm.  Their results showed that the capaci-
tance increases “modestly” with decreasing pore diameter larger
than 2 nm.  This qualitatively supported the experimental results
reported for mesoporous carbide-derived carbon electrodes [18].
However, MD  simulations are inadequate to perform extensive and
systematic study of EDLCs due to their computational cost and time
requirement.

This paper aims to clarify the fundamental physical mechanisms
to be accounted for in simulating EDLCs. Three-dimensional (3D)
equilibrium and heterogeneous model based on continuum theory
was developed to predict the specific area capacitance of elec-
trodes made of closely packed spheres and of cylindrical mesopores

Fig. 2. Schematic, dimensions, and coordinate system of the computational domain
simulated for carbon spheres with (a) SC, (b) BCC, and (c) FCC packings. Shaded areas
represent carbon spheres of diameter d. Five unit cells are shown here for illustration
purposes.

immersed in an electrolyte. It is unique in that it accounts for (i) the
accurate electrode morphology, (ii) the non-uniform ion concentra-
tion and electric potential distribution in the electrolyte, as well as
(iii) the dependency of the electrolyte dielectric permittivity on the
electric field.

2. Analysis

2.1. Schematics and assumptions

The actual geometry of the mesoporous carbon electrodes syn-
thesized in Ref. [12] was  quite complex. In order to simplify the
simulations while accurately accounting for the electrode mor-
phology, the problem was  divided in two  uncoupled problems
simulating (1) non-porous (i.e. dense) carbon spheres arranged in
periodic packing, and (2) a single mesopore inside a carbon matrix.
This approach is supported by the following facts: (i) under equi-
librium conditions, the electric potential is uniform across all the
electrode particles. Thus, the electric potentials at the outer surface
of the carbon spheres and the inner pore walls were identical. (ii)
The electric potential in the electrolyte solution decreased rapidly
to zero away from the electrode surface as discussed in Section
3.2. Therefore, it suffices to consider the dense spheres and meso-
pores separately while imposing the same potential at the sphere
or mesopore surface and zero potential far-away in the electrolyte
solution.

Fig. 2 shows the schematic of a representative computational
domain of closely packed dense spheres. Only the domain consist-
ing of the electrodes and the electrolyte solution was  considered
thus, ignoring the current collector. The electrodes consisted of
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Fig. 3. Schematic and dimensions of the computational domain simulated for (a) one
mesopore within a carbon sphere of (b) hexagonal cross-section with pore length
L  < 250 nm,  and (c) circular cross-section with pore length L = 250 nm.

dense monodispersed carbon spheres arranged in simple cubic (SC),
body-centered cubic (BCC), and face-centered cubic (FCC) packings.
Due to the periodicity, only a representative region of the entire
electrode was considered with the width and height equal to that
of one unit cell. Moreover, only a quadrant of a lattice unit cell was
simulated by virtue of symmetry (Fig. 2). Fig. 2a–c illustrates the
computational domain corresponding to five unit cells with SC, BCC
and FCC packings, respectively. The distance separating the anode
and cathode (separator) was always specified as 100 nm.  Increasing
the distance to 200 nm was found to have no effect on the pre-
dicted equilibrium capacitance. Note, however, that this distance
would have a significant effect on transient simulations of the EDLC
devices [40,41,51].  In addition, it is sufficient to simulate only half
of the entire device and consider only the anode, for example, due
to antisymmetry in the electric potential.

Moreover, Fig. 3 shows the schematic of the computational
domain of one mesopore in a mesoporous carbon sphere. Assum-
ing the electric potential to be the same across the solid phase of
the mesoporous spheres, it suffices to simulate only one mesopore.
Mesopores with either hexagonal or circular cross-section were
simulated. The length of the mesopore was denoted by L and var-
ied from 50 to 250 nm since its exact length remained unknown
[12]. An additional electrolyte region was specified on one end of
the mesopore with L < 250 nm corresponding to the space between
adjacent carbon spheres (Fig. 3b). Due to symmetry, the length
of this region was specified as 30 nm corresponding to half of
the “interconnected window” between carbon spheres of 250 nm
in diameter [12]. For mesopores going through the entire sphere
(L = 250 nm), a 30 nm thick electrolyte region was  specified at both
ends of the pore (Fig. 3c).

To make the problem mathematically tractable, the following
assumptions were made: (1) the electric potential and ion concen-
tration were invariant with time (steady state) and reached their

equilibrium states, (2) all the electrode particles were at the same
potential since there is no electric current under equilibrium con-
ditions, (3) anions and cations had the same effective diameter
[52–55], (4) isothermal conditions were assumed throughout the
electrolyte solution and the carbon spheres, (5) advection of the
electrolyte was  assumed to be negligible, (6) the ions could only
accumulate at the electrode surfaces and could not diffuse into the
solid phase of carbon particles constituting the electrodes. In fact, in
the cyclic voltammetry experiments reported in Ref. [12], no pseu-
docapacitive peak was observed in the C–V curves. Therefore, ion
insertion contribution to the electrode capacitance was  considered
negligible [5,56],  and (7) the continuum theory was assumed to be
valid for all the cases considered in this study. Its validity has been
examined in the literature [57–60] and is typically accepted when
the pore diameter is larger than 3–5 nm [57–60].

2.2. Governing equation and boundary conditions

Based on assumptions (2) and (6), the governing equations
only need to be solved within the electrolyte solution. The local
steady-state and equilibrium electric potential in the diffuse layer,
denoted by  (x, y, z), can be found by solving the modified
Poisson–Boltzmann (MPB) model accounting for the finite size
of the ions [52–55,61].  Among different MPB  models, Bikerman’s
model was the simplest developed for binary and symmetric elec-
trolytes and was  expressed as [52–55,61],

∇ ·
(
�0�r∇ 

)
= zeNAc∞

2 sinh(ze /kBT)

1 + 2� sinh2(ze /2kBT)
(1)

where �0 and �r are the free space permittivity and relative permit-
tivity of the electrolyte, respectively. The valency of the symmetric
electrolyte is denoted by z, while T is the absolute temperature, c∞
is the bulk molar concentration of electrolyte, e is the elementary
charge, NA and kB are the Avogadro constant and Boltzmann con-
stant, respectively. The packing parameter is defined as � = 2a3NAc∞
where a is the effective ion diameter. It represents the ratio of
the total bulk ion concentration to the maximum ion concentra-
tion assuming a simple cubic ion packing [49,54,55,62]. Therefore,
it should not be larger than unity for the model to be physically
acceptable [49,62].

The boundary conditions associated with Eq. (1) correspond to
experimental conditions where the electric potential was set to be
constant and equal to  s and − s at the anode and cathode, respec-
tively. By virtue of symmetry of the geometry and antisymmetry in
the electric potential, only half of the entire domain was simulated
(Fig. 2). Then, the boundary conditions can be written as,

 (ra) =  s and  (rs) = 0 (2)

where ra and rs denote the position vectors of the elec-
trode/electrolyte interfaces for the anode and the center plane of
the separator, respectively. In addition, symmetric conditions were
imposed at all the other boundaries.

2.3. Constitutive relations

In order to solve Eqs. (1) and (2),  the electrolyte properties �r,
z, c∞ and a are needed. The relative permittivity �r of polar elec-
trolytes may  significantly decrease as the electric field increases
[63–67]. In fact, the individual electrolyte molecules become highly
oriented under large electric field. Therefore, further orientation of
the molecules can hardly provide more polarization and the rela-
tive permittivity decreases [63–65].  Here, the Booth model [65–67]
was used to account for the effects of the electric field on electrolyte
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Fig. 4. Comparison of the relative permittivity of propylene carbonate electrolyte
predicted by Booth model [Eq. (3)] with  ̌ = 1.314 × 10−8 m/V  with predictions from
MD  simulations reported in Ref. [73]. The maximum relative difference was  less
than 7%.

relative permittivity. It is expressed as [65–67],

�r(E) = n2 + (�r(0) − n2)
3
ˇE

[
coth(ˇE) − 1

ˇE

]
for E ≥ 107 V/m

(3a)

�r = �r(0) for E < 107 V/m (3b)

where E =| − ∇  | is the norm of the local electric field vector,
�r(0) is the relative permittivity at zero electric field, and n is
the index of refraction of the electrolyte at zero electric field
frequency.

The Booth model was combined with Poisson equation in Refs.
[68–70] to investigate the repulsion between two charged planar
surface electrodes due to hydration forces in aqueous electrolyte
solutions. However, to the best of our knowledge, the present
study is the first to combine field-dependent permittivity and
Poisson equation for simulating EDLCs. It focuses on (C2H5)4NBF4
electrolyte in propylene carbonate solution at room tempera-
ture characterized by the following properties: �r(0) = 64.4 [71],
n = 1.42 [72], and z = 1. Moreover, the parameter  ̌ in Eq. (3a) was
determined by least-square fitting for the relative permittivity of
propylene carbonate reported in Ref. [73] and obtained by MD
simulations. Fig. 4 shows the relative permittivity of propylene car-
bonate predicted by the Booth model with  ̌ = 1.314 × 10−8 m/V
along with the predictions from MD  simulations [73]. The maxi-
mum  relative difference was found to be less than 7% for electric
field between 0 and 4 × 109 V/m.

Finally, the values of electrolyte concentration c∞ used in
the simulation were the same as those used in Ref. [12], i.e.,
c∞ = 1.0 mol/L. The ion diameter of non-solvated (C2H5)4N+ and
BF4

− ions was reported to be amin = 0.68 nm and 0.33 nm [74,18],
respectively. However, as discussed in Refs. [55,75], “Smaller bare
ions tend to be more heavily solvated and therefore have larger
effective diameters”. Here, the effective ion diameters of (C2H5)4N+

and BF4
− were assumed to be equal. In addition, when the elec-

trolyte concentration decreases, the dissolved electrolyte ions are
more solvated, i.e., they are surrounded by more solvent molecules
[12,76–79].  Consequently, the effective diameter a of the ions may
decrease with increasing electrolyte concentration [12,77,79].  Con-
sidering the fact that the solubility of (C2H5)4NBF4 in propylene
carbonate is about 1 mol/L at room temperature [80], the effective
ion diameter a was assumed to be equal to a = 0.68 nm.  The other
parameters needed to perform the simulations were also chosen

to be consistent with those used experimentally, i.e., T = 298 K, and
2 s = 1.5 V [12].

2.4. Method of solution and data processing

Eq. (1) was  solved using the commercial finite element solver
COMSOL 3.5a, along with the boundary conditions given by Eq.
(2).  The model was solved for constant permittivity �r(0) or field-
dependent permittivity �r(E) given by Eq. (3). The simulations were
run on a Dell workstation Precision 690 with two 2.66 GHz Quad-
Core Intel Xeon CPUs and 40 GB of RAMs.

The total charge Q stored at the anode was  computed
by integrating the surface charge density (�0�rE · n) along the
anode/electrolyte interfaces as [6,81],

Q  =
∫
Aa

�0�rE · n dA (4)

where E = − ∇  is the electric field vector, n is the local outward
normal unit vector at the anode/electrolyte interfaces. The interfa-
cial surface area Aa of dense sphere packings was the sum of the
surface area of the carbon spheres and of the current collector. For
the single pore simulations, Aa was  the surface area of the meso-
pore. The absolute charge computed at the anode and cathode was
identical due to symmetry in geometry and to the anti-symmetry
of the electric potential. The capacitance of the diffuse layer of the
simulated EDLC from single electrode was  estimated as CD = Q/ s

while its specific area capacitance CDs was given by,

CDs = CD

Aa
= Q

 sAa
= 1
 sAa

∫
Aa

�0�rE · n dA (5)

Moreover, the total specific area capacitance of electric double
layer, denoted by Cs, consists of the Stern layer capacitance and
of the diffuse layer capacitance in series. It is expressed as [5,7,56],

1
Cs

= 1

CSts
+ 1
CDs

(6)

where CSts is the Stern layer specific area capacitance which can be
estimated as [5,7,56],

CSts = �0�̄r
H

(7)

where H is the thickness of the Stern layer. It can be approximated
as the radius of the solvated ions [4–7] while �̄r is the average
dielectric permittivity along electrode surface defined as,

�̄r = 1
Aa

∫
Aa

�r(E) dA (8)

Here, �r(E) is determined by Eq. (3) based on the local electric field at
the electrode surface computed numerically. Note that, the poten-
tial drop in the Stern layer was neglected. The same approach was
used by Bazant et al. [55] to predict the differential double layer
capacitance of Ag electrode in KPF6 aqueous electrolyte solution.

Finally, numerical convergence was assessed based on the total
charge Q accumulated at the electrode/electrolyte interfaces. For
the simulation of packed carbon spheres, the convergence criterion
was chosen such that the maximum relative difference in Q was
less than 2% and 6% for constant permittivity and field-dependent
permittivity, respectively, when multiplying the total number of
finite elements by at least two. For the simulation of mesopores,
this convergence criterion was  chosen to be 2.5% for both con-
stant and field-dependent dielectric permittivity. The tetrahedral
elements were used in all the meshes generated. Mesh refine-
ment was  required near the electrode surfaces where the potential
gradient was large. The maximum element size to reach a con-
verged solution was  about 0.08–0.2 nm at all electrode surfaces.
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The total number of finite elements depended on the electrode
morphology (SC, BCC, FCC) and on the number of unit cells sim-
ulated, as well as on the model used for �r. The number of finite
elements was on the order of 105 to 106 in the simulations of
densely packed spheres when assuming constant �r. It was  one
order of magnitude larger for field-dependent �r predicted by Eq.
(3) due to larger potential gradient near the electrode surface
as discussed in Section 3.3.  In addition, the number of elements
was on the order of 105 to 106 for the single-pore simulations
depending on the pore length and for both constant and field-
dependent �r.

3. Results and discussions

3.1. Effect of electrode thickness on diffuse layer capacitance

The effect of the number of unit cells on the diffuse layer specific
area capacitance CDs was first investigated for SC, BCC, and FCC pack-
ings and for electrode spheres with diameter equal to 5, 10, 20, 40,
60, 80 and 100 nm.  For each packing morphology and sphere diam-
eter, the number of unit cells was increased from 1 to 5. The diffuse
layer specific area capacitance CDs computed when assuming con-
stant electrolyte permittivity decreased slightly when increasing
the number of unit cells and rapidly reached a plateau (not shown).
The effect of the number of unit cells simulated on CDs was  smaller
for large particle diameter. In fact, for particle diameter d = 20 nm,
the relative difference in CDs between 2 and 5 unit cells was  found
to be less than 2%.

In cases when �r dependency on electric field was  accounted for
through Eq. (3), this difference was less than 3% for all sphere diam-
eters and packing morphologies considered. Therefore, the diffuse
layer specific area capacitance CDs computed for mesoporous elec-
trodes can be assumed to be independent of the number of unit cells
simulated.

3.2. Effect of electrode morphology

Fig. 5 shows the computed electric potential contours in two
representative cross-sections perpendicular to the x-axis in the
computational domain for the SC packing with five spheres of diam-
eter d = 10 nm.  Their x-coordinates were (a) x = − d/2, and (b) x = − d,
respectively. Results were obtained assuming constant permittivity
(�r = 64.4), c∞ = 1 mol/L, a = 0.68 nm and  s = 0.75 V. Fig. 5 demon-
strates that the electric potential decreased rapidly to zero away
from the electrode surface. Note that the nearly identical con-
tours were observed periodically along the x-axis for −5d < x < 0
(Fig. 2a).

Fig. 6 shows the computed diffuse layer specific area capacitance
CDs for sphere diameter ranging from 5 to 100 nm obtained assum-
ing constant permittivity (�r = 64.4), c∞ = 1 mol/L, and a = 0.68 nm
for SC, BCC, and FCC packings. It is evident that CDs increased with
particle diameter for all three morphologies simulated and rapidly
reached a plateau. This can be attributed to the fact that (i) the
electric potential   in the electrolyte solution was maximum at
the electrode surface and decreased rapidly away from it, (ii) the
electric double layer of adjacent spheres started overlapping as the
particles got closer to one another, and (iii) the distance between
surfaces of adjacent electrode particles increased with particle
diameter. Overall, larger electrode particle diameter resulted in
larger electric field (E = − ∇ ) at the electrode surface and thus
larger CDs , according to Eq. (5).  The asymptotic value of CDs , rep-
resented by the solid line in Fig. 6, corresponds to that of planar

Fig. 5. Numerically predicted electric potential contours at two representative
cross-sections perpendicular to the x-axis for the SC packing with five spheres with
diameter of d = 10 nm. Their x-coordinates were (a) x = − d/2, and (b) x = − d. Elec-
trolyte concentration was set as c∞ = 1.0 mol/L, electrolyte permittivity was assumed
to  be constant (�r = 64.4), a = 0.68 nm and  s = 0.75 V.

electrodes assuming constant electrolyte permittivity and given by
[54,55,62],

CDs = 2zeNAc∞�D
 s

√
2
�

log

[
1 + 2� sinh2

(
ze s
2kBT

)]
(9)

Fig. 6. Numerically predicted diffuse layer specific area capacitance CDs for SC, BCC,
and FCC packings. Electrolyte concentration was  set as c∞ = 1.0 mol/L, electrolyte
permittivity was assumed to be constant (�r = 64.4) and a = 0.68 nm.  Solid line rep-
resents the theoretical value of CDs for planar electrodes given by Eq. (9)[54]. Dashed
line  shows experimental data reported for identical electrolyte and mesoporous
carbon spheres with 250 nm in diameter in a FCC packing [12].
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(a) (b)

(c) (d)

Fig. 7. Numerically predicted electric potential   and norm of electric field (E =| − ∇  |) as a function of x along a straight line for SC, BCC, and FCC packings with five unit cells
and  spheres of 5 nm in diameter. Results were obtained using (a, b) constant permittivity (�r = 64.4), and (c, d) field-dependent permittivity given by Eq. (3) with electrolyte
concentration c∞ = 1.0 mol/L, and a = 0.68 nm.

where �D is the Debye length for symmetric electrolyte defined as

�D = (�0�rkBT/2e2z2NAc∞)
1/2

[6,54,55]. For the cases considered
in Fig. 6, Eq. (9) predicts CDs = 85.4 �F/cm2. In addition, the specific
area As of the mesoporous electrode is defined as the total surface
area Aa divided by the mass of the electrode and is expressed in
m2/g. It decreases with increasing particle diameter. Therefore, the
numerical predictions in Fig. 6 were consistent with the experi-
mental results reported in Ref. [17] showing that the total specific
area capacitance Cs decreased with increasing specific area.

Moreover, for a given particle diameter, SC packing featured the
largest diffuse layer specific area capacitance CDs and FCC packing
the lowest (Fig. 6). Indeed, SC packing has the largest electrolyte
volume fraction, thus it provides the largest inter-particle dis-
tance through which the electric potential decreases. This results
in larger electric field and surface charge density at the elec-
trode/electrolyte interfaces and consequently, larger diffuse layer
specific area capacitance CDs compared with other packings. On the
contrary, FCC packing has the lowest electrolyte volume fraction.
Thus, it features the lowest electric field, surface charge density
and diffuse layer specific area capacitance. To confirm this physi-
cal interpretation, Fig. 7a and b respectively shows the numerical
predictions of the local electric potential and the norm of electric
field vector along a straight line passing through SC, BCC, and FCC

packings with five unit cells for sphere diameter d = 5 nm. For each
packing morphology, the straight line was  chosen such that it was
parallel to the x-axis and touched the surface of the spheres. More
specifically, the (y, z) coordinates of each plotting line were given
by (i) [(d/2)cos 45◦, (d/2)sin 45◦] for SC packing, (ii) [d/2, 0] for
BCC packing, and (iii) [(d/2)cos 45◦, (d/2)sin 45◦] for FCC packing
(see Fig. 1). The maximum value of the electric potential shown
in Fig. 7a was 0.75 V corresponding to  s at the surface of the
electrode particles. Fig. 7a establishes that the electric potential
varied significantly from 0.18 to 0.75 V between electrode spheres
for SC packing while it oscillated only between 0.67 and 0.75 V
for FCC packing. Consequently, the electric field was the largest
between spheres with SC packing and the smallest between those
with FCC packing as shown in Fig. 7b. Note also that the electric
potential and electric field in the electrolyte decreased rapidly to
zero away from the boundary of mesoporous electrodes located
in the plane x = 0. Further increasing the separator thickness did
not affect the electric potential profile at the electrode surface.
Thus the predicted specific area capacitance CDs was  independent
of the separator thickness. Furthermore, Fig. 6 demonstrates that
the difference in diffuse layer specific area capacitance CDs among
the three morphologies decreased with increasing particle diame-
ter. In fact, CDs reached nearly the same value for all morphologies
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Fig. 8. Numerically predicted diffuse layer specific area capacitance CDs for SC, BCC,
and FCC packings. Electrolyte concentration was  set as c∞ = 1.0 mol/L, electrolyte
permittivity was  given by Eq. (3) and a = 0.68 nm.  Dashed line shows experimen-
tal data (14.0 �F/cm2) reported for identical electrolyte and mesoporous carbon
spheres with 250 nm in diameter in a FCC packing [12].

for particle diameter larger than 100 nm.  This establishes that the
packing of the electrode spheres has no significant effect on diffuse
layer specific area capacitance for the electrode particle diameter
larger than 100 nm when assuming constant electrolyte permittiv-
ity. However, note that the diffuse layer gravimetric capacitance CDg
(= CDs As) decreased with increasing particle diameter for all packing
morphologies (not shown) due to the decrease in specific area. This
is also consistent with experimental data for the total gravimetric
capacitance reported in the literature [3,9,13,17,19,20,25].

3.3. Effect of electric field on dielectric permittivity

Fig. 7c and d respectively shows the electric potential and the
norm of the electric field along the same lines as those previ-
ously discussed for SC, BCC, FCC structures. Here, the results were
obtained using field-dependent dielectric permittivity given by Eq.
(3) while all other parameters including a = 0.68 nm were iden-
tical to those used for results shown in Fig. 7a and b. The local
electric potential and the norm of the electric field followed the
same trend as that shown in Fig. 7a and b. However, the norm of
electric field plotted in Fig. 7d was almost one order of magnitude
larger than that obtained assuming constant electrolyte permittiv-
ity (Fig. 7b). This can be explained by examining Eq. (1).  The term
on the right-hand side was constant at the electrode/electrolyte
interfaces where   =  s. Therefore, the electric field (E = − ∇ ) at
the electrode/electrolyte interfaces, appearing on the left-hand side
must increase to compensate for the decrease in dielectric permit-
tivity �r at large electric field (Fig. 4).

Fig. 8 shows the computed diffuse layer specific area capaci-
tance CDs obtained as a function of electrode particle diameter using
field-dependent permittivity [Eq. (3)] as well as c∞ = 1 mol/L and
a = 0.68 nm for SC, BCC and FCC packings. The computed capaci-
tance CDs followed the same trend as the results predicted assuming
constant permittivity (Fig. 6) for all morphologies and particle
diameters. However, it was significantly smaller when using field-
dependent permittivity. In addition, CDs reached a plateau for
smaller particle diameter around 40 nm instead of 100 nm when
assuming constant permittivity. The asymptotic value of CDs , rep-
resented by the solid line in Fig. 8, corresponds to the diffuse layer
specific area capacitance of a planar electrode. It was found to
be 30.8 �F/cm2 using Eq. (5) after solving Eq. (1) combined with
field-dependent permittivity [Eq. (3)]. For d = 40 nm, the maximum

Fig. 9. Numerically predicted diffuse layer specific area capacitance CDs for one
mesopore as a function of mesopore length assuming hexagonal and circular cross-
section with diameter 10.4 nm. Electrolyte concentration was set as c∞ = 1.0 mol/L,
and  a = 0.68 nm.  Dashed line shows experimental data (14.0 �F/cm2) reported for
identical electrolyte and mesoporous carbon spheres with 250 nm in diameter in a
FCC  packing [12].

relative difference in CDs for the three morphologies was less than
6%. Here also, the effect of electrode packing morphology on the
diffuse layer specific area capacitance can be neglected as the
electrode particle diameter increases. Moreover, the value of CDs
predicted for FCC packing of carbon spheres larger than 40 nm was
found to be 27.6 �F/cm2.

Fig. 9 shows the computed diffuse layer specific area capacitance
CDs of a mesopore with hexagonal or circular cross-section as a func-
tion of pore length obtained using constant and field-dependent
electrolyte permittivity. It indicates that CDs slightly increased with
pore length. Changing the pore cross-section from hexagonal to cir-
cular resulted in minor differences in CDs . This difference decreased
with increasing pore length and was insignificant for pore longer
than 100 nm.  The diffuse layer specific area capacitance of hexago-
nal and circular pores predicted using field-dependent permittivity
ranged from 26.0 to 29.8 �F/cm2. This was  consistent with the dif-
fuse layer specific area capacitance of 27.6 �F/cm2 predicted for
carbon spheres arrays without mesopores arranged in FCC packing
(Fig. 8). Here again, the numerical predictions assuming constant
permittivity were significantly larger than the predictions using
field-dependent permittivity. The solid line in Fig. 9 is the same
asymptotic value of CDs = 30.8 �F/cm2 for planar electrodes shown
in Fig. 8. This demonstrates that the closely packed dense spheres
and the mesopores feature the same diffuse layer specific area
capacitance when the diameters of the electrode particles and of
the mesopores are large enough regardless of the morphology and
porosity.

3.4. Comparison with experimental data

The capacitance measured from cyclic voltammetry at small
scan rate (e.g. <10 mV/s) is analogous to the equilibrium capac-
itance [12,51]. Therefore, the equilibrium capacitance computed
using Eq. (6) can be directly compared with experimental results
reported in Ref. [12] for the scan rate of 1 mV/s. In addition, previ-
ous discussion (Section 3.1)  established that predicted total specific
area capacitance of mesoporous electrodes with more than two unit
cells can be compared with actual experimental data where elec-
trodes were thick (>20 �m [20–22])  and typically consisted of a
large number of unit cells [12].
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For FCC packing of dense spheres with diameter of 40 nm,  Eq.
(8) yields �̄r = 7.8. Using H = a/2 = 0.34 nm as the Stern layer thick-
ness, Eq. (7) predicted CSts = 20.3 �F/cm2 while CDs = 27.6 �F/cm2.
Thus, the total specific area capacitance was Cs = 11.8 �F/cm2.
This value is similar to experimental measurements reporting
Cs = 14.0 �F/cm2 for mesoporous carbon spheres [12]. This demon-
strates that the Stern layer capacitance needs to be accounted
for in predicting the capacitance of EDLCs with large electrolyte
concentrations and electric potentials such that c∞ ≥ 1 mol/L and
 s ≥ 0.5 V.

Finally, one should be careful in extending the conclusions
drawn from the present simulations to micropores with diameter
less than 2 nm for the following two reasons: (i) the diffuse layer
may  not exist in such small pores and (ii) the continuum theory
and the Bikerman model [Eq. (1)] may  not be valid. In fact, Chmiola
et al. [18] observed an anomalous increase in capacitance for the
pore diameter less than 1 nm.  This phenomenon was  explained by
the adsorption of desolvated ions in micropores [18,22].  In these
conditions, atomistic simulations may  be more appropriate such
as that performed in Ref. [50].

4. Conclusion

This paper presented numerical simulations of EDLCs with
electrodes made of closely packed monodispersed mesoporous
spheres. For the first time, a 3D heterogeneous mesostructures
were modeled based on continuum theory to investigate the
capacitance of EDLCs while accounting for the accurate electrode
morphology and the effect of electric field on electrolyte permittiv-
ity. To simplify the problem, both dense carbon spheres in SC, BCC,
and FCC packings and a single mesopore with hexagonal and circu-
lar cross-sections in a carbon sphere were simulated. The following
conclusions can be drawn:

1. The field-dependent permittivity �r(E) significantly affects the
predicted diffuse and Stern layer capacitances of EDLCs.

2. The Stern layer capacitance needs to be accounted for in
order to find good agreement between the predicted and the
experimental specific area capacitance [12] for high electrolyte
concentrations and electric potentials typically encountered in
EDLCs.

3. For a given sphere packing, the diffuse layer specific area
capacitance increased with increasing diameter. Larger spheres
provided more space for the electric potential to decrease result-
ing in larger electric field at the electrode surface, and therefore
larger diffuse layer specific area capacitance.

4. The electrode morphology (SC, BCC, FCC) was found to have no
significant effect on the diffuse layer specific area capacitance
for sphere diameter larger than 40 nm.

5. SC packing featured the largest diffuse layer specific area capaci-
tance compared with BCC and FCC packings due to larger electric
field at the electrode surface for sphere diameter smaller than
40 nm.

6. The diffuse layer specific area capacitance of closely packed
dense spheres and mesopores reached the same asymptotic
value corresponding to that of planar electrodes when sphere
and pore diameter was larger than 40 and 10 nm, respectively.
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