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Measurements of radiation characteristics of fused
quartz containing bubbles
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We report experimental measurement of radiation characteristics of fused quartz containing bubbles over the
spectral region from 1.67 to 3.5 mm. The radiation characteristics were retrieved by an inverse method that
minimizes the quadratic difference between the measured and the calculated spectral bidirectional transmit-
tance and reflectance for different sample thicknesses. The theoretical spectral transmittances and reflec-
tances were computed by solving the one-dimensional radiative transfer equation by the discrete-ordinates
method for a nonemitting, homogeneous, and scattering medium. The results of the inversion were shown to
be independent of the sample thickness for samples thicker than 3 mm and clearly demonstrate that bubbles
have an effect on the radiation characteristics of fused quartz. © 2004 Optical Society of America
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1. INTRODUCTION
The radiative transfer equation (RTE) describes on a phe-
nomenological level radiation transfer in a continuous,
homogeneous medium; in contrast, porous media consist
of a dispersed and a continuous phase and therefore are
by nature inhomogeneous.1 However, the RTE can still
be employed with the effective absorption and scattering
coefficients and the effective phase function of the porous
medium provided that the porous medium can be treated
as homogeneous, i.e., if the ratio of pore size to sample di-
mension is very small. However, no quantitative model
is currently available to predict the minimum material
thickness beyond which the homogeneous assumption is
valid. Numerous studies have been performed on theo-
retical predictions and experimental determination of
thermal radiation characteristics of heterogeneous media.
A review of the subject was recently presented by Baillis
and Sacadura.2

The literature contains numerous studies concerned
with closed-cell foams such as polyurethane or polysty-
rene foams.3–7 All the studies consider the medium to be
1084-7529/2004/010149-11$15.00 ©
optically thick and isotropically scattering materials for
which the Rosseland diffusion approximation is valid.
This approach consists of treating the radiative transfer
as a diffusion process. Then one may define the radiative
conductivity kR by1

kR 5
16n2sT3

3bR
, (1)

where s is the Stefan–Boltzmann constant (55.670
3 1028 W/m2K4) and n is the effective index of refraction
of the heterogeneous medium. The dependence of n on
wavelength is negligible compared with that of the extinc-
tion coefficient bl , and its value is close to unity for large
porosity.8 The Rosseland mean extinction coefficient bR
can be computed from its definition,
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dIb,l

dT
dl, (2)

where (dIbl)/dT is the derivative of the blackbody spec-
tral intensity Ib,l with respect to the temperature T.
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When the porous medium cannot be treated as optically
thick or isotropically scattering, more-refined models for
radiation characteristics are required. For example,
fused quartz or soda-lime silicate glasses are weakly ab-
sorbing in the spectral range from 0.2 to approximately
4.5 mm,9,10 and the Rosseland diffusion approximation
may not be valid. Pilon and Viskanta11 discussed exten-
sively the model for radiation characteristics of semi-
transparent media containing bubbles proposed by Fe-
dorov and Viskanta12,13 and applied it to soda-lime
silicate glass containing bubbles with radius larger than
10 mm and porosity between 0 and 0.74. The results for
soda-lime silicate glass indicate that scattering of radia-
tion by the bubbles entrapped in the glass matrix domi-
nates the radiation transfer for porosity larger than 0.2 in
the spectral range from 0.3 to 4.5 mm, where the glass is
weakly absorbing. For longer wavelengths, however, the
glass matrix is strongly absorbing, and absorption by the
matrix dominates the radiation transfer.11

The present study is restricted to radiation character-
istics of semitransparent media containing bubbles. Ex-
perimental evidence on the effect of voids on the radiation
characteristics of fused quartz containing bubbles is pre-
sented. First, different techniques for measuring the ra-
diation characteristics of porous materials reported in the
literature are briefly reviewed. Then the experimental
setup and the procedure to retrieve the radiation charac-
teristics by an inverse method are presented. Finally, ex-
perimental results are discussed along with a parametric
study of the experimental conditions and assumptions
made for retrieving the radiation characteristics.

2. CURRENT STATE OF KNOWLEDGE
Established techniques for estimating the radiation char-
acteristics of porous materials consist of measuring some
apparent physical quantities of the medium and then us-
ing inverse methods to retrieve the radiation characteris-
tics that best fit the experimental data by solving the
RTE. Initial values for the radiation characteristics are
assumed, and the RTE is solved. Then the calculated
and the measured apparent properties are compared and
a new estimate is made. This procedure is accomplished
in an iterative manner until the set of absorption and
scattering coefficients and phase function minimizes the
difference between the measured and the calculated ap-
parent properties. The major drawback inherent in the
inverse method is that the problem is ill-posed; i.e., there
is no unique solution for the absorption and scattering co-
efficients and the scattering phase function. Moreover,
owing to the iterative nature of the method, the initial
values for the absorption and scattering coefficients are of
major importance if one wants a rapid convergence of the
solution. Experimental measurements commonly associ-
ated with inverse methods to retrieve the radiation char-
acteristics of porous media are (i) spectral or total, (ii)
directional–hemispherical or directional–directional mea-
surements of transmittance and reflectance, and (iii) col-
limated (normal or not) or diffuse incident radiation.
Moreover, several numerical techniques have been used
to solve the RTE along with different optimization algo-
rithms to minimize the difference between predictions
and experimental data.

Hale and Bohn14 combined the Monte Carlo method
with importance sampling and a nonlinear least-squares
convergence technique to compute the absorption and
scattering coefficients of reticulated alumina foams from
the spectral directional–hemispherical transmittance, as-
suming an isotropic phase function. The directional–
hemispherical transmittances of three samples of differ-
ent thicknesses were measured. The initial guess for the
radiation characteristics was obtained from a simplified
geometric model.

Hendricks and Howell15 derived the radiation charac-
teristics of reticulated porous ceramics by measuring
their spectral directional–hemispherical transmittance
and reflectance for 0.4 mm , l , 5 mm. They used the
traditional inverse method with the discrete-ordinates
method to solve the RTE and a nonlinear least-squares
minimization algorithm. They investigated two different
phase functions with two unknown parameters. The
samples were 1–2 mm thick with 10–65 pores per inch
(ppi) and a porosity of 80–85%. The authors reported se-
vere computational stability and accuracy requirements
and obtained only a few successfully converged optimum
solutions, particularly for most scattering samples (65
ppi). Moreover, the samples were thin to permit trans-
mittance measurement, but the homogeneity assumption
may not be valid, as reported by Hale and Bohn14 for
similar methods.

Baillis et al.16 determined radiation characteristics of
open-cell carbon foams by using a prediction model based
on geometric optics combined with diffraction. Baillis
and co-workers17,18 combined measurements of bidirec-
tional and directional–hemispherical transmittance and
reflectance to identify the radiative characteristics of
polyurethane foams. They solved the RTE by the
discrete-ordinates method. Their study shows that a
combination of bidirectional and directional–hemispheri-
cal measurements provides complementary information
and is preferable to either bidirectional or directional–
hemispherical measurements. As mentioned by Baillis
et al.,17 the drawback of using bidirectional measure-
ments for highly forward scattering media is the weak-
ness of the transmitted or the reflected signal in direc-
tions other than the normal direction, which leads to high
experimental uncertainties. On the other hand, only
directional–hemispherical measurements for a given
sample thickness do not permit estimation of the scatter-
ing phase function, which often is assumed to be
isotropic.18 Moura19 recovered the spectral radiation
characteristics of different fibrous media from spectral
transmittance and reflectance measurements with differ-
ent angles of incidence. However, the authors assumed
that the scattering phase function was azimuthally sym-
metric, which limits the generality of the approach.

All the above-mentioned studies assumed that the po-
rous medium can be treated as homogeneous. Such an
assumption leads to the following experimental dilemma:
On the one hand, one needs thick enough samples to be
able to apply the inverse method by using the RTE, yet on
the other hand some porous media are so highly scatter-
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ing and/or absorbing that the signal of the transmitted ra-
diation is very weak even for thin samples and the experi-
mental uncertainty is very large. Moreover, if a thick
layer is exposed to a high intensity of radiation to obtain
stronger signals, the incident radiation may heat up the
sample, causing nonuniformity in the sample tempera-
ture.

To overcome the difficulties related to the homogeneous
assumption, Dunn20 and Subramaniam and Mengüç21 re-
ported an inverse method, using the Monte Carlo method
with importance sampling with applications to inhomoge-
neous planar media. Unlike the traditional inverse
method, the approach described requires only one direct
simulation, but the optical thickness is either assumed to
be known or is determined from independent experi-
ments. Moreover, as a statistically based method, the
Monte Carlo approach requires tracking of a large num-
ber of photon bundles and hence large computer resources
for reasonable accuracy.14

An alternative technique to measure the radiation
properties of porous materials was presented by Yamada
and Kurosaki and co-workers.22,23 First, Take-Uchi
et al.22 presented a method to determine the extinction
coefficient, the albedo, and the backscattering fraction
factor of fiberglass batting. The albedo and the back-
scattering fraction factor were estimated by heating an
optically thick sample at 108 °C and measuring its normal
emittance. The extinction coefficient was determined in-
dependently by transmittance measurements of a thinner
sample. The analysis is based on the two-flux model and
on the assumptions that the radiative properties do not
depend on temperature and that the temperature in the
medium is uniform. The albedo and the backscattering
fraction factor are determined by use of the least-squares
optimization technique. Further simplification was pre-
sented more recently by Yamada and Kurosaki,23 who as-
sumed an isotropic scattering phase function. In both
cases, the authors used the fact that the emittance of an
optically thick and isotropically scattering medium is in-
dependent of the optical thickness and depends only on
the albedo and on the backscattering fraction factor (50.5
if isotropic scattering is assumed). Finally, the authors
recommend the simplified method for highly scattering
media rather than for absorbing media since the albedo is
very sensitive to emittance, which is larger for strongly
absorbing media.
In the present study, spectral bidirectional measure-
ments are used to identify radiation characteristics of
fused quartz containing bubbles. Usually, spectral bidi-
rectional measurements are performed for high-porosity
foams and fibrous media with negligible reflectivities at
the interfaces. However, the samples under consider-
ation have porosity ;10%, and reflectivities at the fused
quartz/surround interface cannot be neglected.

3. EXPERIMENTS AND METHODOLOGY
A. Experimental Setup
Figure 1 shows the experimental setup used to measure
the spectral bidirectional transmittance and reflectance of
the quartz samples containing bubbles and shows the
path of the radiation from the radiation source to the de-
tector. A radiation source is generated from a Fourier
transform infrared (FTIR) spectrometer (FTS 60 A, Bio-
Rad, Inc.) operating in the spectral range 1.5–25 mm.
The source is distant from the spherical mirror SM1 by
twice its focal distance and corresponds to a blackbody
emission spectrum at 1300 °C emitting a radiation beam 7
mm in diameter. The diaphragm is located in the focal
point of mirror SM2 and consists of four cylindrical holes
of different radii RA that determined the divergence half-
angle u0 of the outcoming beam of the FTIR spectrometer
expressed as

u0 5 arctan~RA /f2!, (3)

where f2 is the focal distance of mirror SM2. For a good
resolution, one needs to reduce the divergence of the
beam by reducing the radius of the diaphragm. However,
this also reduces the energy of the signal. Thus, a com-
promise must be found between the energy of the signal
leaving the FTIR spectrometer and the resolution. The
optimum diaphragm diameter was found to be RA
5 2.7 mm, leading to a resolution of 2 cm21 and a diver-
gence half-angle u0 of 1.27°.24

The detection system consists of a spherical mirror col-
lecting the transmitted radiation and concentrating it on
a liquid-nitrogen-cooled mercury cadmium telluride
(HgCdTe) detector (Bio-Rad, Inc. model 997-0038) located
at its focal point. The detection system is mounted on a
rotating arm, which allows the measurement of the spec-
tral bidirectional transmittance and reflectance in any ar-
bitrary direction in the plane of incidence, as shown in
Fig. 1. Schematic of the experimental apparatus used to measure the spectral transmittance and reflectance.
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Fig. 1. The rotation axis of the goniometer is passing in
the plane of the incident face of the sample for reflectance
measurements and in the plane of the other face for
transmittance measurements. The entire system was
purged with dry air to avoid infrared absorption by water
vapor and carbon dioxide. The radiation emitted by the
source is modulated and the detection is synchronized, so
that the radiation emitted by the sample and the sur-
roundings are not measured.

The bidirectional transmittances and reflectances
Te,l(u) for normal incidence are defined by

Te,l~u! 5
Il~u!

I0,ldv0
, (4)

where Il(u) is the transmitted or the reflected intensity in
the u direction and I0,l is the intensity of the collimated
beam normally incident onto the sample within the solid
angle dv0 5 2p(1 2 cos u0). The solid angle of detection
is denoted dvd 5 2p(1 2 cos ud), where ud is the detec-
tion angle measured experimentally as 0.19°. The
spherical mirror obstructs the incident beam and pre-
vents the measurement of the spectral bidirectional re-
flectance for directions close to u 5 180°. To overcome
this difficulty, the sample holder is rotated by an angle
ua 5 5° (see Fig. 2), permitting the measurement of
specular reflection, which is equivalent to reflectance
measurements at 180° with normal incidence if one as-
sumes that the reflection is independent of the incident
angle (for small angles).25 The same approach is used for
the other directions of the quadrature scheme for which
the sample holder obstructs the incident beam.

Finally, the reflection of the incident radiation by the
sample holder can significantly affect the reflectance mea-
surements, particularly for small diaphragms of the
sample holder. The sample holder consists of two rigid
plates that have circular diaphragms, between which the
sample is placed. Painting the sample holder with an ab-
sorbing black paint was not sufficient to minimize such a
disturbance. Consequently, the sample holder, including
the front and back diaphragms, were coated with soot
particles by being placed in a combustion chamber where
ethylene and oxygen burned with an excess of oxygen.
Then the sample-holder emissivity was measured; the
measurements indicate that the sample holder behaves
as a blackbody across the entire spectral range of the de-

Fig. 2. Reflectance measurements in the directions between
170° and 180° with ua 5 5°.
tector. Doermann24 also showed that assuming a uni-
form incident radiation intensity may not be valid if the
diaphragm placed in front of the sample is too large.
Therefore one should achieve a compromise in order to
find the largest possible diaphragm that would give the
largest radiation intensity and signal-to-noise ratio pos-
sible while satisfying the assumption of uniform incident
intensity used as a boundary condition in the inversion
scheme. The optimum diaphragm diameter was found to
be 35 mm, leading to a ratio of sample thickness to dia-
phragm diameter between 1/12 and 1/4. In the inversion
procedure the RTE is solved under the assumption that
the radiation intensity profile of the incident beam falling
on the sample is uniform [see the boundary condition ex-
pressed by Eq. (7)]. In general, the intensity profile as-
sumes a bell shape with a plateau in the center and a
sharp decrease at the edges. The uniformity of the radia-
tion intensity falling onto the sample, i.e., the extent of
the plateau in the center of the beam, depends on both the
spectrophotometer aperture and the size of the dia-
phragm placed in front of the sample.

B. Sample Description
Fused quartz samples containing bubbles were prepared
and analyzed. The fused quartz is the Osram Sylvania
SG25 Lighting grade containing a negligible hydroxyl
content with a maximum of 5 ppm. Samples were cut
with a diamond saw from a large piece of quartz collected
during the shutdown of an industrial furnace in which the
fused quartz is electrically heated in an inert atmosphere
of helium and hydrogen. The samples were then ground
with a diamond wheel and polished with silicon carbide
papers of different grids. Desirable finish was achieved
by using a rotating cork belt. The samples were cleaned
with a 1:1 mixture of sulfuric acid and hydrogen peroxide
at 30% for 10 min, followed by a 10-min rinse in de-
ionized water. The samples were finally dried by being
blown with ultra-pure nitrogen. Five samples of differ-
ent thicknesses (3, 5, 5.6, 6, and 9 mm) were studied, all
having an average void fraction of 0.094 6 16% and a
5 cm 3 5 cm cross section. The samples are cut rela-
tively thin so that (1) the width-to-thickness ratio is large
enough to ensure one-dimensional radiative transfer and
(2) the transmitted signal-to-noise ratio is large enough
for the measurements to be meaningful. Owing to the
small thickness, the ratio of sample thickness to average
bubble diameter is small, and inhomogeneities exist.
However, the cross-sectional area of the incident beam is
large (;35 mm) compared with the average cross-
sectional area of the bubbles. Therefore the radiation en-
counters numerous bubbles as it passes through the
sample, which leads to an averaging effect that smoothes
out the inhomogeneities, as confirmed by Baillis and
Sacadura.18 In other words, the radiation characteristics
kl , sl , bl , and F(u) recovered from the bidirectional
transmittance and reflectance measurements vary little
with the sample thickness; i.e., the local inhomogeneities
do not affect the results of the inversion, and the homoge-
neous assumption is valid.

Figure 3 shows a photograph of a typical 3-mm-thick
sample of 5 cm 3 5 cm cross section. The bubble size
distribution was determined from the analysis of more
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than 120 images of individual bubbles. As one can see in
Fig. 3, the bubbles are spherical in shape and randomly
distributed, and their size distribution is relatively uni-
form, as illustrated in Fig. 4. The average bubble radius
is 1.14 mm. The fact that bubbles are randomly distrib-
uted ensures that radiation characteristics of the medium
are independent of the azimuthal angles and that bidirec-
tional transmittances are symmetric with respect to the
incident direction. Even though micrographs were taken
from two different samples, all the samples were assumed
to have the same bubble size distribution and void frac-
tion since the samples were prepared from the same large
piece of glass.

C. Inverse Method
The radiation characteristics of the samples are deter-
mined by an inverse method. The inversion consists of
determining iteratively the radiation characteristics that
minimize the sum F of the quadratic difference between
the measured and the calculated bidirectional transmit-
tance and reflectance over the n discrete directions u i .
At each wavelength l, F is given by

Fig. 3. Digital photograph of a 3-mm-thick fused quartz sample
containing bubbles (porosity'10%).

Fig. 4. Bubble size distribution obtained from more than 120
images of individual bubbles.
F@vl , bl , F~u i!# 5 (
i51

n

@Tt,l~u i! 2 Te,l~u i!#
2. (5)

The function F@vl , bl , F(u i)# is minimized by the
Gauss linearization method, i.e., by setting to zero the de-
rivatives of F with respect to each of the unknown
parameters.26

The theoretical spectral transmittances and reflec-
tances were computed by solving the RTE on the basis of
the following assumptions: (1) the radiation transfer is
one dimensional, (2) azimuthal symmetry prevails, (3) the
medium emission term can be disregarded because of the
radiation modulation and the phase sensitive detection,
(4) the medium is homogeneous, and (5) the effect of po-
larization on the bidirectional reflectance is not consid-
ered.

Solution of the RTE is achieved by using the discrete-
ordinates method in the n directions of the quadrature
scheme. Under the above assumptions, the discretized
one-dimensional RTE in the direction u i can be expressed
as the following system of n partial differential equations
(one for each direction),

m i

]Il~tl , m i!

]tl

5 2Il~tl , m i!

1
vl

2 (
j51

n

wj@F~m j , m i!Il~tl , m j!

1 F~2m j , m i!Il~tl , 2m j!# (6)

where m i 5 cos ui is the cosine director, tl is the spectral
optical coordinate and wi is a weighting factor associated
with the ordinate direction u i . The weighting factors wi
depend on the quadrature scheme27 and are listed in
Table 1 for the quadrature consisting of 24 directions and
corresponding to a half-angle u0 of 1.27°. The quadra-
ture is a combination of two Gauss quadratures that al-
lows for a concentration of ordinates in the neigborhood of
the normal direction suitable for forward-scattering me-
dia. The boundary conditions are obtained by assuming
that the interfaces are optically smooth, i.e., that surface
roughness is small compared with the wavelength of ra-
diation, and that reflections are specular. Indeed, the
void fraction is relatively small, and the effect of open
bubbles at the sample surface can be neglected. Then,
the boundary conditions associated with the RTE for nor-
mal incident radiation are given by

Il~0, m j! 5 r21Il~0, 2m j! 1 ~nl
c!2~1

2 r12)dm0 ,m j
Il~0, m0!, m j . 0, (7)

Il~tl,L , m j! 5 r21Il~tl,L , 2m j!, m j , 0, (8)

where r12 and r21 are the interface reflectivities as shown
in Fig. 5 and tl,L is the optical thickness of the entire
sample; i.e., tl,L 5 tl (x 5 L). The Kronecker delta
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function is denoted dm0 ,m j
(5 1 if m j 5 m0 and 5 0 other-

wise) with m j 5 cos(uj) and m0 5 1 for normal incidence.
In general, reflectivities are determined from the com-

plex index of refraction.27 In spectral regions where the
complex part is negligible (weakly absorbing materials),
reflectivities at the interface r12 can be determined from
the Fresnel’s equation,1,27

r12 5
1

2 F sin2~u 2 x!

sin2~u 1 x!
1

tan2~u 2 x!

tan2~u 1 x!
G , (9)

where u is the angle of incidence between the normal and
the incident radiation onto the surface. The angle of re-

Fig. 5. Schematic of the idealized liquid layer containing
bubbles and the coordinate system.

Table 1. Twenty-Four Directions and Correspond-
ing Weighting Factors for the Quadrature with

Divergence Half-Angle Equal to 1.27°

Index i Angle u i (°) m i Weight wi

1 0.0 1.000000 2.46 3 1024

2 1.85 0.999479 7.05 3 1024

3 3.32 0.998322 1.60 3 1023

4 4.92 0.996315 2.39 3 1023

5 6.80 0.992976 3.04 3 1023

6 7.99 0.990304 3.49 3 1023

7 9.36 0.986680 3.72 3 1023

8 16.44 0.959112 6.57 3 1022

9 31.58 0.851919 0.14718
10 48.00 0.669092 0.21576
11 64.74 0.426806 0.26518
12 81.57 0.146618 0.29103
13 98.43 20.146618 0.29103
14 115.27 20.426806 0.265178
15 132.00 20.669092 0.21576
16 148.42 20.851919 0.14718
17 163.56 20.959112 6.57 3 1022

18 170.64 20.986680 3.72 3 1023

19 172.02 20.990304 3.49 3 1023

20 173.51 20.993586 3.04 3 1023

21 175.08 20.996315 2.39 3 1023

22 176.68 20.998322 1.60 3 1023

23 178.15 20.999479 7.05 3 1024

24 180.00 21.000000 2.46 3 1024
fraction of the radiation from within the layer onto the
back surface of the slab is denoted x. For normal inci-
dent radiation, the external surface reflectivity (r12) sim-
plifies as1,27

r12 5
~nl

c 2 1 !2

~nl
c 1 1 !2

. (10)

Moreover, owing to the presence of a large number of scat-
terers (bubbles) in the condensed phase layer (medium 2),
the radiation field inside the layer does not reach the in-
terface normally. Thus the internal surface reflectivity
r21 is also given by Eq. (9) but with u 5 x j the incident
angle of radiation coming from the medium and x 5 u j
the refraction angle at the interface. The angles x j and
u j are related by Snell’s law:

nl
c sin x j 5 sin u j . (11)

Thus the reflected and the transmitted intensity used to
calculate the transmittance and reflectance required in
the identification processes are given, respectively, by

Il~0, m i! 5 r12dm0 ,2mi
Il~0, m0!

1 S 1

nl
c D 2

~1 2 r21!Il~0, m j!,

m i , 0, (12)

Il~tl,L , m i! 5 ~1/nl
c !2~1 2 r21!Il~tl,L , m j!,

m i . 0, (13)

where m j 5 cos uj is obtained from Snell’s law. The scat-
tering phase function was assumed to follow the Henyey–
Greenstein normalized form involving only the asymme-
try factor g and expressed as1

Fl~u! 5
1 2 g2

~1 1 g2 2 2g cos u!3/2
. (14)

The shape coefficient g can vary between 0 (isotropic scat-
tering) and 61 (1 for strictly forward scattering and 2 for
backward scattering).

Finally, the space is discretized to allow numerical so-
lution of the above system of partial differential equations
with the associated boundary conditions [Eqs. (6)–(8)] by
the finite-volume method.19,24 The results obtained by
the discrete-ordinates method may depend strongly on
the number of directions and on the spatial discretiza-
tions chosen. We performed grid sensitivity studies to re-
duce the computational time and still provide sufficiently
accurate results. The numerical results were shown to
be independent of the number of control volumes consid-
ered, and 190 control volumes in each ordinate direction
were sufficient to obtain a converged solution.

D. Infrared Optical Constants of Fused Quartz
The index of refraction of fused quartz in the spectral
range of the infrared detector (0.2 mm < l < 15 mm) is
necessary for determining the reflectivity at the glass
sample–surround interface used in the boundary condi-
tions. Different correlations for the real part of the com-
plex index of refraction of fused quartz as a function of
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wavelength have been suggested in the literature28–30 for
different spectral regions. Rodney and Spindler28 sug-
gested an expression for nl

c over the spectral range from
0.347 to 3.508 mm at 31 °C, and Tan and Arndt30 proposed
another equation in the spectral region from 1.44 to 4.77
mm at temperatures ranging from 23.5 to 481 °C. Over
the spectral range from 0.21 to 3.71 mm at 20 °C,
Malitson29 fitted experimental data with the following
three-term Sellmeier equation:

~nl
c !2 5 1 2

0.6961663l2

l2 2 ~0.0684043!2
1

0.4079426l2

l2 2 ~0.1162414!2

1
0.8974794l2

l2 2 ~9.896161!2
. (15)

Moreover, Tan31 confirmed the validity of Eq. (15) for
wavelengths up to 6.7 mm. Therefore, owing to its wide
range of validity (from 0.21 to 6.7 mm) at room tempera-
ture, Eq. (15) is used in the present study.

E. Experimental Uncertainty
In the case of bidirectional measurement, experimental
uncertainty is due mainly to the alignment.24 To assess
the experimental uncertainty, four different alignments
were performed and spectral bidirectional transmittances
and reflectances were measured for each sample. The
average spectral transmittance or reflectance in direction
u i and wavelength l denoted T̄l(u i) along with the mean
square deviations D i were computed as

T̄l~u i! 5
1

4 (
k51

4

Tk,l~u i!, (16)

D i 5
1

T̄l~u i!
H 1

3 (
k51

4

@Tk,l~u i! 2 T̄l~u i!#
2J 1/2

. (17)

Then the resulting average spectral bidirectional trans-
mittances and reflectances were used as input param-
eters to the inversion algorithm. The experimental error
on the measured transmittances and reflectances depends
on the ordinate directions and on the wavelength. In-
deed, the signal-to-noise ratio decreases as one moves
away from the incident direction corresponding to u i
5 0.0°.

4. RESULTS AND DISCUSSION
The input parameters for the inverse method are (i) the
sample thickness L, (ii) the ordinate directions u i and the
associated weighting factors wi , and (iii) the complex in-
dex of refraction of fused quartz. The radiation charac-
teristics retrieved from the inversion are the single-
scattering albedo vl , the extinction coefficient bl , and
the Henyey–Greenstein asymmetry factor g. Then the
absorption and scattering coefficients can be determined
from

kl 5 bl~1 2 vl!, sl 5 blvl . (18)

In this section we present the radiation characteristics of
fused quartz containing bubbles obtained by the inverse
method. We discuss in detail the validity of the results
and their sensitivity to input parameters as well as pro-
vide physical explanations of the results.

A. Discussion of the Inverse Method
To retrieve the radiation characteristics of the samples,
the RTE and the associated boundary conditions were
solved for 24 different angles of the ordinate directions
and for 200 different wavelengths in the spectral region
from 1.67 to 3.5 mm. Since the set of equations solved by
the inverse method is ill-posed, a small uncertainty in the
experimental data could lead to large variations and er-
rors in the recovered results. Therefore, it is essential to
perform a sensitivity study to assess the effect of small
changes in the input parameters.32 To do so, the uncer-
tainty both on the real (nl

c ) part of the index of refraction
of fused quartz and on the sample thickness L was esti-
mated to be 2%. It was shown that error on the sample
thickness L has a negligible effect on the results of the in-
verse method. However, an uncertainty of 2% in nl

c leads
to a similar uncertainty in the retrieved extinction coeffi-
cient, single-scattering albedo, and asymmetry factor g
but is still acceptable since experimental data for nl

c ap-
pear to be highly accurate and reproducible, as discussed
above. The difference between reflectivities calculated
from Eq. (9) neglecting the absorption index kl

c and those
obtained without neglecting the absorption index27 re-
mains less than 4.5 3 1022%, and all the retrieved pa-
rameters vary by less than 1026% for all the samples and
wavelengths in the range from 1.67 to 3.5 mm. This con-
firms that the absorption index kl

c can be neglected in the
calculation of reflectivities and that Eq. (9) is valid for
fused quartz in the spectral range of interest.

Owing to the weak signal transmitted in directions far
from the incident direction, only eight forward directions
and three backward directions were used. To verify the
good behavior of the model and the validity of the results,
the effect of the number of ordinate directions used for the
inversion was investigated. Figure 6 illustrates the ef-
fect of the number of ordinate directions for the single-
scattering albedo of the 5.5-mm-thick sample. It indi-
cates that unlike the number of backward directions
considered, the number of forward directions considered

Fig. 6. Illustration of the effect of the number of directions ac-
counted for in the results of the inversion algorithm for spectral
single-scattering albedo of the 5.6-mm-thick sample.
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has a significant effect on the retrieved parameters. The
study shows that at least three angles u i are needed in
the forward direction to produce convergence of the inver-
sion algorithm. The results were shown to be indepen-
dent of the number of ordinate directions if at least five
different angles u i close to u 5 0° (forward) and two near
u 5 180° (backward) were considered. The number of
wavelengths for which the inversion algorithm converges
increases with the number of directions accounted for.

Similarly, a sensitivity study for the initial values
taken for bl , vl , and g was carried out. In brief, the in-
verse algorithm always converges to the same solutions
for different sets of initial estimates of the radiation char-
acteristics.

Moreover, beyond wavelengths of 4.5 mm, fused quartz
is strongly absorbing, thus reducing the magnitude of the
transmitted signal and increasing the experimental un-
certainty. The measurements were performed for wave-
lengths between 1.67 and 3.5 mm. The lower limit corre-
sponds to the limit of the detector, and for wavelengths
greater than 3.5 mm the inverse algorithm could not con-
verge for certain samples.

Furthermore, the difference between r12(0°) and
r12(5°) remains less than 3.1023% for wavelengths be-
tween 1.67 and 3.5 mm. Thus the reflection can be as-
sumed to be independent of the angle for small angles,
and the technique described in Fig. 2 can be used to mea-
sure the reflectance at 180°.

Finally, it was not necessary to measure spectral
directional–hemispherical transmittance and reflectance,
owing to the good behavior of the inversion algorithm in
terms of convergence and sensitivity.

B. Analysis of the Experimental Results
Figure 7 shows the extinction coefficient, the single-
scattering albedo, and the Henyey–Greenstein asymmet-
ric factor as a function of wavelength retrieved for the dif-
ferent samples. One can see that the retrieved
characteristics do not vary significantly with a sample
thickness larger than 3 mm, which confirms the good be-
havior of the inversion algorithm with use of Eqs. (6)–
(15). However, the 3-mm-thick sample has a spectral ex-
tinction coefficient much larger than that of the other
samples. This can be explained by the fact that the
sample may be too thin to be treated as homogeneous or
that the effect of open bubbles at the sample surface can-
not be neglected for thin samples, i.e., the interfaces can-
not be treated as optically smooth. Similar observations
have been reported by Hale and Bohn14 for open-cell re-
ticulated alumina foams.

On the basis of the above remarks, the radiation char-
acteristics retrieved for the 3-mm-thick sample were not
considered. The spectral data for the four other samples
were averaged at each wavelength and are shown in Fig.
8 along with the associated standard deviation. The re-
trieved radiation characteristics for the 9-mm-thick
sample deviate slightly from those obtained with 5-, 5.6-,
and 6-mm-thick samples for the single-scattering albedo
and the asymmetry factor. The maximum standard de-
viation is observed for the single-scattering albedo but
does not exceed 14%. The single-scattering albedo
ranges between 0.06 and 0.11, indicating that the radia-
tion transfer is dominated by absorption in the fused
quartz matrix. It also indicates that even for a small
void fraction of ;10%, scattering caused by the presence
of bubbles contributes between 6% and 11% to the total
extinction coefficient. The single-scattering albedo is ex-
pected to be larger for glass samples containing smaller
bubbles and thus having larger interfacial area.

The absorption and scattering coefficients were com-
puted from Eq. (18) and are presented in Fig. 9. The
scattering coefficient is relatively small owing to the
small void fraction and the relatively large bubble size,
resulting in a small interfacial surface area. Indeed,
scattering is caused by the reflection and diffraction of the

Fig. 7. Retrieved extinction coefficient, single-scattering albedo
and Henyey–Greenstein asymmetry factor determined by an in-
verse method for each sample.
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Fig. 8. Average retrieved extinction, single-scattering albedo, and Henyey–Greenstein asymmetry factor by an inverse method for each
sample and their standard deviations.
radiation at the gas–fused-quartz interface and should
depend strongly on the interfacial phenomena.11 More-
over, the absorption coefficient presents a peak near the
wavelength of 2.7 mm, which is attributed to hydroxyl
groups present as impurities in the fused quartz. In-
deed, O-H stretching vibration presents a maximum at
;2.72 mm and is believed to consist of four Gaussian com-
ponents corresponding to different O-H bonding configu-
rations in the SiO2 matrix.33 The absorption by the im-
purities such as hydroxyl groups is particularly noticeable
near 2.7 mm since the complex part of the index of refrac-
tion of fused quartz is very small over the spectral region
from 0.2 to 4.5 mm. One could also mention that both
carbon dioxide and water vapor present strong absorption
bands at 2.7 mm (Ref. 27) and could be entrapped in the
bubbles, as commonly observed in glass manufacturing.34

However, the industrial process used to manufacture the
fused quartz under consideration consists of heating pure
silicon dioxide electrically in an inert atmosphere of he-
lium and hydrogen.35 Moreover, analysis of the bubble
content indicates that bubbles contain mainly carbon
monoxide, along with helium and hydrogen.35 These
gases do not absorb near 2.7 mm (Ref. 27) and should not
influence the radiation characteristics of fused quartz
containing bubbles. Consequently, hydroxyl groups are
solely responsible for the absorption peak around 2.72
mm. Beside the absorption peak around 2.7 mm, the re-
trieved values of the absorption coefficient are larger than
the value computed from the optical properties of dense
Fig. 9. Average retrieved absorption (top) and scattering (bot-
tom) coefficients.
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fused quartz reported in the literature. Additional ab-
sorption could be due to trapping of radiation by succes-
sive interreflections within the bubbles caused by the cur-
vature of the bubble surface. However, the optical
properties of fused quartz in the spectral region from 1.67
to 3.5 mm depend strongly on the impurity concentration,
and therefore no quantitative conclusion can be drawn.

Finally, the experimental error computed from Eq. (17)
is conservatively estimated to be 9%, i.e., D i , 9% in the
normal direction and up to 25% at u i 5 3.32°. The com-
puted spectral transmittances and reflectances fall sys-
tematically within the experimental uncertainty error
bars for all samples and directions except for u 5 180°.
For example, Fig. 10 compares the experimental trans-
mittance obtained with the 5.6-mm-thick sample for typi-
cal directions 1 and 3 (u i 5 0° and 3.32°, respectively)
with those obtained numerically by solving the RTE by
using the discrete-ordinates method and the average
spectral extinction coefficient, the single-scattering al-
bedo, and the asymmetry factor obtained by the inverse
method. One can see that the computed spectral trans-
mittance falls within the experimental uncertainty error
bars representing the interval @Te,l(u i) 2 D i , Te,l(u i)
1 D i#.

Fig. 10. Comparison between the average measured spectral
transmittance with error bars corresponding to Te,l(u i) 6 D i and
the numerical results obtained with the averaged retrieved ra-
diation characteristics for (top) u i 5 0° and D i 5 9% and (bot-
tom) u i 5 3.32° and D i 5 25%.
5. CONCLUSIONS
The radiation characteristics of fused quartz containing
bubbles were measured experimentally. So far, spectral
bidirectional transmittance and reflectance measure-
ments have been performed for high-porosity material
such as foam and fibrous media. In this work, the poros-
ity is approximately 10%, and reflectivities at the inter-
face have been taken into account assuming smooth inter-
faces. To study experimentally the effect of bubbles on
the radiation characteristics of fused quartz, we consid-
ered five different samples with thickness between 3 and
10 mm. Experimentally, we have established that

• The assumption of one-dimensional radiation trans-
fer appears to be appropriate for samples thicker than 3
mm.

• Inconsistencies in the retrieved radiation character-
istics appear for the 3-mm-thick sample. They can be at-
tributed to the possibility that the homogeneous assump-
tion may not be valid for such thin samples and/or that
the effect of open bubbles at the sample surface can no
longer be neglected.

As far as the effect of bubbles on the radiation character-
istics of fused quartz is concerned, the following conclu-
sions can be drawn:

• The presence of the bubbles seems to increase the
extinction coefficient as a result of the scattering of the
radiation at the bubble–glass interface in the spectral
range from 1.67 to 3.5 mm. For a void fraction of ;10%,
scattering caused by the presence of bubbles contributes
between 6% and 11% to the total extinction coefficient.

• The scattering phase function of quartz containing
bubbles is directed strongly forward as predicted by the
model discussed by Viskanta and co-workers.11–13 The
Henyey–Greenstein phase function appears to be appro-
priate to represent the scattering of semitransparent me-
dia containing bubbles.
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