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Abstract

This paper presents a parametric study simulating light transfer in a photobioreactor containing gas bubbles and filamentous cyanobacteria
Anabaena variabilis suspended in water. To the best of our knowledge, this paper presents for the first time a model for such system: (i) using
a consistent set of radiation characteristics of the medium derived from experimental data and from Mie theory; (ii) accounting for anisotropic
scattering by both the bubbles and the filamentous microorganisms; (iii) considering the spectral dependency of radiation characteristics in the
spectral range from 400 to 700 nm using a box model, and (iv) evaluating light transfer in a photobioreactor containing genetically engineered
microorganisms with reduced pigment content. The steady-state one-dimensional radiation transfer equation is solved using the modified method
of characteristics and a quadrature with 24 directions per hemisphere adapted to forward scattering media. The parameters investigated include
the bacteria concentration, the bubble radius, and the void fraction, as well as the approximate scattering phase function. It was established
that the strongly forward scattering by the bubbles must be accounted for and the truncated phase function (TPF) is recommended. In the
absence of bubbles, ignoring in-scattering by the bacteria leads to errors as high as 20%. On the other hand, accounting for in-scattering with
isotropic phase function gives acceptable results. Moreover, genetically reducing the pigment content of the microorganisms by an order of
magnitude increases the significance of forward scattering of light by the microorganisms. This in turn, increases the penetration depth and
can be accounted for by either the Henyey–Greenstein or the TPF approximations. Finally, the model presented can also be applied to (i)
other types of microorganisms such as unicellular green algae or photosynthetic bacteria, (ii) different photobioreactor processes such as food
product or pharmaceutical production, or (iii) photochemical reactors.
� 2007 International Association for Hydrogen Energy. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

Increased amounts of greenhouse gas emissions as well as the
exhaustion of inexpensive and accessible fossil fuel resources
are calling for clean and renewable energy sources. Hydrogen,
to be used in fuel cells, is considered to be an attractive al-
ternative fuel since water vapor is the only byproduct from its
reaction with oxygen. Photobiological hydrogen production by
cultivation of cyanobacteria (or green algae) offers a clean and
sustainable alternative to thermochemical or electrolytic pro-
duction technologies.
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During photobiological hydrogen production, light from the
sun is absorbed by microorganisms such as algae, cyanobac-
teria or photosynthetic bacteria to produce hydrogen [1]. The
reader is referred to Refs. [1–6] for detailed reviews of photobi-
ological hydrogen production. In particular, the cyanobacterium
Anabaena variabilis has been studied extensively and identified
as a good candidate for hydrogen production [7]. Therefore, it
is chosen as the microorganism of interest in the present study.

The cyanobacterium A. variabilis is a photosynthetic
prokaryote which uses CO2 as its carbon source, water as its
electron source, and sunlight as its energy source. Fig. 1 (a)
shows a micrograph of a filament of A. variabilis, approxi-
mately 5 �m in diameter and 100 �m in length, composed of
vegetative cells and heterocysts. It uses the light energy in the
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Nomenclature

Ai interfacial area concentration, m2/m3

a bubble radius, m
Aabs,� spectral mass absorption cross-section of

microorganisms, m2/kg
D dilution factor
Ssca,� spectral mass scattering cross-section of

microorganisms, m2/kg
f1 weighing factor in TPF
fB void fraction
G irradiance, W/m2

g asymmetry factor
h1 weighing factor in TPF
I light intensity, W/m2/sr
k absorption index
n index of refraction
Qsca,B scattering efficiency of the bubbles
rX radius of microorganisms
�s unit vector into a given direction
vX specific volume of the microorganisms,

m3/kg
wi weighting factors of the Gaussian quadra-

ture
X microorganism concentration,

kg dry cell/m3

z distance from the illuminated surface, m

Greek symbols

� extinction coefficient, m−1

� polar angle, rad

�i discrete polar angles corresponding to the
directions of the Gaussian quadrature, rad

� angle between incident and scattered di-
rections, rad

� absorption coefficient, m−1

� wavelength, nm
�c box center wavelength, nm
� scattering coefficient, m−1

� azimuthal angle, rad
	 scattering phase function

 size parameter
� solid angle, sr
�eff average single scattering albedo

Subscripts

abs refers to absorption
in refers to incident radiation
D refers to the dilution factor
w refers to water
X refers to bacteria or bacteria concentration
� refers to wavelength
HG refers to Henyey–Greenstein phase func-

tion
PAR refers to photosynthetically active radia-

tion (400 nm���700 nm)

TPF refers to truncated phase function
sca refers to scattering

spectral range from 400 to 700 nm, known as the photosyn-
thetically active radiation (PAR). In turn, it produces biomass
(i.e., it multiplies), as well as oxygen and hydrogen. In addition,
A. variabilis is capable of fixing molecular nitrogen present in
air using the enzyme nitrogenase [5]. As part of its nitrogen
fixation metabolism, it generates hydrogen as a byproduct [5].
In the absence of molecular nitrogen, hydrogen production by
the nitrogenase enzyme is promoted [5]. However, the func-
tioning of nitrogenase, both for fixing nitrogen and producing
hydrogen, is inhibited by the dissolved oxygen in the growth
medium [8]. In addition, A. variabilis also possesses the en-
zyme uptake hydrogenase which consumes hydrogen to reduce
molecular oxygen [5].

Dissolved oxygen accumulation, limited light penetration,
and carbon dioxide availability to the microorganisms are the
major factors affecting the performance of a photobioreactor
for the production of hydrogen [2]. Researchers are trying
to overcome these limitations by genetically engineering mi-
croorganisms and designing novel photobioreactors [7,9,10].
For example, A. variabilis has been genetically modified to
lack the hydrogen consuming enzyme uptake hydrogenase
[11–13]. The mutant forms had 3–4.3 times higher hydrogen
production rates compared with the wild forms. In addition,

Melis et al. [10,14] reduced the pigment content of the green
algae Dunaliella salina from 1 × 109 Chlorophyll molecules
per cell (Chl/cell) to 0.15 × 109 Chl/cell for overcoming the
light penetration problem in large photobioreactors. More re-
cently, Polle et al. [15] genetically engineered the green al-
gae Chlamydomonas reinhadtii to have a truncated light har-
vesting chlorophyll antenna size. The authors reported that the
microorganisms with less pigments had higher quantum yield,
photosynthesis rate, and light saturation irradiance. In addition,
Melis et al. [6,10] showed that pure hydrogen production can
be achieved by C. reinhadtii under sulfur deprivation. The au-
thors stated that with this method photosynthetic oxygen pro-
duction is slowed down and pure hydrogen is produced by
the culture, overcoming the oxygen inhibition of the hydrogen
producing enzymes, as well as eliminating the dangerous mix-
tures of hydrogen and oxygen. As an alternative, Greenbaum
et al. [16] experimentally showed that the inhibitory effect of
molecular oxygen on hydrogen production can be alleviated by
having a headspace volume three time that of the liquid phase
which ensures low dissolved oxygen concentration in the bac-
teria medium. By having a large headspace volume, the molar
fraction of oxygen is kept low in the gas phase which ensures
more oxygen to partition into the gas phase. This approach can
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Fig. 1. (a) Micrograph of A. variabilis; (b) schematic of the photobioreactor system considered.

be improved and the mass transfer limitations, including lim-
ited CO2 transfer, oxygen, and hydrogen accumulation, can be
alleviated by sparging the photobioreactor with bubbles. More-
over, sparging with bubbles enables relatively inexpensive and
effective mixing within the photobioreactor that is necessary
to avoid settling of the microorganisms. Furthermore, even in
absence of bubble sparging, during photobiological hydrogen
production, small bubbles of hydrogen and oxygen are gener-
ated in the photobioreactor due to bacterial activity. However,
the presence of bubbles affects the light transfer within the pho-
tobioreactor. Therefore, it is necessary to model and analyze
the effects of the presence of both bubbles and microorganisms
(wild strain or genetically modified) on light transfer in order
to optimize the design, scale-up, and operation of hydrogen
producing photobioreactors.

Pioneering work in simulating light transfer in micro-algal
ponds was published by Daniel et al. [17]. The authors used
the radiative transport equation (RTE) on a gray basis and ac-
counted only for the presence of unicellular algae. They esti-
mated the scattering phase function of unicellular algae with
a weighted sum of thirty Legendre polynomials to be used in
solving the RTE. They recommended using the six-flux approx-
imation for solving the RTE. Moreover, they concluded that
scattering is unimportant when the single scattering albedo is
less than 0.5 and scattering is strongly in the forward direc-
tion. Moreover, Kim et al. [18] modelled light transfer in a sul-
fate reducing photobioreactor using Beer–Lambert’s law. The
authors used an effective extinction coefficient accounting for
light absorption by bacteria and light scattering by the sulphur

crystals they excrete. In addition, Cornet et al. [19–21] applied
the RTE to model the light transfer for cultivating filamentous
cyanobacterium Spirulina platensis accounting for absorption
and isotropic scattering by the microorganisms. The absorp-
tion and scattering coefficients of the microorganisms were ob-
tained from experimental data. The RTE was solved using the
Schuster–Schwarzschild two-flux approximation. Their model
ignored the strongly forward scattering of a fibrous medium
[22]. Finally, none of the above mentioned studies accounted
for the spectral dependency of the radiation characteristics.

Recently, Merzlyak and Naqvi [23] utilized an integrating
sphere and the analysis method proposed by Latimer and Eu-
banks [24] to measure the spectral absorption and scattering
coefficients of A. variabilis in the range from 350 to 750 nm.
The authors assumed that the scattering phase function was in-
dependent of wavelength in the PAR. In addition, Stramski and
Mobley [25] measured experimentally the spectral refractive
index, absorption index, phase function, absorption and scat-
tering cross-section of the cyanobacteria Synechococcus using
Mie theory for spherical scatterer over the spectral range from
350 to 750 nm. Their results corroborate the assumption of
Merzlyak and Naqvi [23] that the scattering phase function of
cyanobacteria is independent of wavelength in the PAR and es-
tablish that it is strongly forward. More recently, Pottier et al.
[26] determined the spectral radiative characteristics of C. rein-
hardtii from Mie theory for spherical scatterers and computed
the complex index of refraction of bacteria using reported pig-
ment concentration and optical properties. The authors solved
the RTE in the PAR with a spectral resolution of 1 nm using the
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Schuster–Schwarzschild two-flux approximation. Anisotropic
scattering was accounted for through the back-scattered frac-
tion which was small for these type of bacteria. Finally, they
validated their results with experimental measurements of the
total irradiance in the PAR along the depth of the photobiore-
actor. The authors acknowledged that for more complex bac-
teria shapes (e.g. cylinders and spheroids), more sophisticated
numerical tools are required to predict radiative properties and
calculate light distribution. In addition, they did not consider
the presence of other scatterers such as bubbles in the photo-
bioreactor.

The objective of this study is to simulate light transfer in a
bubble sparged photobioreactor in order to maximize hydro-
gen production and carbon dioxide consumption. A. variabilis
is used for illustration purposes and since its radiation charac-
teristics are known [23]. The analysis presented here aims at
modeling and simulating light transfer within a bubble sparged
photobioreactor for various filamentous microorganism con-
centrations, bubble radius, and void fractions accounting for
absorption and anisotropic scattering over the spectral range
from 400 to 700 nm. Approximations for the bacteria phase
function are discussed in details. In addition, genetically engi-
neered microorganisms with reduced pigment content are also
considered.

2. Analysis

Let us consider a plane-parallel photobioreactor as shown
schematically in Fig. 1(b). The reactor contains the cyanobac-
terium A. variabilis at concentration X with respect to the total
volume of the reactor expressed in kg dry cell/m3, and bubbles
with radii a and void fraction fB offering large gas/liquid inter-
facial area for mass transfer. The microorganism concentration
X ranges from 0.035 to 0.35 kg dry cell/m3. The bubble radius
a ranges from 25 to 150 �m offering higher interfacial area
than millimeter size bubbles for the same void fraction, thus
increasing the mass transfer rate. Finally, the void fraction is
such that 0�fB �0.3 so bubbly flow prevails [27]. The reactor
is considered to be illuminated only from the top with diffuse
intensity Iin. As the light penetrates into the photobioreactor, it
is absorbed by the liquid phase and by the microorganisms and
scattered anisotropically by both the bubbles and the microor-
ganisms.

2.1. Assumptions

In order to make the problem mathematically trackable the
following assumptions are made:

1. Light transfer is one-dimensional.
2. Steady-state radiation transfer prevails.
3. The microorganisms, and the bubbles are uniformly dis-

tributed in the reactor.
4. The bubbles and microorganisms are monodisperse.
5. The liquid phase is cold, absorbing, and non-scattering.
6. The optical properties of the liquid phase are those of pure

water.

7. The gas bubbles are non-absorbing but only scattering.
8. The phase function of the bubbles is computed from Mie

theory assuming the liquid phase is non-absorbing and the
bubbles are spherical.

9. The scattering phase function of the filamentous microor-
ganisms is that of a medium consisting of infinitely long
fibers embedded in water and computed from Mie theory.
They are assumed to be randomly oriented due to the agita-
tion created by mechanical stirring or by the rising bubbles.

10. Independent scattering prevails for both the microorganisms
and the bubbles. Studies by Tien and Drolen [28], and Lee
[29] confirm this assumption for the ranges of parameters
under consideration.

11. The photobioreactor’s top surface is non-reflecting.

2.2. Governing equations

The RTE is an energy balance on the radiative energy travel-
ing in a particular direction �s. Considering the in-scattering by
microorganisms and bubbles separately, the one-dimensional
steady-state RTE can be written as

�s · �I�(z, �s)
�z

= − �eff,�I�(z, �s) − �eff,�I�(z, �s)

+ �X,�

4

∫
4

I�(z, �si)	X,�(�si, �s) d�i

+ �B,�

4

∫
4

I�(z, �si)	B,�(�si, �s) d�i , (1)

where I�(z, �s) is the radiation intensity in direction �s at location
z, and �eff,� and �eff,� are the effective spectral absorption and
scattering coefficients, respectively. The coefficients �X,� and
�B,� are the spectral scattering coefficients of the microorgan-
isms and the bubbles, respectively. The scattering phase func-
tions of bacteria and bubbles, are denoted by 	X,� and 	B,�,
respectively. They describe the probability that radiation trav-
eling in the solid angle d�i around the direction �si will be
scattered into the solid angle d� around direction �s. The ef-
fective absorption coefficient �eff,� accounts for the absorption
by the liquid phase and by the microorganisms at wavelength
�. It can be written in terms of the void fraction fB and of the
microorganism concentration X,

�eff,� = �L,�(1 − fB − XvX) + Aabs,�X, (2)

where vX is the specific volume of cyanobacteria equal to
0.001 m3/kg. The absorption coefficient of the liquid phase
�L,� is expressed in m−1, and the mass absorption cross-section
of microorganisms Aabs,� is expressed in m2/kg. The term
�X,� = Aabs,�X corresponds to the absorption coefficient of
microorganisms. Finally, the term XvX represents the volume
fraction of photobioreactor occupied by microorganisms and
has a maximum value of 3.5 × 10−4.

Assuming independent scattering, the effective scattering co-
efficient of the composite medium �eff,� can be expressed as
the sum of the scattering coefficients of the microorganisms
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Table 1
Summary of the optical properties of wild strain A. variabilis ATCC 29413-U and boundary conditions for each box

Box Wavelength Liquid phase Bubbles Microorganisms B.C.

�c nL,�c �L,�c Qsca,B nX,�c kX,�c Aabs,�c Ssca,�c Iin,�c

(nm) (×103 m−1) ×103 (m2/kg) (m2/kg) (Wm−2sr−1)

1 434 1.33 35.9 1.0 1.41 10.09 423.68 68.82 5.44
2 512 1.33 30.9 1.0 1.41 6.37 209.91 68.74 7.22
3 627 1.33 283.4 1.0 1.41 2.73 319.91 63.57 10.69

�X,� and of the bubbles �B,� as

�eff,� = �X,� + �B,� = Ssca,�X + (3fB/4a)Qsca,B(a, �), (3)

where Ssca,� is the mass scattering cross-section of micro-
organisms expressed in m2/kg and Qsca,B(a, �) is the scatter-
ing efficiency factor of monodispersed bubbles of radius a at
wavelength � obtained from Mie theory. Note that 3fB/a is the
interfacial area concentration Ai of the bubbles and �B,� can
alternatively be written as

�B,� = (Ai/4)Qsca,B(a, �). (4)

Finally, the reactor is illuminated with a diffuse light source
only from the top and the back surface is assumed to be cold
and black. Therefore, the boundary conditions for Eq. (1) can
be written as

I�(0, �) = Iin,� for 0�� < /2,

I�(L, �) = 0 for /2 < � < , (5)

where I� is the intensity of sunlight at �. The Sun is assumed to
be a blackbody at temperature 5800 K and the total irradiance
incident on the photobioreactor denoted by GPAR,in, is equal to
146.71 W/m2 in the PAR [30] and defined as

GPAR,in = 2
∫ 700

400
Iin,� d� = 146.71 W/m2. (6)

2.3. Closure laws

The values of the radiation characteristics associated with
the liquid phase, the microorganisms, and the bubbles approx-
imated with the box model [30] are summarized in Table 1and
are discussed in the following sections.

2.3.1. The microorganisms
In order to simplify the numerical simulations, the PAR is

divided in three sections where the spectral quantities needed
to solve Eq. (1) are estimated using the box model [30]. This
model approximates the spectral absorption and scattering co-
efficients with a series of boxes of width �� and height �X,�c

and �X,�c , respectively, centered around the wavelength �c such
that the area under the original spectrum equals the area under
the box [30]. Here, the absorption and scattering spectrum of A.
variabilis is approximated using three boxes with wavelength
intervals from 400 to 469, 469 to 556, and 556 to 700 nm. The
center wavelengths of the boxes are assigned at the midpoint of

Fig. 2. The box model applied to the (a) absorption and (b) scattering
coefficients of A. variabilis at concentration X = 0.35 kg dry cell/m3 in the
photosynthetically active part of the spectrum [23].

each box, namely at 434, 512, and 627 nm. Fig. 2 reproduces
the reported spectral absorption and scattering coefficients of
A.variabilis reported by Merzlyak and Naqvi [23] along with
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Fig. 3. (a) Calibration curve for the extinction coefficient of A. variabilis at 683 nm against bacteria concentration, (b) extinction coefficient of A. variabilis at
683 nm against the dilution factor [23].

the three boxes. Boxes 1 and 3 capture the absorption peaks
of the pigment chlorophyll a which is responsible for ab-
sorbing sun light and providing energy for photosynthesis and
hydrogen production. Merzlyak and Naqvi [23] reported the ab-
sorption and scattering coefficient data as a function of the dilu-
tion factor D defined as the normalized bacteria concentration
with respect to the unreported maximum bacteria concentration
Xmax used in their experiments, i.e., D = X/Xmax. In order to

utilize the data reported by Merzlyak and Naqvi [23], the rela-
tionship between D and X must be found. This is achieved by
comparing the extinction coefficient �X,�, obtained as a func-
tion of X from calibration experiments performed in our lab-
oratory using a spectrophotometer (Cary-3E by Varian, USA),
to the extinction coefficient �D,� reported as a function of D

[23]. The calibration experiments are conducted at wavelength
683 nm and at 13 different bacteria concentrations covering the
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Fig. 4. Variations of (a) the three box absorption �X,�c and (b) the scattering
coefficients �X,�c as functions of bacteria concentrations X [23].

range from 0.04 to 0.35 kg/m3. Fig. 3(a) shows that �X,683
is directly proportional to X and such that �X,683 = 360.30X.
The relationship between D and �D,683 is obtained by sum-
ming the slopes of the absorption and scattering coefficients
given by Merzlyak and Naqvi [23] as reproduced in Fig. 3(b).
This relationship can be summarized as �D,683 = 124.45D.
Comparing the two equations establishes that D = 2.90X or
Xmax = 0.35 kg dry cell/m3.

Moreover, the absorption and scattering coefficients of A.
variabilis for each box are calculated for various microorganism
concentrations and presented in Fig. 4. It shows that both ab-
sorption and scattering coefficients are linearly proportional to
the microorganism concentration X. The slopes of these curves
correspond to the mass absorption Aabs,�c and scattering Ssca,�c

cross-sections of A. variabilis for a given box centered around
�c. The scattering cross-section of A. variabilis in boxes 1 and
2 do not differ appreciably as shown in Fig. 4(b).

Finally, the scattering phase function of A. variabilis is as-
sumed to be that of randomly oriented infinitely long fibers em-
bedded in water [Assumption (9)]. The code implementing Mie
theory for normally incident radiation on a single infinitely long
cylinder was given by Bohren and Huffman [31]. This code
has been modified to calculate the scattering phase function of
a medium of randomly oriented infinitely long cylinders and
has been successfully validated against the results reported by
Lee [22]. The absorption index of water is on the order of 10−9

and taken as zero while its refractive index is taken as 1.33.
The values of the refractive index in each box nX,�c and of the
absorptive index kX,�c of bacteria, are obtained from Stramski
and Mobley [25] and are reported in Table 1. The results of
Mie theory indicate that the scattering phase function does not
change appreciably over the spectral range of interest and for
the size parameter of microorganisms 
X between 22 and 39,
where 
X is defined in terms of the filamentous microorganism
radius rX as 
X = 2rX/� with rX = 5 �m.

Alternatively, the microorganism phase function can be ap-
proximated as a Henyey–Greenstein (HG) phase function. The
asymmetry factor gX = 0.9919 was computed using the results
of Mie theory according to gX = ∫

4 	X(�) cos(�) d�/4.
The phase function can also be expressed as a truncated phase
function (TPF). In this second model, 	(�) is divided in two
parts, from 0 to �cutoff and from �cutoff to . Each part is a
linear combination of two HG phase functions with asymmetry
factors gTPF,1, and gTPF,2. The TPF is expressed as

	(�) = f1	HG,gTPF,1(�) + (1 − f1)	HG,gTPF,2

for 0����cutoff ,

	(�) = h1[f1	HG,gTPF,1(�) + (1 − f1)	HG,gTPF,2 ]
for �cutoff < � < , (7)

where f1 and h1 are weighing parameters. The parameters f1,
h1, �cutoff , gTPF,1, and gTPF,2 are determined by minimizing the
sum of the squares of the error between Mie theory calculations
and the TPF model. The parameters are found to be f1 =0.104,
h1 = 0.4, �cutoff = /3, gTPF,1 = 0.99997, and gTPF,2 = 0.992
for all the wavelengths in the PAR. Finally, Eq. (7) is normal-
ized by the method previously adopted by Nicolau et al. [32].
Fig. 5(a) shows the phase functions of A. variabilis calculated
by: (i) Mie theory; (ii) the HG phase function and (iii) the TPF
corresponding to �c = 512 nm and size parameter 
X = 30.
One can see that the HG phase function over-predicts the back-
scattering, the scattering phase function for � > 90◦, whereas
the TPF provides a more accurate approximation of Mie theory
results.

2.3.2. The bubbles
The scattering efficiency factor Qsca,B(a, �) and the scat-

tering phase function 	B(�) of the bubbles are predicted by
Mie theory using the code provided by Bohren and Huff-
man [31] applied to a sphere of radius a and refractive index
1 embedded in water with nL = 1.33. The results indicate that
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Fig. 5. Comparison of the exact and approximate phase functions at wave-
length �C = 512 nm for (a) A. variabilis with 
X = 30 and (b) a bubble of
size parameter 
B = 1500 in water.

Qsca,B(a, �) is equal to 1.0 (corrected for the diffraction para-
dox) and does not vary more than 0.4% for the bubble size
parameter 
B = 2a/� such that 224�
B �2356 in the PAR
with a between 25 and 150 �m. Therefore, the scattering co-
efficient for the bubbles is independent of the wavelength and
can be written as, �B,� = 0.75fB/a. In addition, it was found
that 	B(�) is strongly forward and does not vary appreciably
for the size parameters considered. Moreover, in order to sim-
plify the calculations, the phase function obtained from Mie
theory is approximated by the HG phase function with a com-
puted asymmetry factor equal to gB = 0.8768. Alternatively,
	B(�) can be estimated by the TPF with parameters f1 = 0.6,
h1 = 0.1, �cutoff = /2, gTPF,1 = 0.996, and gTPF,2 = 0.55.
Fig. 5(b) compares the phase functions obtained by: (i) Mie
theory; (ii) the HG phase function, and (iii) the TPF for a bub-
ble of size parameter 
B =1500 at wavelength �=512 nm. Here
also the HG phase function over predicts the back-scattering

while the TPF provides a better approximation of Mie theory
results.

2.3.3. The liquid phase
The values of refractive and absorption indices of water are

obtained from Ref. [33] and approximated with the box model.
The refractive index of water, nL,� remains relatively constant
and equal to 1.33 throughout the PAR. The absorption coeffi-
cient of water �L,� is proportional to the absorption index of
water kL,� and defined as �L,� = 4kL,�/�. As presented in
Table 1, the maximum value of �L,� is 0.283 m−1 which
is an order of magnitude smaller than the absorption co-
efficient of microorganisms at their lowest concentration
X = 0.035 kg dry cell/m3.

2.4. Method of solution

The modified method of characteristics [34] is employed to
solve Eq. (1). It consists of transforming a hyperbolic partial
differential equation into a set of ordinary differential equations
(ODEs) which are solved along the characteristic curves of the
photons. It makes use of an arbitrary set of points and traces
photons backward in space from each point. The integral for
the in-scattering term is computed using the discrete ordinate
method with a combination of two Gauss quadrature having 24
discrete directions (�i )1� i �24 per hemisphere along with the
associated weighting factors wi successfully used by Baillis et
al. [35,36] for strongly forward scattering fused quartz contain-
ing bubbles. Then, the ODEs are solved using the fourth order
Runge–Kutta method at every point. Finally, the local spectral
irradiance (or fluence) is defined as

G�c(z) =
∫

4
I�c(z, �s) d� = 2

24∑
i=1

wiI�c(z, �i ) (8)

and computed similarly using the discrete ordinate method. The
local spectral irradiance calculated for each of the three boxes
are added to give the total local irradiance in the PAR as

GPAR(z) = G434(z) + G512(z) + G627(z). (9)

The total local irradiance GPAR(z) can then be used to model the
bacterial growth, carbon dioxide consumption, and hydrogen
and oxygen production.

Finally, a grid sensitivity study was performed to make sure
that the computed values of GPAR(z) were independent of the
grid size. To do so, the number of grid points was doubled until
GPAR(z) did not change by more than 1%. It was found that
1200 points along the z-direction satisfied this criterion for all
bubble and bacteria concentrations explored. The CPU time was
3.7 min for isotropic scattering and low bacteria concentration
without bubbles and 4.1 min for TPF with the largest bacteria
and bubble interfacial area concentrations, for example with an
Intel Celeron(R) CPU of 2.93 GHz and 504 MB RAM.

3. Results and discussion

Simulations have been performed for low (X=0.035 kg/m3)

and high (X = 0.35 kg/m3) microorganism concentrations at
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three different interfacial area concentrations Ai (=3fB/a)

namely 0, 450, and 1500 m−1. The total local irradiance
GPAR(z) has been calculated for each combination of bac-
teria and interfacial area concentrations with four different
approaches: (1) neglecting the in-scattering term; (2) assum-
ing isotropic scattering for bubbles and microorganisms; (3)
accounting for anisotropic scattering by both scatterers using
the HG phase function, and (4) the TPF. To assess the overall
contribution of the scattering to extinction, the average single
scattering albedo over the PAR is calculated as

�eff =
∑3

box 1�eff,�c∑3
box 1(�eff,�c + �eff,�c)

. (10)

The results for the total local irradiance GPAR(z) normal-
ized by the total incident irradiance, GPAR,in = 146.71 W/m2,
are presented in Fig. 6. For the sake of clarity results
within the first 20 mm are presented for high bacteria con-
centrations. Since the objective of the study is to deter-
mine the availability of light to microorganisms in the
photobioreactor and to facilitate effective comparison of the
results, the penetration depth is arbitrarily defined as the
distance from the illuminated surface at which the total irra-
diance GPAR(z) decreases below 20% of GPAR,in. The pene-
tration depths obtained assuming isotropic scattering, ignoring
in-scattering, and accounting for anisotropic scattering are
reported in Table 2.

First, results from the three box model were compared with
spectral calculations with a wavelength increment �� of 1 nm
over the PAR and for bacteria concentration X = 0.35 kg/m3

without bubbles. It is found that the box method is about 71
times faster than the spectral calculation and underestimates the
penetration depth by 9.8% and the total fluence by a maximum
of 1.52 W/m2 (5.8%). Finally, the box method overestimates
the total fluence at z = 0 by 0.02%. This justifies the use of the
proposed box model which gives acceptable results for a much
faster computation.

Figs. 6(a) and (b) compare the four models for scattering
by the microorganisms in the absence of bubbles in the pho-
tobioreactor for low and high bacteria concentrations, respec-
tively. They indicate that the computed penetration depth as-
suming isotropic scattering by microorganisms does not differ
more than 6% from the case when anisotropic scattering is ac-
counted for. However, ignoring in-scattering, as in the case of
Beer–Lambert’s law, gives relative difference as high as 20%
for the penetration depth with respect to the anisotropic scat-
tering case. On the other hand, the results obtained with the
HG phase function and the TPF do not differ appreciably. The
average single scattering albedo for cases simulated in Figs.
6(a) and (b) are identical and equal to 0.18 indicating that ab-
sorption dominates over scattering. Indeed, Table 1 shows that
mass absorption cross-section of A. variabilis, Aabs,X, is about
an order of magnitude larger than that of the mass scattering
cross-section Ssca,X. However, for genetically engineered mi-
croorganisms with less pigments the absorption cross-section
Aabs,�c decreases and anisotropic scattering effects are expected
to be more significant.

Furthermore, Figs. 6(a)–(f) as well as Table 2 show the ef-
fects of the presence of the bubbles and different microorgan-
ism concentrations on the total local irradiance GPAR(z) and
on the penetration depth. They establish that depending on the
interfacial area concentration and on the magnitude of the aver-
age scattering albedo, �eff , different scattering phase function
approximations can lead to significant differences in the total
local irradiance and in the penetration depth. For values of �eff
up to 0.78, the predictions of the penetration depth using the
HG and the TPF phase function approximations agree within
5.5% of each other. For �eff =0.91 and 0.97 the relative differ-
ence reaches 18.1% and 37.4%, respectively. Moreover, either
neglecting in-scattering or assuming isotropic scattering by the
bubbles results in underestimation of the penetration depth by
as much as 74.1% and 97.2%, respectively, compared with the
TPF results. Therefore, for correctly modeling light transfer
in bubble sparged photobioreactors, it is necessary to properly
approximate the scattering phase function and account for the
strongly forward scattering of the bubbles.

Moreover, the presence of bubbles increases the total lo-
cal irradiance at the surface of the photobioreactor [GPAR(z =
0)] with respect to the total incident irradiance, GPAR,in =
146.71 W/m2 due to back-scattering. The increase is greater
for isotropic scattering than for anisotropic scattering phase
functions. For example, in the case of high interfacial area and
low microorganism concentration (Fig. 6(e)) the irradiance at
the top surface of the reactor is about 79% larger than GPAR,in
for the isotropic scattering assumption, 39% larger for the HG
phase function, and 3% larger for the TPF. This can be attributed
to the fact that bubbles scatter light strongly in the forward di-
rection whereas isotropic scattering equally distributes light in
all directions, backward as well as forward. On the other hand,
the discrepancy between the HG and the TPF models is due to
the over estimation of the back-scattering by the HG as shown
in Fig. 5(b).

Finally, let us consider the effect of genetically reducing
the pigment content of the microorganisms on the irradiance
available to them in the photobioreactor. It is assumed that the
same modification performed by Melis et al. [14] on D. salina
can be performed on A. variabilis. In other words, the absorp-
tion index of the microorganisms kX,� is reduced by a factor
of 10 throughout the PAR. Furthermore, the hypothetical ge-
netically engineered microorganisms are assumed to have the
same refractive index as the wild strain. Fig. 7(a) illustrates
the scattering phase function of the hypothetical genetically
engineered A. variabilis obtained with Mie theory along with
the HG and TPF approximations. Then, the asymmetry factor
g is equal to 0.9931 and the TPF parameters are f1 = 0.104,
h1 =0.1, �cutoff =/2, gTPF,1 =0.999, and gTPF,2 =0.980. The
scattering phase function of the wild strain is reproduced in
Fig. 7(b) for comparison. The RTE is solved assuming that the
mass scattering cross-section of the microorganisms Ssca,X is
the same as that of the wild strain whereas the mass absorption
cross-section Aabs,X decreases also by one order of magnitude.
The summary of the radiation characteristics of the hypotheti-
cal genetically engineered microorganisms is given in Table 3.
The results for the normalized local irradiance using the four
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Fig. 6. Normalized local irradiance as a function of the distance from the illuminated surface for interfacial area concentrations: (i) 0 m−1; (ii) 450 m−1, and
(iii) 1, 500 m−1 and for low (X = 0.035 kg dry cell/m3) and high (X = 0.350 kg dry cell/m3) bacteria concentrations.

different methods of accounting for scattering are presented in
Figs. 7(c) and (d) for the genetically modified strain and the
wild strain, respectively for the same bacteria concentration of
0.35 kg dry cell/m3. The average single scattering albedo, pen-
etration depth, and the percent increase in the total irradiance
relative to irradiance at the top surface of the photobioreactor
are summarized in Table 4. Because of their reduced pigment
content, the genetically engineered microorganisms absorb
less light but still scatter it as much as before. For example, for

the first box, �eff,434 and �eff,434 are equal to 14.83 and 24.09,
respectively. Thus, absorption no longer dominates over scat-
tering. This is also evident in the value of the average sin-
gle scattering albedo �eff which has increased from 0.18
for the wild strain to 0.68 for the genetically engineered
microorganisms.

The results establish that for the microorganisms with re-
duced pigment content, assuming isotropic scattering and ignor-
ing the in-scattering term underestimate the penetration depth
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Table 2
Summary of the average single scattering albedo, the penetration depth, and percent increase in the total irradiance relative to irradiance at the top surface of
the photobioreactor obtained for various bacteria concentrations and interfacial area concentrations using different scattering models

Fig. 6 Parameters Penetration depth (mm) [GPAR(0) − GPAR,in]/GPAR,in

Ai X �eff TPF HG Iso. No in-sca. TPF (%) HG (%) Iso. (%)

(a) Low Low 0.18 77.5 77.5 73.1 62.8 0 0 5
(b) Low High 0.18 7.8 7.8 7.4 6.3 0 0 5
(c) Medium Low 0.91 76.8 62.9 32.4 6.3 1 22 55
(d) Medium High 0.55 7.6 7.6 6.2 3.3 0 4 20
(e) High Low 0.97 75.1 47.0 19.4 2.1 3 39 71
(f) High High 0.78 7.6 7.2 2.4 1.6 0 10 37

Fig. 7. (a), (b) Scattering phase functions and (c), (d) normalized irradiances for genetically engineered and wild strain of A. variabilis, respectively.

by 30% and 70%, respectively. Therefore, unlike for the case
of wild strain, it is necessary to account for the anisotropic
scattering by the bacteria using either the HG phase function or
the TPF. Indeed, the results for either of these scattering phase
function approximations do not differ appreciably as shown in

Fig. 7(c). Finally, Table 4 indicates that the penetration depth
increases almost an order of magnitude from 7.8 to 77.4 mm
by reducing the pigment concentration of the microorganisms
by one order of magnitude. This can lead to up to 10 fold
increase in the overall hydrogen production efficiency of the



Author's personal copy

2284 H. Berberoglu et al. / International Journal of Hydrogen Energy 32 (2007) 2273–2285

Table 3
Summary of the optical properties of hypothetical genetically engineered A. variabilis

Box �c (nm) nX,�c kX,�c ×104 Aabs,�c (m2/kg) Ssca,�c (m2/kg)

1 434 1.41 10.09 42.37 68.82
2 512 1.41 6.37 20.99 68.74
3 627 1.41 2.73 31.99 63.57

Table 4
Comparison of the average single scattering albedo, penetration depth and percent increase in the total irradiance relative to irradiance at the top surface of
the photobioreactor for the wild and genetically engineered strains of A. variabilis at the same bacteria concentration of 0.35 kg dry cell/m3

Fig. 7 Parameters Penetration depth (mm) [GPAR(0) − GPAR,in]/GPAR,in

Strain type �eff TPF HG Iso. No in-sca. TPF (%) HG (%) Iso (%)

(c) Wild 0.18 7.8 7.8 7.4 6.3 0 0 5
(d) Engineered 0.68 77.4 77.4 54.3 23.6 0 0 28

photobioreactors [37] and facilitate scale-up of photobiological
hydrogen production processes.

4. Concluding remarks

This manuscript presented modeling of light transfer in a
sparged photobioreactor containing gas bubbles and filamen-
tous cyanobacterium Anabaena variabilis suspended in wa-
ter. One-dimensional light transfer modeling was performed by
solving the RTE on a spectral basis using the box model and
accounting for absorption by both A. variabilis and by the liq-
uid phase as well as for anisotropic scattering by the bubbles
and the bacteria. A consistent set of radiation characteristics for
the bubbles and the microorganisms has been developed from
experimental data and from Mie theory. The following conclu-
sions can be drawn:

1. Beer–Lambert’s law, i.e., ignoring in-scattering, cannot be
applied to predict the irradiance inside the photobioreactor.

2. Isotropic scattering assumption can be used for wild strain
microorganisms for practical purposes when there are no
bubbles present in the photobioreactor.

3. Anisotropic scattering by the bubbles must be accounted for
all bacteria and interfacial area concentrations investigated.
This is attributed to the fact that scattering becomes impor-
tant as the interfacial area concentration increases. Then,
the TPF is recommended over the HG phase function as it
better approximate the back-scattering.

4. Similarly, anisotropic scattering by the genetically engi-
neered microorganisms with reduced pigmentation should
be taken into account. The TPF or the HG phase function
gives similar results and the HG phase function is recom-
mended for its simplicity.

Finally, the model presented can be used in conjunction with
mass transfer and microorganism growth models to design and
optimize the reactor geometry and the sparging conditions for
maximum hydrogen production and carbon dioxide consump-
tion by bacteria. It can also be applied to: (i) other types of

photosynthetic microorganisms; (ii) different photobioreactor
processes such as food product or pharmaceutical production,
or (iii) photochemical reactors.
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