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Modeling of radiation characteristics of semitransparent media containing particles or bubbles in the indepen-
dent scattering limit is examined. The existing radiative properties models of a single particle in an absorbing
medium using the approaches based on (1) the classical Mie theory neglecting absorption by the matrix, (2) the
far field approximation, and (3) the near field approximation are reviewed. Comparison between models and
experimental measurements are carried out not only for the radiation characteristics but also for hemispheri-
cal transmittance and reflectance of porous fused quartz. Large differences are found among the three models
predicting the bubble radiative properties when the matrix is strongly absorbing and/or the bubbles are opti-
cally large. However, these disagreements are masked by the matrix absorption during calculation of radiation
characteristics of the participating medium. It is shown that all three approaches can be used for radiative
transfer calculations in an absorbing matrix containing bubbles. © 2006 Optical Society of America

OCIS codes: 290.4020, 290.5850, 260.3060, 160.2750, 030.5620.
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. INTRODUCTION
isible and infrared radiation transfer in semitranspar-
nt solids or liquids can be strongly affected by the pres-
nce of entrapped bubbles or particles. This is of interest
n many practical engineering applications ranging from
emote sensing of the ocean surface1,2 to materials
rocessing.3,4

Radiation transfer in particulate media has long been a
ubject of study, as reviewed by Viskanta and Mengüç5

nd Baillis and Sacadura.6 Radiation characteristics of
ispersed particles in a nonabsorbing medium have been
xtensively studied. The general way to obtain these ra-
iation characteristics, based on the absorption and/or ex-
inction and scattering efficiency factors and the scatter-
ng phase function, placed in a nonabsorbing
nvironment, is by using the classical Mie theory (CMT).7

owever, few analyses have been carried out on the ra-
iation characteristics of polydispersed bubbles in absorb-
ng media. Fedorov and Viskanta8 have proposed a model
or the effective radiation characteristics of glass foams.
heir analysis was performed for bubbles large compared
ith the wavelength of radiation in the limiting case of
nomalous diffraction. Pilon and Viskanta9 have studied
he influence of the bubble size distributions and porosity
y using the Fedorov and Viskanta model. Dombrovsky10

uestioned the validity of the previous models and sug-
ested the use of the extended Mie theory11 applied to the
ase of large gas bubbles in semitransparent liquid.

For estimating spurious scattering in optical elements,
ssessing the attenuation of light in fiber optics, and char-
1084-7529/06/071645-12/$15.00 © 2
cterizing light transport through turbid water, a more
igorous prediction of light scattering and attenuation by
pherical particles in absorbing media was developed.11

ubstituting into the CMT solutions the complex refrac-
ion index of the matrix instead of the real one is an in-
ppropriate approximation. In fact, this neglects the at-
enuation of scattered waves by the absorbing matrix
etween the particle surface and the far field zone at
hich the CMT solutions were derived. In addition, the

ncident intensity needed to define the particle efficiency
actors becomes questionable. The solutions should be de-
ived from the solution of Maxwell’s equations7 over the
article surface. Two approaches are usually proposed:
he far field approximation (FFA)11–13 and the near field
pproximation (NFA).14–19 The FFA was initially devel-
ped by Mundy et al.11 and Chylek12 by extending the
MT,7 i.e., from a particle in a nonabsorbing environment

o a particle in an absorbing environment. The FFA solu-
ions such as the particle extinction11 or absorption12 and
cattering efficiency factors were defined by using the
rue incident intensity on the particle instead of the con-
entional incident intensity at the particle center.7 Sudi-
rta and Chylek14,15 and Lebedev et al.16,17 have proposed
he NFA, in which the Poynting vectors (i.e., the solutions
f Maxwell’s equations7) are integrated over the particle
urface.

Fu and Sun18 used the NFA to model scattering and ab-
orption efficiency factors of a coated particle placed in an
bsorbing medium. The scattering phase function derived
rom the FFA was used. Yang et al.13 have extended the
006 Optical Society of America
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FA to study the scattering process and the polarization
tate during the interaction of an electromagnetic plane
ave with a coated particle embedded in an absorbing en-
ironment. They analyzed the deviation between the ex-
inction efficiency factor and the ratio of the scattering ef-
ciency factor to the extinction efficiency factor from the
FA and FFA and discussed the application fields of these

wo approaches. They suggested that the FFA solutions,
efined by using the conventional incident intensity at
he particle center instead of the true incident intensity,
hould be used in order to preserve the usual meaning of
adiation characteristics in the radiative transfer calcula-
ions. Recently, Sun et al.19 compared the model of Fu and
un18 with a three-dimensional solution of Maxwell’s
quations,7 using the numerical method known as finite-
ifference time domain,20 for the radiative properties of a
oated sphere placed in an absorbing matrix. Sharma and
ones21 have studied the absorption and scattering of
lectromagnetic radiation by a large absorbing sphere
ontaining highly absorbing inclusions. Their system
large sphere+particle inclusions) was approximated as a
arge sphere containing a homogeneous absorbing and
cattering medium characterized by the radiation charac-
eristics of the particle inclusions that use the NFA effi-
iency factors and the FFA scattering phase function. The
ay tracing method, combined with the Monte Carlo tech-
ique, was used to determine the absorption and scatter-

ng of the incident radiation on the large homogeneous
phere.

Note that, to date, no model for the radiative properties
f a particle (coated or uncoated) embedded in an absorb-
ng medium is widely accepted. Therefore the aim of this
tudy is (1) to clarify the issue concerning the appropriate
efinition of incident intensity to be applied for computing
he efficiency factors of a single particle in an absorbing
edium, (2) to determine the limits of application of the
FA, NFA, and CMT in the modeling of the radiation
haracteristics of an absorbing heterogeneous medium (in
he CMT, the absorption of the matrix is taken into ac-
ount in the effective absorption coefficient calculation
ut is neglected during the calculations of single particle
adiative properties), and (3) to compare the radiation
haracteristics models based on the FFA, NFA, and CMT
gainst the experimental data for porous fused quartz.22

In Section 2, models proposed to determine the radia-
ion characteristics of an absorbing medium containing
olydispersed bubbles from the single bubble radiative
roperties are first presented. Then, the existing models
or predicting the radiative properties of a single particle
r bubble in an absorbing medium are reviewed. The re-
ults obtained from the models are compared and dis-
ussed for different values of the complex index of refrac-
ion of the surrounding medium. Section 3 is concerned
ith porous fused quartz and a comparison of the experi-
ental data with theoretical predictions.

. THEORETICAL MODELS
. Radiation Characteristics of a Semitransparent
edium Containing Polydispersed Bubbles
et us consider spherical bubbles randomly distributed in
semitransparent matrix. We assume that there are no
ubble clusters for a small concentration of bubbles, en-
bling one to treat the bubbles as independent
catterers.23,24

Thus the radiation characteristics such as the absorp-
ion coefficient �� and the scattering coefficients �� of an
bsorbing continuous phase containing polydispersed
pherical bubbles of radius a and size distribution n�a�
Ref. 21) (or number of bubbles per unit volume having
adius between a and a+da) such that x=2�a /��1 (Ref.
5) can be calculated as follows9:

�� = �0 − ��
0

�

Qma2n�a�da = �0 − 0.75
fv

a32
Qm̄, �1�

�� = ��
0

�

Qsa
2n�a�da = 0.75

fv

a32
Qs
¯ , �2�

here �0=4��0 /� is the absorption coefficient of the con-
inuous phase, fv is the bubble volume fraction or porosity,
¯

s is the mean scattering efficiency factor for polydis-
ersed bubbles, and Q̄m is the mean absorption efficiency
actor for polydispersed bubbles if they are filled with the
atrix substance. The average radius a32 is defined

s10,25

a32 =

�
0

�

a3n�a�da

�
0

�

a2n�a�da

. �3�

he mean efficiency factors Q̄s and Q̄m are expressed as25

Q̄j =

�
0

�

Qja
2n�a�da

�
0

�

a2n�a�da

with j = s or m, �4�

here Qs is the scattering efficiency factor of a bubble of
adius a embedded in the host medium and Qm is the ab-
orption efficiency factor of a particle of radius a if it is
lled with the matrix substance.11,16,17 Qm describes the
atio between the energy that would be absorbed by the
atrix having size and shape equal to that of a bubble

nd the incident intensity on the bubble (which will be
iscussed in Subsection 2.B.4) multiplied by the bubble
ross section �a2. It has the same meaning as the absorp-
ion efficiency factor defined in the theory of light absorp-
ion and scattering by a particle.7,23–27 The introduction of

m by means of Q̄m in Eq. (1) indicates that the absorp-
ion coefficient of the porous medium is solely due to the
atrix volume separating the bubbles.
Note that, in the case of monodispersed bubbles of ra-

ius a, a32 reduces to a and Q̄s and Q̄m are equal to Qs and
m, respectively. In this case, summing Eqs. (1) and (2)
ields the usual extinction coefficient of particles
mbedded in an absorbing matrix as defined by Lebedev
t al.16,17
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Moreover, the scattering phase function �� of the ab-
orbing continuous phase containing polydispersed
ubbles is given by the usual formulation for a nonabsorb-
ng matrix8–10,25:

���	� =
�

��
�

0

�

Qs
��	�a2n�a�da

=
3fv

4��a32

�
0

�

Qs
��	�a2n�a�da

�
0

�

a2n�a�da

, �5�

here 
� is the scattering phase function of a single
ubble of radius a and 	 is the angle between the incident
nd scattered radiations.
The asymmetry factor denoted by g, describing the

elative ratio of the forward to backward scattering, is de-
ned by23–25

g =
1

2�0

�

��	�cos 	 sin 	d	. �6�

Note that, in practice, it is more useful to use (1) an ap-
roximated phase function such as the Henyey–
reenstein model23,24 or (2) the transport
pproximations,10,26 which depend essentially on the
symmetry factor.

. Radiative Properties of a Single Particle in an
bsorbing Medium

. Classical Mie Theory
he Mie theory is the general way of determining the ra-
iative properties such as the scattering �Qs

M�, absorption
Qa

M�, and extinction �Qe
M� efficiency factors and the scat-

ering phase function �
M� of a single particle in a nonab-
orbing environment.7,27 This theory was shown to be ap-

10
licable for bubbles in semitransparent liquid and will 
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e used in this study for bubbles embedded in an absorb-
ng matrix by ignoring the effect of the matrix absorption
n Qs

M, Qa
M, Qe

M, and 
M.
Considering a bubble or particle with radius a illumi-

ated by a monochromatic plane wave of wavelength � in
acuum propagating in an attenuating and refracting me-
ium with complex refraction index m0, the independent
arameters of the CMT solutions are the relative particle
ize parameter n0x, where n0 is the real part of the com-
lex index m0, and the relative complex refraction index
f particle m /n0, in which m=n+ j� is the complex refrac-
ion index of the bubble or particle. The efficiency factors
re given by7,27

Qs
M�a� =

2

�n0x�2�
p=1

�

�2p + 1���ap�2 + �bp�2�, �7�

Qe
M�a� =

2

�n0x�2 Re�
p=1

�

�2p + 1��ap + bp�, �8�

Qa
M = Qe

M − Qs
M, �9�


M�	� =
�S1�	��2 + �S2�	��2

�
p=1

�

�2p + 1���ap�2 + �bp�2�

, �10�

here ap and bp are the Mie coefficients expressed in
erms of the Riccati–Bessel functions.7,27 S1 and S2 are
he usual amplitude functions,7 and Re� � corresponds to
he real part of the complex number.

For an absorbing matrix, Qm
M is required in Eq. (1).

here is no established expression for Qm
M in the conven-

ional theory of scattering and absorption of radiation by
particle. However, Qm

M can be derived from the expres-
ion for Qa

M, since both have the same meaning. Indeed,

m
M can be computed from Eq. (9) by substituting the com-
lex refraction index of the matrix for that of the bubble.
The asymmetry factor gM related to the phase function

M 7,23
is given by
gM =

4�
p=1

�

�Re��p2 − 1��ap−1ap
* + bp−1bp

*�/p� + �2p − 1�/�1 − 1/p�Re�ap−1bp−1
* �	

�n0x�2Qs
M . �11�
ere, the superscript * indicates the complex number
onjugate.

For optically large bubbles (i.e., x�1) in an absorbing
atrix, it can be shown that the CMT solutions for Qm

M,

s
M, and gM converge to the following asymptotic values:

Qm
M =

8�0x

3
=

4a0

3
, �12�

Qs
M = 2, �13�
gM = 1 − 0.45�n0 − 1�, �14�

here a0=�0a is called the optical radius of a matrix par-
icle.

Several studies11–19 have highlighted the effects of the
atrix absorption on the particle efficiency factors and

he scattering phase function that were not accounted for
n the CMT through Eqs. (7)–(14). The basic idea is to
olve Maxwell’s equations7 by considering the complex
efraction index of the matrix, m0, and that of the par-
icle, m. Two approaches are usually proposed to solve
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axwell’s equations: (1) the far field approximation
FFA)10–13 and (2) the near field approximation
NFA).14–19 These two approaches are detailed in Subsec-
ions 2.B.2 and 2.B.3.

. Far Field Approximation
undy et al.11 and Chylek12 have suggested that the re-

ations developed in the CMT based on the FFA, i.e., Eqs.
7)–(10), can be extended to analyze the radiative proper-
ies of a particle in an absorbing medium. For an arbi-
rary value of the complex refraction index of the sur-
ounding medium, m0, the classical Mie relations can be
eneralized by applying the FFA to the formulations of
he scattered and extinction energy expressed in terms of
he Poynting vector integral.7,27 This extension consists in
eplacing, in the CMT solutions [Eqs. (7), (8), and (10)],
1) the relative particle size parameters n0x by the com-
lex value m0x and (2) the complex particle refraction in-
ex m /n0 by the corresponding relative value m /m0. Thus
he efficiency factors of a particle in an absorbing me-
ium, such as Qs

F and Qe
F, can be obtained by multiplying

he CMT solutions [i.e., Eqs. (7) and (8)] by a factor � such
hat

� =
I0

Ii
exp�− �0r�, �15�

Qs
F�r� =

2�

x2�m0�2�p=1

�

�2p + 1���ap�2 + �bp�2�, �16�

Qe
F�r� =

2�

x2�m0�2
Re�

p=1

�

�2p + 1��ap + bp�, �17�

here r is the radius of the integrating sphere in the far
eld zone �r�a� over which the integral of Poynting vec-
ors is evaluated. The coefficients ap and bp are formally
dentical to those for a nonparticipating host medium ex-
ept that the parameter n0x is replaced by m0x and m /n0
y m /m0. The incident intensity I0 at the bubble center is
valuated in the absence of the bubble, while Ii is the in-
ident intensity on the bubble. The latter will be dis-
ussed in Subsection 2.B.4.

The scattering phase function 
F and the correspond-
ng asymmetry factor gF are similar to the CMT formulas
iven by Eqs. (10) and (11) but n0x is replaced by m0x and
/n0 by m /m0 in calculating the Mie coefficients ap and

p and the amplitude functions S1 and S2.
The efficiency factors Qs

F�r� and Qe
F�r� in Eqs. (16) and

17) are the scattering and extinction efficiency factors de-
ned at distances far from the particle, i.e., in the far field
one, and depend not only on the matrix properties but
lso on the size r of the integrating sphere. In practice,
he particle radiative properties should be independent of
he integrating sphere. Usually, Qs

F�r� and Qe
F�r� are res-

aled from the far field zone of radius r to the particle sur-
ace by applying a simple exponential factor exp��0�r
a�� to Eqs. (16) and (17).11,13 This makes the FFA effi-
iency factors Qs

F�a� and Qe
F�a� independent of the far field

istance r, and they can be expressed as11
Qs
F�a� =

2��

x2�m0�2�p=1

�

�2p + 1���ap�2 + �bp�2�, �18�

Qe
F�a� =

2��

x2�m0�2
Re�

p=1

�

�2p + 1��ap + bp�, �19�

ith

�� =
I0

Ii
exp�− a0�. �20�

Note that the extinction efficiency factor Qe
F�a� in Eq.

19) satisfies the relationship Qe
F�a�=Qa

F�a�−Qm
F �a�

Qs
F�a�.11,18,19 This implies that Qe

F�a� does not have the
ame meaning as that of the conventional extinction effi-
iency factor for which Qe=Qa+Qs. In addition, for a non-
bsorbing bubble placed in an absorbing environment
Qa

F=0�, the absorption efficiency factor Qm
F can be de-

uced from Qm
F =Qs

F−Qe
F.11

. Near Field Approximation
n alternative formulation known as the near field ap-
roximation (NFA) has been proposed by Sudiarta and
hylek,14,15 Lebedev et al.,16,17 Fu and Sun,18 and Sun et
l.19 The energies absorbed and scattered by the particle
re obtained by computing the integrals of the absorption
nd scattering Poynting vectors7,27 over the scatterer sur-
ace as opposed to over the surface of a large imaginary
phere of radius r in the far field zone. This permits one to
btain the NFA efficiency factors such as Qs

N, Qa
N, and Qm

N

ndependently of the surrounding medium size as14,15,18

Qs
N�a� =

2I0

Re�	��2Ii
Re
*�

p=1

�

�2p + 1�i�− �ap�2�p����p
*��

+ �bp�2�p���p�
*���� , �21�

Qa
N�a� =

2I0

Re�	��2Ii
Re
*�

p=1

�

�2p + 1�i�− �p����p
*��

− �p���p�
*�� + bp�p�

*���p�� + bp
*�p���p�

*��

− ap�p
*���p��� − ap

*�p����p
*�� + �ap�2�p����p

*��

− �bp�2�p���p�
*���� , �22�

Qm
N�a� =

4I0

��2Ii
�
p=1

�

�2p + 1�Im��p���p�
*���, �23�

here ���, ����, ���, and ���� are the Ricatti–Bessel
unctions and their derivatives28 with respect to the com-
lex argument =m0x while Im� � refers to the imaginary
art of the complex number. Note that here the extinction
fficiency factor can be written as Qe

N=Qs
N+Qa

N.14,18

In the literature, there is no established expression for
he scattering phase function based on the NFA. Existing
alculations18,19,21 of absorption and scattering of electro-
agnetic radiation by particles using the NFA solutions
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Eqs. (21)–(23)] consider the same scattering phase func-
ion as that in the FFA. Similarly, in this work all calcu-
ations related to the NFA consider the FFA phase func-
ion.

Moreover, comparison between Qm
N�a� and Qm

F �a� tends
o confirm that the absorption efficiency factors of a par-
icle filled by the matrix substance from the FFA and NFA
re identical, i.e., Qm

N�a�=Qm
F �a�. Indeed, the relative dif-

erence was found to be less than 0.5% for bubble size pa-
ameter x in the range from 1 to 10+4 in an absorbing ma-
rix of optical index n0=1 to 2 and �0=0 to 0.1. This is
xpected, since the absorption by the particle is indepen-
ent of the observation zone at which the Poynting vec-
ors are integrated.

. Choice in the Definition of the Incident Intensity Ii
t is now necessary to discuss which expressions for the
ncident intensity Ii should be used in Eqs. (15)–(23) to
efine the efficiency factors of a bubble in an absorbing
nvironment. Two definitions are commonly used: (1) Ii is
qual to the intensity at the particle center, i.e.,
i=I0,13,16,17 and (2) Ii is equal to the average incident in-
ensity on the particle, called the “truly incident inten-
ity” and expressed as Ii=�I0.11,12,14,15,18,19 The parameter
is defined as the ratio of the incident energy over the

article illuminated area evaluated from the integral of
he incident wave Poynting vector, to the incident energy

ig. 1. Ratio between the intensities Ii and I0 as a function of
he optical radius of a matrix particle, a0.

ig. 2. Variation of the absorption ��� and scattering ��� coeffi-
ients of a porous medium with �=� �m, x=200, and fv=5% as a
unction of �0: solid curve, �0; open symbols, results from the
efinition I =�I ; solid symbols, results from the definition I =I .
i 0 i 0
ver the particle of cross section �a2 in the absence of the
article (i.e., the incident energy evaluated at the ab-
cissa at the particle center). It is given by11,13,14

� =
1 + �a0 − 1�exp�a0�

a0
2 . �24�

Figure 1 illustrates the variation of the parameter � as
function of the parameter a0. One can see that if a0
0.2, then ��1 and the two definitions of intensity give

dentical results. Otherwise, one should be cautious in
hoosing the expression for the incident intensity Ii.

Let us analyze the variations in the effective absorption
oefficient � [Eq. (1)] and scattering coefficient � [Eq. (2)]
f an absorbing medium containing monodispersed
ubbles. The radiation wavelength at �=� �m is consid-
red. The bubble radius is taken equal to a=100 �m, lead-
ng to a size parameter x=200 satisfying the criterion x

1. The bubble volume fraction fv is taken equal to 5%,
atisfying the independent scattering conditions for large
articles.29,30 The matrix refraction index n0 can be cho-
en arbitrarily, since Qm and Qs become independent of n0
or a large transparent bubble (x�1 and m=1), as shown
omputationally in Subsection 2.B.5. The two definitions
f intensities I0 and �I0 are used to determine Qm and Qs
or both the NFA and FFA models. Figure 2 shows the
ariation of � and � as functions of the matrix absorption
0. One can note that if the matrix absorption index �0 is
ncreased and the incident intensity definition Ii=�I0 is
sed, the absorption coefficient of the porous medium, �,

s (1) greater than the scattering coefficient � for both the
FA and NFA and (2) of the same order of magnitude as

hat of the matrix absorption coefficient ��0� due to the
mall void fraction. On the other hand, if the intensity
efinition Ii=I0 is used, as suggested by Yang et al.,13 then
he scattering coefficient � increases as �0 increases while
he absorption coefficient � first increases with �0. Then,

decreases slightly from �0�0.005 to finally decrease
harply to negative values from �0�0.015. On the con-
rary, this is not observed when the definition Ii=�I0 is
sed. Thus the definition Ii=I0 seems to be inappropriate
or computing the efficiency factors Qe, Qm, and Qs of a
ubble in an absorbing environment. Consequently, the
efinition of the incident intensity Ii=�I0 is used in the
emainder of this study.

. Comparison of Predictions of the Classical Mie
heory, Far Field Approximation, and Near
ield Approximation
omparison among CMT, FFA, and NFA calculations can
e performed for the scattering efficiency factor and the
cattering phase function or the asymmetry factor. Let us
onsider a bubble with m=1 embedded in matrices having
ifferent complex refraction indices m0=n0+ j�0, such as
0=1.4 and 1.7 and �0=0.0, 10−5, 10−3, 10−2, and 0.1.
The scattering efficiency factors versus the particle size

arameter are plotted in Fig. 3 for n0=1.4 and in Fig. 4
or n0=1.7. One can see that when �0=0, the absorption
fficiency factor vanishes and the three approaches con-
erge to the same solution. In the limiting case when x
1, they converge to 2, which is the usual geometric optic

imit for a nonabsorbing particle (bubble in this case).23,27
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n the other hand, for an arbitrary value of �0�0, the
FA and NFA scattering efficiency factors converge as-
mptotically to 0.5 and 1, respectively. The FFA and NFA
alculations give predictions similar to those of the CMT
p to a0=0.06 and 0.08, respectively, with relative devia-
ion less than 5%, as illustrated in Figs. 5 and 6 as a func-
ion of the optical radius a0. Figure 7 reports the relative
eviation between the NFA and the FFA. Here, the rela-
ive deviation between the FFA and NFA predictions is
ess than 5% for a0�0.16 and increases with a0 to reach
0% for a0=20.
The scattering phase functions from the FFA and NFA

eing equal, both approaches give the same asymmetry

ig. 3. Bubble scattering efficiency factor Qs for n0=1.4 as a
unction of the bubble size parameter x.

ig. 4. Bubble scattering efficiency factor Qs for n0=1.7 as a
unction of the bubble size parameter x.

ig. 5. Comparison among the FFA, NFA, and CMT scattering
fficiency factors Qs for n0=1.4 versus optical radius of a matrix
article, a0. Deviations for �0=10−3 and �0=10−5 are overlapping.
actor. Figures 8 and 9 compare the asymmetry factors g
redicted by the FFA and the CMT for n0=1.4 and 1.7, re-
pectively. The figures show that the FFA and CMT re-
ain in close agreement for a0�0.08. Beyond this limit,

he FFA is strongly influenced by the absorption by the
urrounding medium, which is not taken into account in
he CMT model.

Note that similar conclusions are reached when com-
aring the FFA, NFA, and CMT for the different matrix
efraction indices �n0�. This tends to show that these con-

ig. 6. Comparison among the FFA, NFA, and CMT scattering
fficiency factors Qs for n0=1.7 versus optical radius of a matrix
article, a0. Deviations for �0=10−3 and �0=10−5 are overlapping.

ig. 7. Comparison among the FFA, NFA, and CMT scattering
fficiency factors Qs versus optical radius of a matrix particle, a0.
eviations for �0=10−3 and �0=10−5 are overlapping.

ig. 8. Bubble asymmetry factor g for n0=1.4. The predictions
f g by the FFA and NFA are identical for the values of �0 con-
idered. For �0=0, predictions by the FFA and NFA and the CMT
re overlapping.
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lusions can be valid for radiative properties of a bubble
mbedded in any arbitrary absorbing medium.

To complete this comparative study, the differences
mong the radiative transfer calculations using the FFA,
FA, and CMT should be assessed. Recall that in radia-

ive transfer calculations the most important parameters
re the transport extinction �tr and single scattering al-
edo �tr, defined as10,26

�tr = � + ��1 − g�, �25�

ig. 9. Bubble asymmetry factor g for n0=1.7. The predictions
f g by the FFA and NFA are identical for the values of �0 con-
idered. For �0=0, predictions by the FFA and NFA and the CMT
re overlapping.

ig. 10. Comparison among the CMT, NFA, and FFA transport
xtinctions �tr for n0=1.4 and fv=5%.

ig. 11. Comparison among the CMT, NFA, and FFA transport
lbedos �tr for n0=1.4 and fv=5%.
�tr =
��1 − g�

�tr . �26�

Thus the comparison of the transport coefficients �tr

nd �tr permits one to compare the three approaches. Let
s consider monodispersed bubbles randomly distributed

n an absorbing and refracting matrix with n0=1.4 and
rbitrary values of �0, satisfying the independent scatter-
ng limit, e.g., fv=5%. The scattering phase function for
he NFA is identical to that of the FFA, as assumed in the
iterature.19,21 Figures 10 and 11 compare �tr and �tr pre-
icted by the three approaches as functions of the optical
adius a0. It is worth noting that even though important
ifferences among these three approaches exist for the
cattering efficiency factor and the asymmetry factor
Figs. 5–9), no significant difference is evident in the
ransport properties �tr and �tr shown in Figs. 10 and 11.
he differences in �tr expected for large values of a0 are
asked by the absorption of the continuous phase (i.e.,

0��), since the bubble volume fraction is small in the
ndependent scattering regime. Moreover, as a0 increases,
he albedo �tr becomes small and tends to 0 ���1−g�

�tr�. As a result, the three approaches should yield iden-
ical results for transmittance and reflectance calcula-
ions in the independent scattering regime. This conclu-
ion will be confirmed in Subsection 3.E by comparing the
heoretical results based on the above models and experi-
ental data for hemispherical transmittance and reflec-

ance.

. APPLICATION TO POROUS FUSED
UARTZ
. Experimental Data of Volume Fraction and Bubble
ize Distribution of Porous Fused Quartz
he above analysis shows that the bubble size distribu-

ion n�a�, the bubble volume fraction fv, and/or the bubble
verage radius a32 are important for calculating the ra-
iation characteristics.
The total volume fraction fv can be evaluated by mea-

uring the sample density31:

fv = 1 − dp/db, �27�

here db and dp refer to the dense and porous fused
uartz densities, respectively. Several measurements of

ig. 12. Bubble normalized size distribution n�a� /Nt for Nt
212 measured bubbles.
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ensities of dense and porous fused quartz samples give
he bubble volume fraction equal to fv=4.0% ±0.5%.

The size distribution of bubbles for the thin sample
as determined by analyzing high-resolution digital
hotographs.31 From image analysis of the total number
f bubbles Nt=212, the bubble size distribution was deter-
ined and is depicted in Fig. 12. The corresponding

ubble average radius is about a32=0.64 mm.

. Infrared Optical Properties of Fused Quartz
he complex refraction index of fused quartz, m0=n0
j�0, is required in Eqs. (1) and (7)–(24). Different rela-

ions for the real part of the complex refraction index of
used quartz, n0, as a function of wavelength have been
uggested in the literature for different spectral
egions.32–35 The three-term Sellmeier equation proposed
y Malitson32 [Eq. (28) below] is the most commonly ac-
epted expression in the literature for the spectral range
rom 0.21 to 6.7 �m at ambient temperature22,31–33,36:

n0��� =1 +
0.696�2

�2 − 0.0682 +
0.407�2

�2 − 0.1142 +
0.897�2

�2 − 9.8912 .

�28�

The spectral value of �0 can be recovered from the nor-
al spectral transmittance data denoted by T���, based

n the relationship between T��� and �0 in which multiple
nternal reflections at the sample boundaries are ac-
ounted for22,31,36:

�0��� = −
1

4�e/�

�ln
�1 − �����4 + 4T���2������2 − �1 − �����2

2T���������2 � ,

�29�

here e is the sample thickness and ���� is the spectral
resnel reflectivity of the air–glass interface for normally

ncident radiation, given by23,25

���� =
�1 − n0����2 + �n0����2��0����2

�1 + n0����2 + �n0����2��0����2 . �30�

n the case of dielectric materials, �0
2�1 and Eq. (30) sim-

lifies to

���� =
�1 − n0����2

�1 + n0����2 . �31�

The normal spectral transmittance of a 6.5 mm fused
uartz sample thickness without bubbles and of identical
omposition to that of the porous fused quartz continuous
hase was measured. The absorption index �0 was re-
rieved from Eq. (29). Figure 13 depicts the variation of
he real refraction index n0 predicted by Eq. (28), which is
onsidered in this study, while Fig. 14 compares the val-
es of �0 as a function of wavelength � for the dense fused
uartz with those reported in the literature.34,35,37 The
pectral value of the optical radius of a matrix particle,
, is also plotted in Fig. 14; the largest value of a is
0 0
ound equal to 0.12 at 2.74 �m (with x=2�a32/�=1467)
nd 4 �m (with x=2�a32/�=1000).

. Experimental Measurements of Radiation
haracteristics
xperimental radiation characteristics of porous fused
uartz such as the extinction coefficient ��=��+��, the
cattering albedo ��=�� /��, and the scattering phase
unction asymmetry factor g are obtained by using an in-
erse method based on the minimization of the quadratic
ifferences between measured and calculated spectral bi-
irectional transmittance and reflectance over discrete
easurement directions. The measured bidirectional

ransmittance and reflectance are obtained from an ex-
erimental setup including a Fourier transform infrared
FTIR) spectrometer22,36,38,39 operating in a spectral
ange from 1.67 to 14 �m, associated with a liquid-
itrogen-cooled mercury cadmium telluride detector
ounted on a goniometric system.36,39 The theoretical

pectral bidirectional transmittance and reflectance are
he solution of the radiative transfer equation (RTE) in a
teady state regime, in the azimuthal symmetry case, and
ith the emission term disregarded thanks to the radia-

ion modulation and the phase sensitive detection of the
TIR spectrometer. The radiation characteristics of three

used quartz samples of different thickness (5, 6, and
.9 mm) were identified over more than 100 wavelengths

ig. 13. Refraction index of fused quartz, n0, calculated from
q. (28).

ig. 14. Absorption index of fused quartz, �0, and the corre-
ponding optical radius a0, with x=2�a32/� and a32=0.64 mm.
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rom 1.67 to 4.04 �m as reported by Randrianalisoa et
l.22 More details concerning this inverse method can be
ound in Refs. 22 and 36.

The experimental radiation characteristics used in this
tudy are the averaged characteristics for three samples
nd are retrieved by using an inverse method. The experi-
ental uncertainties associated with the radiation char-

cteristics are assumed to be equal to the standard devia-
ion of the radiation characteristics for the three sample
hicknesses.

Fig. 15. Extinction coefficient � of porous fused quartz.

Fig. 16. Single scattering albedo � of porous fused quartz.

ig. 17. Porous fused quartz asymmetry factor g. The asymme-
ry factors predicted by the FFA and NFA are identical.
. Comparison between Modeled and Measured
adiation Characteristics
he radiation characteristics predicted by the three mod-
ls based on the FFA, NFA, and CMT are compared with
hose measured experimentally. The modeled radiation
haracteristics of the absorbing porous medium are ob-
ained by introducing the bubble radiative properties (Qs,

m, and 
), obtained from either the FFA, NFA, or CMT,
n Eqs. (1), (2), and (5). Since bubbles embedded in the
used quartz are optically large (i.e., x�1), the asymptotic
olutions of the bubble efficiency factors and asymmetry
actor [Eqs. (12)–(14)] are used for the CMT model. The
xtinction coefficient �, scattering albedo �, and asymme-
ry factor g for porous fused quartz with an average po-
osity fv=4% are presented in Figs. 15–17. Figures 18 and
9 illustrate the effect of the experimental uncertainty of
0.5% in the measured porosity on the radiation charac-
eristics � and � in the case of the FFA. The same order of
agnitude uncertainties in � and � are found for the
FA, NFA, and CMT. The largest uncertainty is equal to
3% for � and 17% for �.
As is evident, there is good overall agreement among

he three radiation characteristics models and the experi-
ental results, except for the asymmetry factor for wave-

engths larger than 3.5 �m. The deviation noted in the
symmetry factor can be attributed to (1) the uncertain-
ies in the asymmetry factor g from the inverse method at

ig. 18. Effect of the uncertainty in the porosity measurements
n the predictions of the extinction coefficient � using the FFA.

ig. 19. Effect of the uncertainty in the porosity measurements
n the predictions of the single scattering albedo � using the
FA.
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avelengths larger than 3.5 �m, as discussed earlier,22

nd (2) the effect of the fused quartz absorption index �0
n g, which is not taken into account in the model based
n the CMT.

. Comparison between Theoretical and Experimental
emispherical Transmittance and Reflectance
omparison between the calculated and measured hemi-

pherical transmittance and reflectance is also performed.
he FTIR spectrometer is combined with a gold-coated in-

ig. 20. Hemispherical transmittance T+ of the 5 mm thick
ample. The results from the FFA and NFA are overlapping.

ig. 21. Hemispherical reflectance T− of the 5 mm thick sample.
he results from the FFA and NFA are overlapping.

ig. 22. Hemispherical transmittance T+ of the 9.9 mm thick
ample. The results from the FFA and NFA are overlapping.
egrating sphere (CSTM RSA-DI-40D) to measure the
pectral hemispherical transmittance Texp

+ and reflectance

exp
− . The associated experimental uncertainties are
valuated by repeating the measurements five times for
ach sample. These uncertainties vary with wavelength
rom 3% to 8% and 9% to 16% for the transmittance and
he reflectance, respectively. To determine the hemi-
pherical transmittance T+ and reflectance T− , first, the

ig. 23. Hemispherical reflectance T− of the 9.9 mm thick
ample. The results from the FFA and NFA are overlapping.

ig. 24. Effect of the uncertainty in the porosity measurements
n the predictions of the hemispherical transmittance T+ using
he FFA for the 9.9 mm thick sample.

ig. 25. Effect of the uncertainty in the porosity measurements
n the predictions of the hemispherical reflectance T− using the
FA for the 9.9 mm thick sample.
th th
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adiation characteristics �, �, and � obtained from mod-
ls using an average porosity of fv=4% are introduced in
he RTE (Refs. 22 and 36) to compute the bidirectional
ransmittance and reflectance leaving the plane-parallel
lab. Then, the hemispherical transmittance Tth

+ and re-
ectance Tth

− are computed by integrating the bidirec-
ional transmittance and reflectance over their respective
emispheres. Comparison between the calculated and
easured hemispherical transmittance and reflectance

re shown in Figs. 20–23 for the 5 mm and 9.9 mm thick
amples. Very good agreement is observed between the
ransmittance and reflectance based on the FFA, NFA,
nd CMT radiation characteristics models and those mea-
ured experimentally. Moreover, the FFA and NFA results
re overlapping. The differences observed in the asymme-
ry factor g (Fig. 17) between the FFA and the CMT are
ot evident in the hemispherical transmittance and re-
ectance results. This can be explained by the good agree-
ent found for the transport parameters �tr and �tr.
The effect of the uncertainty of the porosity measure-
ent on the computed hemispherical transmittance Tth

+

nd reflectance Tth
− was found to be of the same order of

agnitude as that of the measured hemispherical trans-
ittance and reflectance uncertainties. They are 3.5% for

he transmittance Tth
+ and 15% for the reflectance Tth

− . The
ame uncertainties are observed for the results based on
he FFA, NFA, and CMT radiation characteristics models.
igures 24 and 25 illustrate the effects of porosity uncer-
ainties on the transmittance Tth

+ and reflectance Tth
−

ased on the FFA.
Therefore one can conclude that the three above-
entioned models for the radiation characteristics are

alid for radiative transfer calculations of the hemispheri-
al transmittances and reflectances of low porosity and
eakly absorbing material.

. CONCLUSIONS
odeling of radiation characteristics of bubbles embed-

ed in an absorbing medium has been presented. The
odels based on the classical Mie theory (CMT), the far
eld approximation (FFA), and the near field approxima-
ion (NFA) are compared with experimental data for the
adiation characteristics as well as the hemispherical
ransmittance and reflectance of porous fused quartz. The
ollowing conclusions can be drawn:

• The bubble efficiency factors predicted by the FFA
nd NFA should be defined by using the true incident in-
ensity on the particle instead of that at the particle cen-
er as in the conventional definition. This is required to
void unphysical results when the bubbles are optically
arge and the matrix is highly absorbing.

• Large deviations are observed among the FFA, NFA,
nd CMT for the efficiency factors [scattering �Qs� and ab-
orption �Qm�] and the asymmetry factor �g� of a bubble
hen the matrix is strongly absorbing and/or the bubble

s optically large. However, all three approaches can be
sed to perform radiative transfer calculations in an ab-
orbing matrix containing bubbles even if the matrix is
trongly absorbing and the bubbles are optically large. In-
eed, the disagreement observed among the three models
s “masked” by the strong absorption of the matrix.

• Good agreement is observed between the experimen-
al data and the predictions of the models for the radia-
ion characteristics of porous fused quartz containing an
nsemble of optically large polydispersed bubbles and
aving a porosity of 4%.

• The validity of the three radiation characteristics
odels in the independent scattering limit are confirmed

y comparing the computed and measured hemispherical
ransmittances and reflectances of porous fused quartz
amples of different thickness.

Corresponding author: Jaona Randrianalisoa,
aona.randrianalisoa@insa-lyon.fr.
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