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This paper demonstrates that the absorption and scattering cross-sections and the
asymmetry factor of randomly oriented fractal aggregates of spherical monomers can be
rapidly estimated as those of coated spheres with equivalent volume and average
projected area. This was established for fractal aggregates with fractal dimension
ranging from 2.0 to 3.0 and composed of up to 1000 monodisperse or polydisperse
monomers with a wide range of size parameter and relative complex index of refraction.
This equivalent coated sphere approximation was able to capture the effects of both
multiple scattering and shading among constituent monomers on the integral radiation
characteristics of the aggregates. It was shown to be superior to the Rayleigh–Debye–
Gans approximation and to the equivalent coated sphere approximation proposed by
Latimer. However, the scattering matrix element ratios of equivalent coated spheres
featured large angular oscillations caused by internal reflection in the coating which
were not observed in those of the corresponding fractal aggregates. Finally, the
scattering phase function and the scattering matrix elements of aggregates with large
monomer size parameter were found to have unique features that could be used in
remote sensing applications.

& 2014 Elsevier Ltd. All rights reserved.
1. Introduction

Particle aggregation and coagulation is a frequent occur-
rence in numerous applications such as combustion systems
[1], atmospheric science [2,3], astronomy and astrophysics
[4], chemistry [5], and biotechnology [6–8]. Small particles
aggregate to form fractal-like structures changing the light
absorption and scattering properties of the suspension [2].
For example, Fig. 1a, b, c, d, e, and f shows micrographs of
soot [9], snow [10], cosmic dust [11], gold nanoparticles [12],
bacteria [13], and microalgae aggregates, respectively. In all
these systems, knowledge of the radiation characteristics of
x: þ1 310 206 4830.

).
the fractal aggregates are of prime importance for radiation
transfer analysis and remote sensing applications. The
radiation characteristics of soot and aerosol aggregates have
been studied extensively as reviewed by Sorensen [2].
However, to the best of our knowledge, those pertaining to
aggregates composed of larger monomers such as micro-
algae colonies have not been studied.

Microalgae are single cell photosynthetic microorganisms
growing in freshwater or seawater. They can be grown in
photobioreactors (PBRs) exposed to solar radiation to produce
biofuels as well as various pharmaceuticals and biochemicals
[14]. For example, Botryococcus braunii (Fig. 1f) can be used for
producing biofuels for powering jet engines [14]. This species
secretes exopolysaccharides (EPS), a viscous substance coating
the cell surface and causing their aggregation into colonies.
EPS production is part of a protection mechanism activated in
response to environmental conditions such as limited
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Fig. 1. Micrographs of fractal aggregates of (a) soot [9], (b) snow [10], (c) cosmic dust [11], (d) gold nanoparticles [12], (e) the bacteriaM. luteus [13], and (f)
colonie of the microalgae B. braunii.
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illumination [15], non-optimal temperature [16], high salinity
[16], and limited nutrient availability [17]. In addition, a recent
study demonstrated reversible cell aggregation in concen-
trated Chlorella vulgaris cultures used for protein, starch, and
lipid production [18]. The authors hypothesized that aggrega-
tion occurred at large cell concentration due to the proximity
of the cells to one another. Since larger microalgae cells
possess a larger surface charge density compared to smaller
cells, the electrostatic repulsion between larger cells is much
stronger than that between a large and a small cell [18]. This
leads to aggregation of the smaller cells in the space created
by the electrostatic repulsion between the larger cells.

To achieve maximum biomass and biofuel productivities,
light transfer in the PBRs must be optimized [19–21]. For
example, a flat-plate PBR should be designed and operated
such that the fluence rate at the backwall corresponds to
the photosynthetic compensation point, i.e., the minimum
amount of energy required to maintain cell metabolism [21].
The latter was reported to be 10 μmolhν=m2 s for the micro-
algae Chlamydomonas reinhardtii [22] and 2 μmolhν=m2 s for
the cyanobacteria Arthrospira platensis [19]. Optimizing PBRs
for maximum biomass productivity requires the solution to
the radiative transfer equation and the knowledge of the
absorption and scattering cross-sections as well as the scatter-
ing phase function of the microalgal suspension [20]. More-
over, the scattering matrix elements of the microalgal sus-
pension may be measured for remote sensing of the PBR [23].
The radiation characteristics of suspensions composed of
single cells can be predicted theoretically [24–27] ormeasured
experimentally [20,28]. However, theoretical or experimental
characterization of the radiation characteristics of suspensions
consisting of microalgae colonies have received less attention.
Several numerical methods exist to estimate the radiation
characteristics of aggregates consisting of spherical mono-
mers. They include the superposition T-matrix method [29],
the generalizedmultiparticle-Mie theory [30], and the volume
integral method [31]. However, depending on the size of the
aggregate, calculations can be time consuming and require
significant computational resources [4]. Thus, it would be
computationally far more efficient to approximate the radia-
tion characteristics of aggregates with complex morphology
by those of particles with simple shapes such as spheres,
coated spheres, or cylinders whose radiation characteristics
can be computed relatively rapidly [32]. For example, Drolen
and Tien [33] approximated the absorption and scattering
cross-sections of soot particle aggregates as those of a volume
equivalent solid sphere. More recently, Lee and Pilon [34]
demonstrated that the absorption and scattering cross-
sections per unit length of randomly oriented linear chains
of spheres can be approximated as those of randomly
oriented infinitely long cylinders with equivalent volume
per unit length. Alternatively, the Rayleigh–Debye–Gans
(RDG) approximation provides an analytical expression for
the absorption and scattering cross-sections and the scatter-
ing phase function of aggregates based on the assumption
that the size of the monomers is much smaller than the
incident radiation wavelength [35].

This study aims to identify approximations and equiva-
lent particles for rapidly and accurately predicting the
absorption and scattering cross-sections and, if possible,
the scattering matrix elements of fractal aggregates com-
posed of relatively large monodisperse or polydisperse
optically soft spherical monomers. The goal is to facilitate
the predictions of radiation characteristics of fractal
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aggregates with large monomers compared with the wave-
length of the incident radiation where numerical methods
are too time consuming and resource intensive for practical
purposes.

2. Background

2.1. Modeling fractal aggregates

An ensemble of Ns monodisperse spherical monomers
of radius a aggregated in a fractal structure satisfies the
statistical rule given by [2]

Ns ¼ kf
Rg

a

� �Df

ð1Þ

where Rg is the aggregate radius of gyration defined as the
mean-squared of the distances between the aggregate
center of mass and the geometric center of each particle.
The constants Df and kf are the so-called fractal dimension
and prefactor, respectively. For example, ordered linear
chains of spheres (1D), square sheets (2D), and simple
cubic (3D) aggregates have fractal dimensions Df of 1.0, 2.0,
and 3.0, respectively. On the other hand, fractal dimension
Df of random aggregates depends on the aggregation
mechanism [2]. Aggregation by collisions due to Brownian
motion can result in diffusion limited aggregation or in
reaction limited aggregation [2]. In diffusion limited
aggregation, particles collide and immediately stick to
the surface of the aggregate [7]. These aggregates typically
have fractal dimension Df of 1.75–1.8 [7]. In reaction
limited aggregation, particles may penetrate the aggregate
when they collide without immediately sticking to the
surface. These aggregates feature fractal dimension Df

equal to 2.2 [7]. In addition, Jackson et al. [8] experimen-
tally found that the fractal dimension of phytoplanktonic
suspensions ranged from 2.25 to 2.36. The prefactor kf is
typically treated as a fitting constant also known as the
packing factor [7]. It has been reported to range between
1.2 and 3.0 for soot particles [35–38]. Sorensen [2] and
Lapuerta [39] assumed a value of kf for aggregates of soot
particles to be 1.593 corresponding to the most compact
packing of monodisperse monomers.

Fractal aggregate formation can be numerically simulated
using particle cluster aggregation algorithm [2,40,41]. This
method launches a spherical particle of radius a on a random
walk. A collision between the marching particle and the
aggregate leads to adherence of the two if the new aggregate
structure satisfies the prescribed prefactor kf and fractal
dimension Df [40]. This procedure is repeated until the
aggregate contains the desired number of monomers Ns.

2.2. Scattering matrix

The Stokes vector is composed of the four Stokes
parameters I, Q, U, and V describing the intensity and
degree of polarization of an electromagnetic wave [42]. For
a given aggregate whose center of mass is located at
the origin of a spherical coordinate system, the far-field
scattered intensity at location r in direction ŝ is denoted by
Iscaðr; ŝÞ ¼ ðIsca;Qsca;Usca;VscaÞT can be related to the
incident irradiance IincðŝiÞ ¼ ðIinc;Qinc;Uinc;VincÞT by the
Mueller matrix ½ZðΘÞ� according to [29]

Isca r; ŝ
� �¼ 1

r2
Z Θ
� �� �

Iinc ŝi
� � ð2Þ

Here, r is the norm of the location vector r corresponding
to the distance between the particle and the observation
point. The scattering angle Θ is defined as the angle
between the incident ŝi and the scattered ŝ directions.
For randomly oriented aggregates, it is more convenient to
use the normalized scattering, or Stokes, matrix ½FðΘÞ�
given by [43]

F Θ
� �� �¼ 4π

〈Ca
sca〉

Z Θ
� �� � ð3Þ

where 〈Ca
sca〉 is the orientation-averaged scattering cross-

section of the aggregate. It is defined as the fraction of the
unpolarized radiant energy incident on the surface of the
randomly oriented aggregate that is scattered in any
direction [44]. Similarly, the orientation-averaged absorp-
tion cross-section 〈Ca

abs〉 represents the fraction of the
unpolarized radiant energy incident on the surface of the
aggregate that is absorbed [44]. The orientation-averaged
extinction cross-section 〈Ca

ext〉 is defined as the sum of the
absorption and scattering cross-sections, i.e., 〈Ca

ext〉¼
〈Ca

abs〉þ 〈Ca
sca〉 [44]. For randomly oriented aggregates with

a plane of symmetry, the scattering matrix ½FðΘÞ� can be
expressed as [44]

FðΘÞ� �¼
F11ðΘÞ F21ðΘÞ 0 0
F21ðΘÞ F22ðΘÞ 0 0

0 0 F33ðΘÞ F34ðΘÞ
0 0 �F43ðΘÞ F44ðΘÞ

2
66664

3
77775 ð4Þ

The asymmetry factor of an aggregate is defined as [42]

g ¼ 1
4π

Z
4π
F11 Θ
� �

cosΘ dΩ ð5Þ

It is equal to 0, 1, and �1 for isotropic, purely forward, and
purely backward scattering, respectively [44]. In addition,
the Henyey–Greenstein (HG) approximate phase function is
often used in radiative transfer analysis for its simplicity as
it predicts F11ðΘÞ only as a function of the asymmetry factor
g according to [45]

F11;HG Θ
� �¼ 1�g2

½1þg2�2g cosΘ�3=2 ð6Þ

Several analytical and numerical methods exist for predict-
ing the absorption and scattering cross-sections of aggre-
gates as well as their scattering matrix elements as
discussed in the following sections.

2.3. The Rayleigh–Debye–Gans (RDG) approximation

Monomers of radius a in a given aggregate are char-
acterized by (i) their size parameter defined as
χs ¼ 2πaλ�1 where λ is the wavelength of radiation in
vacuum and (ii) their relative complex index of refraction
m¼ nþ ik defined as the ratio of the complex indices of
refraction of the monomers ms ¼ nsþ iks and of the refrac-
tive index nm of the non-absorbing surrounding medium
[35]. The Rayleigh–Debye–Gans (RDG) approximation pro-
vides a closed-form analytical expression for absorption
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and scattering cross-sections as well as for the scattering
phase function of randomly oriented fractal aggregates
[2,35,46]. It is valid for aggregates composed of optically
soft monomers such that jm�1j51 with small size para-
meters, i.e., χs51. Under these conditions, the aggregate
absorption cross-section 〈Ca

abs;RDG〉 is the sum of the absorp-
tion cross-sections of all constituent monomers and is
expressed as [2,35]

〈Ca
abs;RDG〉¼Ns〈Cabs;R〉 ð7Þ

Here, 〈Cabs;R〉 is the absorption cross-section of a single
spherical monomer of size parameter χs given, in the
Rayleigh scattering regime, by [35]

〈Cabs;R〉¼
λ2χ3

s

π
Im

m2�1
m2þ2

� �
: ð8Þ

Similarly, the aggregate scattering cross-section 〈Ca
sca;RDG〉

can be estimated by [2,35]

〈Ca
sca;RDG〉¼ 2πN2

s 〈Csca;vv;R〉
Z π

0

1
2
S qRg

� 	
1þ cos 2Θ
� �

sinΘ dΘ

ð9Þ
where 〈Csca;vv;R〉 represents the vertically polarized scatter-
ing cross-section for vertically polarized incident radiation
[2,35]. For a monomer of size parameter χs in the Rayleigh
scattering regime, 〈Csca;vv;R〉 can be written as

〈Csca;vv;R〉¼
λ2χ6

s

4π2

m2�1
m2þ2











2

ð10Þ

Here, SðqRgÞ is the scattering structure factor of the
aggregates describing the intensity of scattered radiation
as a function of the scattering wavevector q¼ 4πλ�1

sin ðΘ=2Þ [2]. For an aggregate of fractal dimension Df

and radius of gyration Rg, SðqRgÞ can be expressed as [46]

S qRg

� 	
¼ 1þ8

3
ðqRgÞ2
Df

þðqRgÞ8
" #�Df =8

ð11Þ

Note that, for very small and very large aggregates com-
pared with the radiation wavelength, i.e., for qRg51 and
qRgb1, the structure factor simplifies to SðqRgÞ ¼ 1 and
SðqRgÞ ¼ ðqRgÞ�Df , respectively [2]. In these two limiting
cases, the aggregate scattering cross-section 〈Ca

sca;RDG〉 is
proportional to Ns

2
and Ns, respectively. In the first case, the

scattered waves are in phase and their amplitudes add
constructively [2]. In the second case, the phases are
random and the waves add randomly [2].

Finally, the unpolarized scattering phase function
F11;RDGðΘÞ of the aggregate predicted by the RDG approx-
imation is expressed as [35]

F11;RDG Θ
� �¼ 1

2
〈Ca

sca;vv;RDG〉

〈Ca
sca;RDG〉

1þ cos 2Θ
� � ð12Þ

where the vertically polarized scattering cross-section of
the aggregate for vertically polarized incident radiation,
denoted by 〈Ca

sca;vv;RDG〉, is defined as [35]

〈Ca
sca;vv;RDG〉¼Ns〈Csca;vv;R〉SðqRgÞ: ð13Þ

The asymmetry factor gRDG of the aggregate can also be
estimated from the scattering phase function F11;RDGðΘÞ
using Eq. (5).
The validity of the RDG approximation has been inves-
tigated in numerous studies. Farias et al. [35] compared
absorption and scattering cross-sections predicted by the
RDG approximation with those estimated by volume inte-
gral formulation of Maxwell's equations [31]. The authors
examined randomly oriented aggregates of fractal dimen-
sions Df between 1.0 and 3.0 with monomer size parameter
χs ranging from 0.01 to 1.0, and jm�1j between 0.1 and 2.0.
The RDG approximation predicted the scattering cross-
section of aggregates consisting of 16–256 monodisperse
monomers within 10% of those predicted by the volume
integral method for size parameter χso0:3. However, the
accuracy of predictions of both absorption and scattering
cross-sections by the RDG approximation deteriorated with
increasing size parameter χs [35]. Wang and Sorensen [47]
experimentally validated the RDG approximation by com-
paring the measured scattering cross-sections at 488 nm of
aggregates with fractal dimension Df of 1.75, composed of
monodisperse monomers 20 nm in diameter made of SiO2

(m¼1.46) or TiO2 (m¼2.61). Note that at this wavelength,
absorption by the aggregates could be ignored. On the other
hand, Bushell [48] measured the scattering intensity of
aggregates of latex particles 4.9 μm in diameter using a
forward light scattering photometer. The author found poor
agreement between experimental measurements and pre-
dictions by the RDG approximation and instead recom-
mended using the T-matrix method.

2.4. Numerical predictions of aggregate radiation
characteristics

The superposition T-matrix method [29], the general-
ized multiparticle-Mie theory [30], and the volume inte-
gral method [31] provide numerical solutions to Maxwell's
equations for aggregates with arbitrary fractal dimension
and number of monomers. For example, the superposition
T-matrix method estimates the total scattered electromag-
netic field at any given location by summing the contribu-
tion from each monomer [29].

Liu et al. [49] used the generalized multiparticle-Mie
theory to predict the absorption and scattering cross-
sections of soot aggregates featuring fractal dimension Df

of 1.4, 1.78, or 2.1 and a fractal prefactor kf of 2.3. The
aggregates were composed of up to 800 monodisperse
monomers with size parameter χs¼0.18 and relative
complex index of refraction m¼ 1:6þ i0:6. They demon-
strated that both aggregate absorption and scattering
cross-sections normalized, respectively, by the product of
the number of monomers in the aggregate and the
absorption or scattering cross-sections of a single mono-
mer, i.e., 〈Ca

abs〉=Ns〈Cabs〉 or 〈Ca
sca〉=Ns〈Csca〉, increased as a

function of Ns for aggregates of all fractal dimensions and
number of monomers considered. The authors attributed
both of these observations to multiple scattering. In a
similar study, Liu et al. [50] demonstrated that the normal-
ized absorption cross-section per monomer 〈Ca

abs〉=Ns〈Cabs〉

decreased as a function of Ns for soot aggregates featuring
a fractal dimension Df of 1.78 and a fractal prefactor kf of
1.3 or 2.3. The aggregates were composed of 20 or more
monomers of size parameter χs of 0.354 and relative
complex index of refraction m¼ 1:6þ i0:6. The decrease
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in 〈Ca
abs〉=Ns〈Cabs〉 was attributed to the fact that outer

particles of the aggregates shielded the inner ones from
the incident radiation. Moreover, the normalized scatter-
ing cross-section per monomer 〈Ca

sca〉=Ns〈Csca〉 increased as
a function of Ns due to multiple scattering [50].

Iskander et al. [31] developed a method for predicting the
absorption and scattering cross-sections and the scattering
matrix elements of aggregates by solving the volume integral
formulation of Maxwell's equations [44]. This method is also
known as the discrete dipole approximation and has been
reviewed by Yukin and Hoekstra [51]. Manickavasagam and
Mengüç [52] used this method to predict the scattering
matrix elements of randomly oriented soot aggregates with
fractal dimension Df and prefactor kf equal to 1.7 and 5.8,
respectively. The numerically generated aggregates con-
tained up to 150 monodisperse monomers of radius 20, 40,
or 60 nm and relative complex index of refraction equal to
1:8þ i0:5. The authors concluded that the scattering phase
function F11ðΘÞ could not be used to identify either the
number Ns of monomers in an aggregate or the monomer
radius a. However, they demonstrated that spectral and
angular variations in the scattering matrix element ratio
F21ðΘÞ=F11ðΘÞ could be used to determine both Ns and a. By
contrast, the angular peaks in the scattering matrix element
ratio F34ðΘÞ=F11ðΘÞ depended on the monomer radius a but
not on the number of monomers Ns [52]. The authors
hypothesized that these peaks could be used to identify
the monomer radius.

These different methods have been used to predict the
radiation characteristics of soot aggregates [1,3,40,49,52–55],
snow [56], comets [4], and cosmic dust aggregates [4]. In
these applications, the monomers are relatively small com-
pared with the radiation wavelength such that χs51.
However, as the size and number of monomers in the
aggregate increase, the computational time and resources
necessary to predict the radiation characteristics of the
aggregates, using any of these numerical methods, increases
sharply [4,34].
2.5. Equivalent particle approximations

Latimer [57] approximated fractal aggregates as coated
spheres with equivalent volume and collision diameter.
The coating had a relative complex index of refraction
identical to that of the monomers constituting the aggre-
gate while the core had the same index of refraction as the
surrounding medium. The ratio of the total volume of
monomers and the volume of the smallest sphere enclos-
ing the aggregate was denoted by F and derived from
fractal theory as [57]

F ¼N
1�3=Dfð Þ
s : ð14Þ

This expression assumed that the aggregate formed a solid
sphere when Df was equal to 3.0. The resulting equivalent
coated sphere had an outer diameter equal to the collision
diameter of the aggregates. The inner ai;L and outer ao;L
radii of the coated sphere were given by [57]

ai;L ¼N1=3
s a 1� 1

F1=3

� �
and ao;L ¼

a3Ns

F

� �1=3

ð15Þ
Latimer [57] rationalized his approach by hypothesizing
that the morphological features of aggregates composed of
large monomers ðχsb1Þ did not have any effect on their
radiation characteristics due to their random orientation.
The author experimentally measured the scattered inten-
sity of a 474 nm laser beam incident by aqueous suspen-
sions of aggregates consisting of latex microspheres, with
diameter ranging from 0.26 to 2.05 μm ð1:7rχsr13:6Þ.
Theoretical predictions of the scattered laser intensity fell
within 15% of experimental measurements for scattering
angles 0–101 for all aggregate suspensions. However, the
relative error reached up to 80% for scattering angles
greater than 901 [57]. Therefore, a more rigorous validation
of Latimer's method of approximating radiation character-
istics of aggregates as volume and collision diameter
equivalent coated spheres must be performed.

Finally, Morel and co-workers [58,59] demonstrated that
the radiation characteristics of spheroidal microorganisms
with an aspect ratio smaller than 1.5 can be treated as those
of spheres. In addition, Lee et al. [60] also established that
randomly oriented spheroidal microalgae cells, with an
average aspect ratio of 1.333, could be treated as spheres
over the photosynthetically active radiation (PAR) region.

The present study aims to find a simplified method for
predicting the radiation characteristics of fractal aggregates,
in particular, those with a large number of monomers of
large size parameter χs, beyond the range of validity of the
RDG approximation. Absorption and scattering cross-
sections as well as scattering matrix element ratios of fractal
aggregates with fractal dimension ranging from 2.0 to 3.0
were computed using the superposition T-matrix method.
These results were compared with predictions made by (1)
the RDG approximation, (2) Latimer's coated sphere approx-
imation, and (3) the volume and average projected area
equivalent coated sphere approximation. Fractal aggregates
composed of up to 1000 monodisperse or polydisperse
spherical monomers featuring size parameter ranging from
0.01 to 20 were considered.
3. Methods

3.1. Fractal aggregate generation

First, fractal aggregates were generated using the parti-
cle cluster aggregation program validated and released by
Mroczka and co-workers [40,41,61]. All monomers in the
aggregate were in contact with each other but did not
overlap. The fractal dimension was taken as Df¼2.25
corresponding approximately to that of phytoplankton, as
previously mentioned in Section 2.1 [8]. The fractal pre-
factor kf was taken as 1.59 as prescribed by Sorensen [2] and
Mroczka et al. [40]. The aggregates generated consisted of
2–1000 monomers featuring size parameter χs ranging
from 0.01 to 20. In addition, ordered aggregates featuring
integer fractal dimension Df equal to 1.0, 2.0, and 3.0 were
generated and corresponded to linear chain, square pack-
ing, and simple cubic packing of sphere, respectively.

The total volume VT of an arbitrary aggregate with
polydisperse spherical monomers of radius ðajÞ1r jrNs

can
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be written as

VT ¼ ∑
Ns

j ¼ 1

4π
3
a3j ð16Þ

The radius aeq;V of the volume equivalent sphere can be
expressed as

aeq;V ¼ 3
4π

VT

� �1=3

: ð17Þ

The radius 〈a〉 of the volume-averaged monomer is given
by

〈a〉¼ 3
4π

VT

Ns

� �1=3

: ð18Þ

The corresponding volume-averaged size parameter can
be defined as 〈χs〉¼ 2π〈a〉λ�1. Alternatively, the average
monomer size parameter χ s for aggregates composed of
polydisperse monomers can be estimated as

χ s ¼
1
Ns

∑
Ns

j ¼ 1

2πaj
λ

: ð19Þ

For aggregates consisting of monodisperse monomers, the
volume averaged monomer radius 〈a〉 is equal to the
monomer radius a and 〈χs〉¼ χ s ¼ χs.

The average projected area Ap of the aggregates was
estimated numerically using the method discussed in
detail by Heng et al. [62]. In brief, the aggregate's center
of mass was fixed with respect to the observer and the
aggregate was rotated through a large number of discrete
orientations. Then, the orientation-averaged area pro-
jected onto a plane normal to the line of sight was
calculated. Finally, the outer ao;V þAp

and inner ai;V þAp
radii

of the volume and average projected area equivalent
coated sphere can be expressed as

ao;V þAp
¼ Ap

π

 !1=2

and ai;V þAp
¼ a3

o;V þAp
� 3
4π

VT

� �1=3

ð20Þ
This ensures that the volume of the coating and the
projected area of the equivalent coated sphere were the
same as the total volume VT and the average projected area
Ap of the aggregate.

3.2. Radiation characteristic predictions

First, the orientation averaged absorption 〈Ca
abs〉 and

scattering 〈Ca
sca〉 cross-sections and scattering matrix ele-

ments of aggregates consisting of monodisperse and poly-
disperse spherical monomers were predicted using the
superposition T-matrix method using the program devel-
oped by Mackowski and Mishchenko [29]. The medium
surrounding the aggregates was non-absorbing and had an
index of refraction equal to that of water in the visible part
of the spectrum, i.e., nm¼1.33. Unless stated otherwise,
the monomers featured a complex index of refraction
mp¼1.355þ i0.004. This resulted in a relative complex
index of refraction m¼mp=nm ¼ 1:0165þ i0:003 represen-
tative of various microalgae species [23,60]. The position of
each monomer and their individual size parameter χs were
prescribed while they were all assumed to have the same
relative complex index of refraction m. Then, the
orientation-averaged aggregate absorption 〈Qa

abs〉 and scat-
tering 〈Qa

sca〉 efficiency factors were computed. Finally, the
absorption 〈Ca

abs〉 and scattering 〈Ca
sca〉 cross-sections of the

randomly oriented aggregates were estimated according to
[29]

〈Ca
abs=sca〉ðNs; χs;m;Df ; kf Þ ¼ 〈Qa

abs=sca〉ðNs;χs;m;Df ; kf Þπa2eq;V
ð21Þ

where the volume equivalent sphere radius aeq;V is given
by Eq. (17).

Moreover, the orientation-averaged absorption 〈Ca
abs;RDG〉

and scattering 〈Ca
sca;RDG〉 cross-sections and the scattering

phase function F11;RDGðΘÞ of the aggregates were predicted
by the RDG approximation using Eqs. (7), (9), and (12),
respectively. For aggregates composed of polydisperse mono-
mers, the monomer size parameter χs in Eqs. (8) and (10) was
replaced by the volume-averaged size parameter 〈χs〉.

The absorption and scattering cross-sections and the
scattering matrix elements of the volume and average
projected area equivalent coated spheres were predicted
based on Lorenz–Mie theory using the program developed
by Matzler [63]. First, their absorption and scattering
efficiency factors were computed based on (i) the size
parameters χ i;Ap þV and χo;Ap þV associated with the inner
ai;V þAp

and outer ao;V þAp
radii given by Eq. (20) and (ii) the

relative complex index of refraction m. Then, the absorp-
tion 〈Cabs;V þAp

〉 and scattering 〈Csca;V þAp
〉 cross-sections

were estimated according to

〈Cabs=sca;V þAp
〉ðχi;Ap þV ; χo;Ap þV ;mÞ

¼ 〈Qabs=sca;V þAp
〉ðχ i;Ap þV ;χo;Ap þV ;mÞπa2

o;V þAp
ð22Þ

Similarly, the absorption 〈Cabs;L〉 and scattering 〈Csca;L〉

cross-sections corresponding to Latimer's equivalent
coated sphere were estimated using Eq. (22) by replacing
the size parameters χ i;V þAp

and χo;V þAp
with the size

parameters χi;L and χo;L corresponding to the inner ai;L
and outer ao;L radii given by Eq. (15).

Finally, the relative errors in the absorption and scatter-
ing cross-sections of the aggregates between predictions by
the superposition T-matrix method and the RDG and the
equivalent coated sphere approximations were estimated in
order to identify the best approximation method.

4. Results

4.1. Average projected area

First, the average projected area Ap of aggregates com-
posed of monodisperse monomers was computed using the
code developed by Heng et al. [62]. The monomers had
radius a equal to 1, 5, or 10 μm. The number of monomers
per aggregates Ns ranged from 2 to 1000 while the fractal
dimension Df was taken as 1.0, 1.75, 2.0, 2.25, 2.5, or 3.0. In
all cases, for aggregates of a given fractal dimension Df and
monomers number Ns, the ratio Ap=a2 was found to be
constant. Fig. 2 plots the dimensionless ratio Ap=a2 as a
function of the number of monomers Ns in the aggregate for
different values of Df. It indicates that Ap=a2 increased with
the number of monomers Ns for all fractal dimensions
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considered. Moreover, for aggregates with identical mono-
mer number Ns and radius a, the average projected area
increased with decreasing fractal dimension Df. This was
consistent with fractal theory which dictates that aggre-
gates with larger fractal dimension feature a more compact
structure [2]. Finally, the ratio Ap=a2 was fitted by the least
squares method to a power-law in terms of Ns to yield

Ap

a2
¼ πNα

s ð23Þ

where the exponent α was a function of fractal dimension
Df. The constant πwas used to ensure the validity of Eq. (23)
in the limiting case of a single sphere when Ns¼1 and
Ap ¼ πa2. The power α was found to decrease monoto-
nously from αmax of 0.92 for linear chains of spheres with
Df¼1.0 to αmin of 0.73 for Df¼3.0. The inset of Fig. 2 shows
the reduced variables αn ¼ ðα�αminÞ=ðαmax�αminÞ plotted
versus Dn

f ¼ ðDf �1Þ=2 whose least-squares fitting yielded
the following correlation:

αn ¼ ð1þDn1:8
f Þ1=1:8 ð24Þ

For both power-law fits of Eqs. (23) and (24), the coefficient
of determination R2 was larger than 0.99. The average
projected area estimated by Eqs. (23) and (24) was used
to predict the outer radius ao;V þAp

of the equivalent coated
sphere according to Eq. (20).

4.2. Absorption and scattering cross-sections

4.2.1. Effect of aggregate fractal dimension
Fig. 3a, b, and c shows the absorption 〈Ca

abs〉 and
scattering 〈Ca

sca〉 cross-sections of randomly oriented
Df =1.0 , a =1 µm 
Df =2.0 , a =1 µm 
Df =2.25, a =1 µm 
Df =2.25, a =5 µm 
Df =2.25, a =10 µm 
Df =3.0, a =1 µm 
Df =3.0, a =5 µm 
Df =3.0, a =10 µm 
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Fig. 2. The ratio Ap/a2 as a function of number Ns of monodisperse
monomers in an aggregate for fractal dimension Df equal to 1.0, 1.75, 2.0,
2.25, 2.5, and 3.0 and monomer radii a equal to 1, 5, and 10 μm.
aggregates as functions of the number of monodisperse
monomers Ns ranging from 2 to 1000 for fractal dimension
Df equal to 2.0, 2.25, and 3.0, respectively. Each monomer
featured radius a equal to 1 μm and size parameter χs
equal to 1, while its relative complex index of refraction m
was equal to 1:0165þ i0:003. Note that the monomer size
parameter χs of 1 was chosen because it falls outside the
Rayleigh scattering regime and it was the largest size
parameter for which computation of aggregates contain-
ing as many as 1000 monomers was possible. Fig. 3a–c also
compares the absorption and scattering cross-sections
predicted by the superposition T-matrix method with
those estimated by (i) the RDG approximation, (ii) Lati-
mer's coated sphere approximation, and (iii) the equiva-
lent volume and average projected area coated sphere
approximation. In all cases, the absorption cross-section
〈Ca

abs〉 was proportional to the number of monomers Ns. In
fact, 〈Ca

abs〉 was independent of the fractal prefactor and
dimension kf and Df. In addition, for all values of Ns and Df

investigated, the three different approximations consid-
ered predicted aggregate absorption cross-section 〈Ca

abs〉

within less than 1% of predictions by the superposition T-
matrix method. This can be attributed to the fact that, for
aggregates composed of monomers with relatively small
absorption index ks (i.e., optically soft), absorption is a
volumetric phenomenon. For all approximations, the
volume of material interacting with the incident electro-
magnetic wave was identical to the total volume VT of the
aggregates. Thus, for aggregates composed of monodis-
perse monomers, Eq. (7) can also be expressed as
〈Ca

abs〉¼ VT=Vs〈Cabs〉, where Vs corresponds to the volume
of a single monomer. In other words, the absorption cross-
section 〈Ca

abs〉 of any randomly oriented fractal aggregate
considered was proportional to its total volume VT. The
same conclusion was reached for linear chains of spheres
[34] and for bispheres, quadspheres, and rings of spheres
[62] made of optically soft monomers.

Similarly, the scattering cross-section 〈Ca
sca〉 increased as

a function of number of monomers Ns present in the
aggregates. Here, 〈Ca

sca〉 was proportional to Ns
p
where the

power pwas equal to 1.27, 1.30, and 1.40 for aggregates with
fractal dimension Df of 2.0, 2.25, and 3.0, respectively. Thus,
unlike for 〈Ca

abs〉, the scattering cross-section of the aggre-
gate was larger than the sum of the scattering cross-
sections of each monomer (i.e., p41) due to multiple
scattering. In fact, for a given number of monomers Ns

and a given total volume VT, the aggregates with larger
fractal dimension Df featured larger scattering cross-
sections 〈Ca

sca〉. This was due to the fact that increasing the
fractal dimension Df resulted in a smaller average projected
area (Fig. 2) and a more compact structure more prone to
multiple scattering [53]. The relative error between scatter-
ing cross-section 〈Ca

sca〉 predicted by the T-matrix method
and that estimated by the RDG approximation was smaller
than 15% for aggregates containing fewer than 100 mono-
mers for any fractal dimension Df considered. However, it
reached up to 40% for aggregates containing 100 or more
monomers. On the other hand, the relative error in the
scattering cross-section predicted by Latimer's coated
sphere approximation was smaller than 18% for fractal
dimension Df equal to 2.25 corresponding to the value of
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Fig. 3. Absorption 〈Ca
abs〉 and scattering 〈Ca

sca〉 cross sections as functions of monomer number Ns in randomly oriented aggregates with fractal dimension Df

of (a) 2.0, (b) 2.25, and (c) 3.0 predicted using the superposition T-matrix method, the RDG approximation, Latimer's [57] coated sphere approximation, and
the volume and average projected area equivalent coated sphere approximation. The aggregates were composed of monodisperse monomers featuring size
parameter χs¼1 and m¼ 1:0165þ i0:003.
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Df validated by Latimer [57]. Note that Latimer's choice to
reduce the monomer number distribution of a large number
of aggregates to only five discrete bins was arbitrary and
may have introduced larger errors in the theoretical pre-
dictions of the scattering cross-section known to be very
sensitive to the number of monomers Ns [2,44]. Indeed, the
relative error in the scattering cross-section predicted by
Latimer's coated sphere approximation reached up to 47%
for fractal dimensions Df of 2.0 and 3.0. Due to the relatively
large discrepancies between predictions by the T-matrix
method and by Latimer's approximation [57], the latter was
omitted in the remainder of this study. By contrast, the
scattering cross-section of the volume and average pro-
jected area equivalent coated sphere fell within 7.5% of that
predicted by the T-matrix method for all values of Ns and Df

considered. Note that predictions of the integral radiation
characteristics for the volume-equivalent or surface-area-
equivalent homogeneous spheres were not as accurate as
those for the volume and average projected area equivalent
coated sphere.

4.2.2. Effect of size parameter
Fig. 4a–d shows the absorption 〈Ca

abs〉 and scattering 〈Ca
sca〉

cross-sections of randomly oriented aggregates of mono-
disperse monomers with fractal dimension Df¼2.25 as a
function of monomer number Ns for size parameter χs equal
to 0.01, 0.1, 0.5, 5, 10, and 20. They compare the super-
position T-matrix predictions with those of the RDG approx-
imation and for the volume and average projected area
equivalent coated sphere. They indicate that both absorption
〈Ca

abs〉 and scattering 〈Ca
sca〉 cross-sections increased with

increasing number of monomers Ns and size parameter χs.
More specifically, Fig. 4a and c establishes that the aggregate
absorption cross-section 〈Ca

abs〉 was linearly proportional to
the number of monomers Ns for all size parameters con-
sidered. On the other hand, Fig. 4b reveals that the aggregate
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abs〉 and (b, d) scattering 〈Ca

sca〉 cross-sections as functions of monomer number Ns in randomly oriented aggregates with fractal
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scattering cross-section 〈Ca
sca〉 was proportional to Ns

2
for

aggregates composed of monomers of size parameter
χs ¼ 0:01. It is interesting to note that, in the limiting case
of for small size parameter χs and small aggregates such that
χs51 and qRg51, the RDG approximation predicts that
〈Ca

sca〉 is proportional to Ns
2
. Fig. 4b and d indicates that 〈Ca

sca〉

was proportional to Ns
p
with a power-law exponent p that

monotonously decreased from 2 to 1.17 as the monomer size
parameter χs increased from 0.01 to 20. In fact, in the
limiting case of large size parameter χs and large aggregates,
i.e., χs51 and qRg51, the RDG approximation predicts that
〈Ca

sca〉 is linearly proportional to Ns (i.e., p¼1), as previously
mentioned in Section 2.3.
The absorption cross-section predicted by the RDG
approximation and the volume and average projected area
equivalent coated sphere fell within 5% of the T-matrix
predictions for all values of Ns and χs considered. In
addition, the relative error in scattering cross-section pre-
dictions by the RDG approximation was smaller than 8% for
size parameter χs smaller than 0.5. This confirms and
expands on the findings by Farias et al. [35] and by Wang
and Sorensen [47] as previously discussed in Section 2.3.
However, it reached 29%, 56%, and 117% for size parameters
χs of 5, 10, and 20, respectively. This excessively large
relative error in scattering cross-section renders the
RDG approximation unsuitable for predicting the radiation
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characteristics of aggregates composed of monomers of size
parameter larger than 1, as previously reported in the
literature [35,38,47,48]. By contrast, the scattering cross-
section of the volume and average projected area equivalent
coated sphere fell within 10% of the predictions by the
T-matrix method for all values of Ns and χs considered. In
other words, the volume and average projected area
equivalent coated sphere was able to capture the multiple
scattering effects on the integral radiation characteristics.

Moreover, note that the maximum number of mono-
mers per aggregate that could be simulated decreased
with increasing monomer size parameter χs. For example,
a converged solution for aggregates of 25 monomers of
size parameter χs ¼ 20 could not be obtained using the
superposition T-matrix program despite the use of a
relatively large computer cluster. Moreover, for a fractal
aggregate containing 25 monomers of size parameter
χs ¼ 10, the superposition T-matrix code yielded a con-
verged solution after 25 h running in parallel on 135 CPUs.
Alternatively, predictions of the radiation characteristics
and scattering matrix elements of the corresponding
volume and average projected area equivalent coated
spheres were obtained in 3.6 ms using a computer with
a single core CPU. Thus, this approximation could provide
an invaluable tool for estimating the radiation character-
istics of randomly oriented aggregates with reasonable
accuracy, particularly for aggregates with a large number
of large monomers. For example, it could be used in
inverse problems aiming to infer the aggregate morphol-
ogy and/or the monomer complex index of refraction from
experimental measurements [36,60,64,65]. It could also be
used when the superposition T-matrix method fails to
converge or if the necessary computing resources are not
available. This is particularly interesting for microalgae
colonies consisting of cells 4–12 μm in diameter (Fig. 1e
and f) and featuring size parameter χs ranging between 18
and 95 over the PAR region (λ¼400–700 nm). For such
suspensions, the volume and average projected area
equivalent coated sphere approximation can predict,
rapidly and sufficiently accurately, the absorption and
scattering cross-sections as well as the asymmetry factor
g or the backward scattering fraction b needed to perform
radiation transfer analysis in PBRs [25,66,67].
Table 1
Absorption 〈Ca

abs〉 and scattering 〈Ca
sca〉 cross-sections of randomly oriented ag

Gaussian radius distribution and standard deviations of 0%, 10%, and 25%. The a
parameter χ s¼1 and relative complex index of refraction m¼ 1:0165þ i0:003.

T-matrix Rayleigh–D

Ns χ s stdev χ s 〈χ s〉 VT Ap 〈Ca
abs〉 〈Ca

sca〉 〈Ca
abs;RDG〉

(%) ðμm3Þ ðμm2Þ ðμm2Þ ðμm2Þ ðμm2Þ

256 0 1.0 1.00 1072 386 6.44 0.96 6.4
256 10 1.0 1.01 1093 389 6.63 1.01 6.6
256 25 1.0 1.08 1335 424 8.03 1.42 8.0
512 0 1.0 1.00 2145 707 12.9 2.18 12.8
512 10 1.0 1.00 2145 711 12.8 2.14 12.7
512 25 1.0 1.06 2567 768 15.4 2.89 15.3

1000 0 1.0 1.00 4189 1341 24.1 4.39 25.0
1000 10 1.0 1.02 4376 1365 26.0 4.78 25.8
1000 25 1.0 1.07 5059 1408 30.3 6.2 30.2
4.2.3. Effect of polydispersity
To investigate the effects of monomer polydispersity on

the aggregates' absorption and scattering cross-sections,
aggregates composed of 256, 512, and 1000 polydisperse
monomers were generated with a Gaussian radius dis-
tribution with the same mean radius of 1 μm and standard
deviation of 10% or 25%. Table 1 reports the mean χ s and
volume-averaged 〈χs〉 size parameters and the average
projected area of the aggregates generated. It also com-
pares predictions of the corresponding absorption 〈Ca

abs〉

and scattering 〈Ca
sca〉 cross-sections by the superposition T-

matrix method with those made by the RDG and the
volume and average projected area equivalent coated
sphere approximations. In all cases, the monomer mean
size parameter χ s was equal to 1 and the fractal dimension
Df was equal to 2.25. However, the total volume VT and the
volume-averaged size parameter 〈χs〉 of the aggregates
with polydisperse monomers were larger than those with
monodisperse monomers for the same number of mono-
mers Ns. On the other hand, the average projected area Ap

of the aggregates increased only slightly with polydisper-
sity of the monomers. Overall, the ratio Ap=VT of the
average projected area to the total volume was smaller
for aggregates with polydisperse monomers than with
monodisperse monomers having the same monomer
number and mean radius. In other words, aggregates with
polydisperse monomers were more compact that those
with monodisperse monomers.

Moreover, for all cases considered, aggregates composed
of polydisperse monomers featured larger absorption and
scattering cross-sections than those composed of the same
number of monodisperse monomers Ns. The larger absorp-
tion cross-section was due to the fact that the total volume
of the aggregates VT increased with increasing monomer
polydispersity, as reported in Table 1. On the other hand, the
increase in aggregate scattering cross-section 〈Ca

sca〉 could be
attributed to the fact that the aggregates were more
compact and therefore more prone to multiple scattering.
These results were consistent with the conclusion reached
for aggregates with monodisperse monomers and different
fractal dimensions (Fig. 3).

Finally, the absorption cross-sections of the randomly
oriented aggregates with polydisperse monomers predicted
gregates of fractal dimension Df of 2.25 composed of monomers with a
ggregates were composed of 256, 512, and 1000 monomers with mean size

ebye–Gans approximation Equivalent coated sphere

Error 〈Ca
sca;RDG〉 Error 〈Ca

abs;VþAp
〉 Error 〈Ca

sca;VþAp
〉 Error

(%) ðμm2Þ (%) ðμm2Þ (%) ðμm2Þ (%)

0.62 1.14 �19 6.4 0.01 0.83 14
0.60 1.18 �17 6.6 0.3 0.91 10
0.75 1.55 �9.2 8.0 0 1.2 14
0.78 2.64 �21 12.9 0.2 2.0 10
0.78 2.61 �22 12.8 0 2.0 8.4
0.65 3.4 �18 15.4 0 2.7 8.0

�3.4 5.9 �34 25.1 4.0 4.4 �0.5
0.77 6.2 �29 26.0 0 4.5 5.7
0.33 7.7 �24 30.3 0 5.9 5.7
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dimension Df¼2.25, monomer size parameter χs¼1, and relative refrac-
tion index n¼1.0165.
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by both the RDG and the volume and average projected area
equivalent coated sphere approximations fell within 4% of
the predictions by the superposition T-matrix method.
However, the associated scattering cross-section predicted
by the RDG approximation suffered from a relative error of
up to 29% for aggregates containing 1000 monomers. By
contrast, the relative error in the scattering cross-section
predicted for the volume and average projected area equiva-
lent coated sphere was less than 14% for all aggregates
considered. This confirms the validity of volume and average
projected area equivalent coated sphere approximation in
predicting the absorption and scattering cross-sections of
randomly oriented fractal aggregates consisting of either
monodisperse or polydisperse optically soft monomers.

4.2.4. Effect of the relative complex index of refraction
Fig. 5a and b plots the absorption and scattering cross-

sections of randomly oriented aggregates normalized by
the product of the monomer number Ns and the absorp-
tion and scattering cross-sections of a single spherical
monomer 〈Ca

abs〉=Ns〈Cabs〉 and 〈Ca
sca〉=Ns〈Csca〉 as a function

of Ns, respectively. All aggregates featured a fractal dimen-
sion Df of 2.25, monodisperse monomers with size para-
meter χs ¼ 1, and relative refractive index n¼1.0165. The
relative absorption index k was taken as 0.003, 0.03, 0.07,
or 0.5. A ratio 〈Ca

abs〉=Ns〈Cabs〉 or 〈C
a
sca〉=Ns〈Csca〉 independent

of Ns and equal to unity would indicate that the absorption
or scattering cross-section of the aggregate is the sum of
absorption or scattering cross-sections of its constituent
monomers. In fact, the normalized absorption cross-
section per monomer 〈Ca

abs〉=Ns〈Cabs〉 remained constant
and equal to unity for aggregates with relative absorption
index k¼0.003. This was consistent with the RDG approx-
imation expression for 〈Ca

abs;RDG〉 given by Eq. (7) in
Section 2.3. However, for relative absorption index larger
than 0.003, the normalized absorption cross-section was
smaller than 1.0 and decreased with increasing values of
Ns and k. Similar observations were made by Liu et al. [50]
for soot aggregates composed of monomers with absorp-
tion index k of 0.6 and size parameter χs of 0.354, as
previously discussed in Section 2.4. This can be attributed
to the shading of the monomers located inside the aggre-
gates by those located on the outside. This phenomenon
was particularly important for aggregates composed of
large, numerous, and/or strongly absorbing monomers. In
addition, the scattering cross-section of aggregates com-
posed of strongly absorbing monomers was much larger
than for those composed of weakly absorbing monomers.
These relatively large absorption and scattering cross-
sections caused the incident electromagnetic wave to be
fully attenuated before it can reach the inner monomers.
For such aggregates, the absorption cross-section did not
depend linearly on the material volume interacting with the
incident radiation, unlike what has been observed for
optically soft particles aggregates [49,50]. Instead, when
the penetration depth was smaller than the monomer size,
absorption became a surface phenomenon.

Moreover, the normalized scattering cross-section per
monomer represented by 〈Ca

sca〉=Ns〈Csca〉, increased with
increasing Ns and was larger than 1.0 for all four complex
indices of refraction considered. In other words, the
scattering cross-section of an aggregate was larger than
the sum of the scattering cross-sections of its constitutive
monomers. This can be attributed to multiple scattering as
previously discussed. However, the latter was less signifi-
cant for aggregates composed of strongly absorbing mono-
mers due to the attenuation of the electromagnetic wave
which could not emerge from the aggregate. Note that
Mishchenko [68] presented the equality 〈Ca

ext〉¼Ns〈Cext〉 as
a necessary condition for single scattering to prevail in
multi-particle aggregates. Moreover, the RDG approxima-
tion predictions of 〈Ca

abs〉=Ns〈Cabs〉 and 〈Ca
sca〉=Ns〈Csca〉 as a

function of Ns were independent of the relative absorption
index k. This resulted in very large discrepancies with
predictions by the superposition T-matrix method. On the
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other hand, the volume and average projected area
equivalent coated sphere predictions featured a relative
error in the absorption and scattering cross-sections of less
than 8% and 29%, respectively, compared with the T-matrix
method for all values of Ns and k considered. Moreover, the
relative error between predictions by the coated sphere
approximation and by the T-matrix method decreased
with increasing monomer absorption index. Indeed, the
maximum relative error in the scattering cross-section was
29% and 11% for aggregates composed of monomers
with relative complex index of refraction m equal to
1:0165þ i0:003 and 1:0165þ i0:5, respectively. This was
in contrast to the relative error between the RDG approx-
imation and the superposition T-matrix method predic-
tions which increased with monomer absorption index. In
fact, the scattering cross-sections estimated by the RDG
approximation differed by more than 50% from those by
the T-matrix method for aggregates composed of more
than Ns¼100 monomers with size parameter χs ¼ 1 and
relative absorption index k larger than 0.03. These results
establish that the volume and average projected area
equivalent coated sphere approximation could not only
capture the effects of multiple scattering but also of
shading among monomers.

Finally, these results indicate that the formation of
colonies of microalgae in PBRs results in reduced absorp-
tion cross-section per cell and increased scattering cross-
section per cell. Therefore, light transfer in microalgae
suspensions will be strongly affected by colony formation.

4.3. Scattering phase function

Fig. 6a–f shows the scattering phase function F11ðΘÞ of
randomly oriented aggregates of fractal dimension Df of 2.25
consisting of monomers of size parameter χs of 1 and 5 for a
number of monomers Ns ranging from 9 to 100. They
compare predictions by the superposition T-matrix method
with those of (i) the RDG approximation, (ii) the volume and
average projected area equivalent coated sphere approxima-
tion, and (iii) the Henyey–Greenstein phase function given
by Eq. (6) using the asymmetry factor g corresponding to the
phase function of the equivalent coated sphere.

First, scattering by randomly oriented aggregates was
increasingly in the forward direction as the size parameter
χs and/or the number of monomers Ns in the aggregate
increased. Fig. 6a–c, corresponding to χs ¼ 1, confirms the
conclusions reached by Manickavasagam and Mengüç [52]
(Section 2.4) that measurements of aggregate scattering
phase function alone could not be used to identify the
monomer size parameter χs or their number Ns for size
parameter χs between 0.5 and 1.5. Indeed, these three
aggregates did not feature any distinguishing characteris-
tics that could be used to determine either χs or Ns. On the
other hand, aggregates composed of monomers of size
parameter χs ¼ 5 featured scattering phase functions
F11ðΘÞ with two distinct resonance peaks at scattering
angles Θ of 551 and 1001. These angles depended only on
the monomer size parameter χs. However, the magnitude
of these resonance peaks correlated to the number of
monomer in the aggregate Ns. Therefore, these two unique
features of the scattering phase function could be used to
determine the monomer's size parameter χs and number
Ns in aggregates composed of relatively large monomers.

Moreover, the approximate methods predicted similar
phase functions for the aggregates composed of mono-
mers of size parameter χs of 1. However, the equivalent
coated sphere scattering phase function featured several
resonance peaks at various scattering angles Θ. These
peaks did not correspond to those observed in the phase
function predicted by the T-matrix method. The number
and magnitude of these resonance peaks increased with
increasing monomer number Ns and size parameter χs.
These resonance peaks are characteristic of coated spheres
[69] and were due to internal reflection within the coating
which acted as a waveguide.

Another indicator of multiple scattering is the aggregate
scattering phase function atΘ¼ 01. Indeed, single scattering
by the aggregates requires that F11ð01Þ ¼NsF11;sð01Þ, where
F11;s is the scattering phase function of a single sphere [68].
Here, the values of F11ð01Þ of the aggregates composed of 9
and 36 monomers of size parameter χs ¼ 1 and relative
complex index of refraction m¼ 1:0165þ i0:003 was equal
to 19.9 and 79.6, respectively. On the other hand, F11;sð01Þ for
a single monomer of the same size parameter was equal to
2.21. Similarly, F11ð01Þ was 244 and 309 for aggregates
composed of 16 and 25 monomers of size parameter 5,
respectively. The corresponding F11;sð01Þ was equal to 24.7.
This further establishes the presence of multiple scattering
in the aggregates considered in Fig. 6.

The inset tables in Fig. 6a–f report the asymmetry factor
g corresponding to the scattering phase function predicted
by the T-matrix method, the RDG approximation, and the
volume and average projected area equivalent coated sphere
approximation. They indicate that the asymmetry factor g
increased from 0.62 for χs ¼ 1 and Ns¼9 to 0.96 for χs ¼ 5
and Ns¼25. The relative error in the asymmetry factor g
predicted by the RDG approximation reached 10% compared
with the T-matrix method predictions for χs ¼ 5 and Ns¼25.
However, it was smaller than 5% for the volume and average
projected area equivalent coated sphere for all values of χs
and Ns considered. The asymmetry factor can be used in
various approximate expressions of the scattering phase
function including the transport approximation [70] and the
HG approximate phase function. In fact, the latter gave
reasonable predictions of F11ðΘÞ of the aggregates for
χs ¼ 1 using the asymmetry factor corresponding to the
equivalent coated sphere (Fig. 6a–c). Note that large errors
were observed for aggregates with larger monomers ðχsb1Þ
which tend to scatter strongly in the forward direction
(Fig. 6d–f). However, the use of the HG phase function has
been shown to be sufficiently accurate for radiation transfer
analysis through strongly forward scattering media such as
microalgae suspensions containing gas bubbles [66], glass
containing bubbles [71], red blood cells [72,73], and also in
the field of ocean optics [74,75].

Note that microalgae cells are strongly forward scatter-
ing due to their large size compared with the wavelength
of photons in the PAR region. In addition, the solution of
the radiative transfer equation derived by Pottier et al. [25]
based on the two-flux approximation has been shown to
offer a relatively accurate method for predicting the
fluence rate in open pond and flat-plate PBRs [25,67].
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Their analytical expression requires only the absorption
and scattering cross-sections, the microorganism concen-
tration, as well as the backward scattering ratio b of the
microalgae suspension. The insets to Fig. 6a–e show the
values of b for each aggregate estimated using the scatter-
ing phase function predicted using (i) the
T-matrix method, (ii) the coated sphere approximation,
(iii) the RDG approximation, and (iv) the HG phase func-
tion. They indicate that the backward scattering ratio
predicted using the coated sphere approximation was
within 30% of that predicted by the T-matrix method for
aggregates composed of monomers of size parameter
χs ¼ 1. In addition, b was negligibly small for aggregates
composed of monomers with χs ¼ 5.

Moreover, Berberoğlu et al. [66] used the discrete
ordinates method with a combination of two Gauss quad-
rature having 24 discrete directions per hemisphere to
predict the fluence rate in PBRs containing microorgan-
isms. Results obtained using the HG approximate phase
function were in good agreement with those obtained
using the phase function predicted by the Lorenz–Mie
theory of the microorganism suspension. This demon-
strates that for the purposes of unpolarized radiation
transfer analysis through microalgae cultures, or any other
strongly forward scattering media, knowledge of the
Fig. 6. Scattering phase function F11ðΘÞ of randomly oriented aggregates of fracta
equal to (a–c) 1.0 or (d–f) 5, m¼ 1:0165þ i0:003 and Ns ranging from 9 to 100 est
and for the volume and average projected area equivalent coated sphere, and the
factor g computed using Eq. (5).
integral radiation characteristics 〈Ca
abs〉; 〈C

a
sca〉, g, and b are

sufficient.
Finally, the inset to Fig. 6a–e shows the scattering phase

function F11ðΘ¼ 01Þ values obtained by (i) the T-matrix
method, (ii) for the equivalent coated sphere, (iii) the RDG
approximation, and (iv) the HG phase function. This is of
particular interest for large aggregates and/or large mono-
mers since most of the scattered radiation energy is
concentrated around the forward direction Θ¼ 01. Rela-
tively good agreement was found between the values of
F11ð01Þ predicted by the T-matrix approximation and
those predicted for the equivalent coated spheres. In fact,
the relative error between the predictions of the two
methods was less than 13% for all size parameters χs and
monomer numbers Ns considered. In addition, the value of
F11ðΘ¼ 01Þ predicted by the HG approximation was accu-
rate within 15% for aggregates composed of 36 or 100
monomers with size parameter χs ¼ 1. However, it over-
estimated F11ð01Þ for aggregates composed of monomers
with larger size parameter.

4.4. Scattering matrix element ratios

Polarized incident radiation and the scattering matrix
elements can be used in remote sensing applications to
l dimension Df of 2.25 with monodisperse monomers of size parameters χs
imated using the superposition T-matrix method, the RDG approximation,
HG phase function. The inset table reports the corresponding asymmetry
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characterize the morphology of the aggregates defined by
a, Ns, kf, Df, VT, and/or Ap.

Fig. 7 plots the normalized scattering matrix
element ratios (a) F21ðΘÞ=F11ðΘÞ, (b) F22ðΘÞ=F11ðΘÞ, (c)
F33ðΘÞ=F11ðΘÞ, (d) F34ðΘÞ=F11ðΘÞ, and (e) F44ðΘÞ=F11ðΘÞ
predicted by the superposition T-matrix method as func-
tions of scattering angle Θ for randomly oriented aggre-
gates of fractal dimension Df¼2.25 and consisting of 9, 36,
and 100 monomers with size parameter χs¼1 and
m¼ 1:0165þ i0:003. They also show the same scattering
matrix element ratios predicted for the volume and
average projected area equivalent coated sphere. The
degree of linear polarization of the aggregates F21ðΘÞ=
F11ðΘÞ was identical for all values of Ns considered. It
reached 100% at scattering angle Θ¼ 90○ and was equal to
0% at scattering angles Θ of 01 and 1801. The scattering
matrix element ratio F22ðΘÞ=F11ðΘÞ was equal to 100% for
all scattering angles Θ. The scattering matrix element
ratios F33ðΘÞ=F11ðΘÞ and F44ðΘÞ=F11ðΘÞ were equal for all
aggregates and decreased from 100% at Θ¼ 0○ to �100%
at Θ¼ 1801. Finally, the scattering matrix element ratio
F34ðΘÞ=F11ðΘÞ was equal to zero for all angles Θ. Results
for the different scattering matrix element ratios pre-
sented in Fig. 7 for χs ¼ 1 were identical to those for a
single sphere. This indicates the dominant role of single
scattering by the constituent monomers [53,76]. These
results confirm the findings by Liu and Mishchenko [53]
who demonstrated that increasing the aggregate number
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Fig. 7. Scattering matrix element ratios (a) F21ðΘÞ=F11ðΘÞ, (b) F33ðΘÞ=F11ðΘÞ, (c) F
fractal dimension Df¼2.25 containing 9, 36, and 100 monodisperse monome
m¼ 1:0165þ i0:003 predicted using the superposition T-matrix method an
approximation.
of monomers Ns up to 400, with size parameter χs ¼ 0:2,
did not modify the scattering matrix element ratios.

The equivalent coated sphere featured scattering ele-
ment ratios with overall trends similar to those predicted
by the T-matrix method. However, they also featured
resonance peaks at scattering angles Θ corresponding to
those observed in the scattering phase function shown in
Fig. 6a–c and attributed to internal reflectance in the
coating. These results indicate that the volume and aver-
age projected area equivalent coated sphere approxima-
tion cannot be used for predicting the scattering matrix
elements of the actual fractal aggregates. Thus, it will not
be considered further in this section.

Fig. 8 shows the scattering matrix element ratios
(a) F21ðΘÞ=F11ðΘÞ, (b) F22ðΘÞ=F11ðΘÞ, (c) F33ðΘÞ=F11ðΘÞ, (d)
F34ðΘÞ=F11ðΘÞ, and (e) F44ðΘÞ=F11ðΘÞ predicted by the
superposition T-matrix method as a function of scattering
angle Θ for randomly oriented aggregates of fractal dimen-
sion Df of 2.25 and consisting of 9, 36, and 100 monomers of
size parameter χs¼5 and m¼ 1:0165þ i0:003. All scattering
matrix element ratios featured resonance peaks at scattering
angles Θ of 551 and 1001 also observed in the aggregate
scattering phase function F11ðΘÞ (Fig. 6d–f). These resonance
peaks appeared in the scattering matrix elements for large
enough monomer size parameter. Similar resonance peaks
were observed in the scattering matrix element ratios of
aggregates composed of linear chain of spheres with size
parameter of 10 [34] and for fractal soot aggregates with
Ns=9
Ns=36
Ns=100
Ns=9
Ns=36
Ns=100
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34ðΘÞ=F11ðΘÞ, and (d) F44ðΘÞ=F11ðΘÞ of randomly oriented aggregates with
rs with size parameter χs ¼ 1 and relative complex index of refraction
d the volume and average projected area equivalent coated sphere



Fig. 8. Scattering matrix element ratios (a) F21ðΘÞ=F11ðΘÞ, (b) F22ðΘÞ=F11ðΘÞ, (c) F33ðΘÞ=F11ðΘÞ, (d) F34ðΘÞ=F11ðΘÞ, and (e) F44ðΘÞ=F11ðΘÞ of randomly oriented
aggregates with fractal dimension Df¼2.25 containing 9, 16, and 25 monodisperse monomers with size parameter χs ¼ 5 and m¼ 1:0165þ i0:003 predicted
using the superposition T-matrix method.
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Df¼1.82 and kf¼1.19 composed of 200 monomers with size
parameter χs ¼ 0:6 [53]. Here, the number and angles of the
resonance peaks depended on the monomer size parameter
χs while their magnitude depended on the number of
monomers Ns in the aggregates. Indeed, the scattering matrix
element ratios had 1, 2, or 6 resonance peaks for aggregates
composed of Ns¼9 monomers with size parameter 2.5, 5, or
10, respectively (see Supplementary Materials). These con-
firm and expand on previous results reported by Mackowski
and Mishchenko [77] illustrating that the resonance angles
of aggregates of up to 5 spherical monomers of size para-
meter χs ¼ 5 were equal to those for a single sphere of the
same size parameter. The authors also reported that increas-
ing monomer number in an aggregate causes “damping
of the oscillation in the matrix elements” [77]. However,
here no such effect could be observed (see Supplementary
Materials).

Furthermore, the ratio F21ðΘÞ=F11ðΘÞ deviated from unity
while the scattering element ratios F33ðΘÞ=F11ðΘÞ and
F44ðΘÞ=F11ðΘÞ featured similar trends but were not identical.
Divergence of the ratio F22=F11 from unity as well as the
inequality between the ratios F33=F11 and F44=F11 was also
observed by Mishchenko et al. [78] and used as indicators for
nonsphericity of randomly oriented bispheres of size para-
meter χs ¼ 5 and relative index of refraction m¼ 1:5þ0:005.
Such features of the scattering matrix elements can be used
for remote sensing applications.
5. Conclusion

This study demonstrated that the absorption 〈Ca
abs〉 and

scattering 〈Ca
sca〉 cross-sections and the asymmetry factor g

of randomly oriented fractal aggregates consisting of
spherical monomers can be rapidly estimated as those of
coated spheres with equivalent volume and average pro-
jected area. Predictions for 〈Ca

abs〉 and 〈Ca
sca〉, and g fell within

8%, 29%, and 15%, respectively, for aggregates composed
of monodisperse and polydisperse monomers with (i)
size parameter χs between 0.01 and 20, (ii) number
Ns ranging from 1 to 1000, (iii) relative refractive index of
1.0165 and absorption index varying from 0.003 to 0.5, and
(iv) for aggregates of fractal dimension ranging from 2.0 to
3.0. First, a convenient correlation was derived for the
average projected area of fractal aggregates with various
fractal dimensions. The proposed equivalent coated sphere
approximation was able to capture multiple scattering in the
aggregates and shading among constituent monomers on
the integral radiation characteristics of the aggregate.
It was also superior to that proposed by Latimer [57] and
to the Rayleigh–Debye–Gans approximation, particularly for
large values of χs and Ns. In addition, the use of Henyey–
Greenstein approximate phase function estimated using the
asymmetry factor for the equivalent coated sphere yielded
acceptable predictions of the actual aggregate scattering
phase function for all values of χs and Ns considered.
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However, the equivalent coated spheres featured scattering
matrix element ratios significantly different from those of
the aggregates due to internal reflection in the coating.
Finally, the scattering phase function and the scattering
matrix elements were found to have unique features for
large monomer size parameter χs. These could be used in
remote sensing applications to measure the morphology of
such aggregates.
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