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This paper presents an approach for predicting the thickness
of isothermal foams produced by blowing gas in a liquid solu-
tion under steady-state conditions. The governing equation for
the transient foam thickness has been nondimensionalized, and
two-dimensionless numbers have been identified to describe the
formation and stability of this type of foam: 51 = Re/Fr and
52 = CaH∞/r0. Physical interpretation of the dimensionless num-
bers has been proposed; a power-law type relation has been assumed
between 51 and 52 (i.e., 52 = K5n

1). Experimental data avail-
able in the literature have been used to determine the empirical
parameters of the correlation K and n. The experimental condi-
tions cover a wide range of viscosity, density, surface tension, gas
superficial velocity, and average bubble radius. The model is valid
for foams formed from high-viscosity liquids bubbled with nitrogen,
air, helium, hydrogen, and argon injected through single, multiori-
fice nozzles or porous medium. A comparison between the correla-
tion developed and the experimental data yields reasonable agree-
ment (within 35% error), given the broadness of the bubble radius
distribution around the mean value and the uncertainty of the ex-
perimental data and of the thermophysical properties. Predictions
have been found to be very sensitive to the average bubble radius.
A more refined model is still needed which should be supported
by careful experimental studies. Finally, suggestions are given to
extend the present work to foams generated from low-viscosity
solutions. C© 2001 Academic Press

Key Words: foam thickness; steady foam; pneumatic foam; semi-
batch foam; glass foam; slag foaming; bath smelting.
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INTRODUCTION

Pneumatic foams are produced by a continuous stream o
bubbles rising to the surface of a foaming liquid. Such foa
are encountered in a number of practical technological sys
ranging from glass-, iron-, and steel-making processes to
tein separation and bioreactors. Bubbles are either gene
by chemical reactions taking place within the liquid or injec
in the liquid through a single nozzle, a multinozzle inlet, o
porous medium (e.g., frit ceramic (17)). In experimental stud
chemical reactions are often simulated by injecting gas in the
lution to permit better control and measure of the gas flow
1 To whom correspondence should be addressed. Fax: (765)-494-0
E-mail: viskanta@ecn.purdue.edu.
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(34); however, such a simulation is only partial since bubb
generated by chemical reactions tend to be smaller than bub
generated by gas injection (34).

In bioreactors, bubbles are generated by an air sparger pla
beneath the agitator to aerate the culture medium (3). In
presence of surface-active agents, foam may be formed and
as a cushion, preventing bursting bubbles from damaging
cells at the liquid surface. In electric arc furnaces, foam is oft
required to shield the refractories from the arc, to protect t
liquid metal from the atmosphere (29), and to help stabilize t
arc in modern electric arc furnaces (29). Controlling foam is a
important in other steel-making processes such as basic oxy
smelting (BOS) and the making of iron by bath smelting (31
In glass-melting furnaces, foam produced by chemical reacti
taking place within the melt is often undesirable since it reduc
significantly heat transfer rates from the combustion space to
melt (7, 20, 21), thereby increasing the operating temperatu
the NOx-formation rate, and the energy consumption (21).

Understanding and modeling of the foam thickness is, the
fore, of major importance from both fundamental and practic
viewpoints. This paper is concerned with the analysis of stea
state foams, i.e., when the burst of the bubbles at the top of
foam is compensated by the supply of bubbles at the bottom.
objective is to develop a model for predicting the steady-st
foam thickness as a function of the thermophysical properties
the system, the bubble size, and the superficial gas velocity.
effects of the temperature (uniform across the foam), the ini
liquid height, and the type of gas are investigated as well.

ANALYSIS

Current State of Knowledge

The first model predicting the steady-state foam height a
function of the superficial gas velocityj 2 has been proposed
by Bikerman (2). He suggested that below a critical superfic
gas velocity jcr , the steady-state foam thicknessH∞ increases
linearly with the gas flux,

H∞ = Ä j if j ≤ jcr , [1]

2 The superficial gas velocity is defined as the gas flow rate in m3/s divided
by the cross-sectional area of the container in m2.
5 0021-9797/01 $35.00
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whereÄ is a constant called the “unit of foaminess” or “foam
ing index” and is considered to be a physical characteristi
the liquid corresponding to the residence time of a bubble in
foam. Beyond the critical mass fluxjcr , the entrainment of the
liquid into the foam by rising bubbles cannot be balanced
drainage and the foam thickness increases without limit. H
ever, experimental data for viscous oils (14, 23) indicate t
the transition from a steady-state foam to a constantly grow
foam is not abrupt atj = jcr but continuous, thereby indicatin
that the “unit of foaminess”Ä in Eq. [1] is not constant bu
increases as the mass fluxj increases. Lin and Guthrie (22) ob
served that, for low gas influx, a bubbly flow prevails, bubb
are small and spherical or ellipsoidal, and the foam thickn
increases linearly with the superficial gas velocity; i.e., Eq.
is valid. However, for higher gas influx, bubbles coalesce
a churn-turbulent flow regime is observed with spherical-c
bubbles forming while rising to the surface, and the foam te
to be unstable, i.e., the foam thickness decreases with the
flow rate. Moreover, Laimbock (21) has observed that foa
ing of soda-lime silicate glass at different temperatures was
possible for an arbitrarily small gas flow rate; instead, a m
imum superficial gas velocity,jm, should be reached to initi
ate foaming. The same observations have been made for
ferent solutions of water and glycerol (9, 17). Application
Eq. [1] to actual iron smelters was also questioned by Lin
Guthrie (22); therefore, Eq. [1] does not appear to be a gen
and satisfactory relation for describing the foaming behavio
liquids.

Jeelaniet al.(17) proposed a model for the steady-state fo
thickness accounting for the binary coalescences taking p
within the foam. The steady-state foam thickness was expre
as a function of the thermophysical properties of the liquid pha
the binary coalescence time, and the average foam porosity
binary coalescence time as well as the average foam por
were determined experimentally from the measurements o
average bubble diameter along the foam height. Good agree
was found between the model’s predictions and the experime
data for aqueous foams stabilized with glycerinate and sur
tants. Unfortunately, most of the other experimental studie
steady-state foam thickness did not provide the variation of
average bubble diameter along the foam height and neithe
binary coalescence time nor the average foam porosity ca
determined, making it impossible to validate the model for ot
solutions.

More recently, Hrma (14) developed a model for a steady-s
foam blanket. The foam behavior is described in terms of
limiting gas fluxes: the threshold fluxjm corresponding to the
minimum gas flux required to generate foam and the critical fl
jcr corresponding to the breakdown of steady-state conditi
Then, three different regimes can be identified: (1) Ifj < jm, the
gas flux j reaching the liquid surface is not sufficient to creat
foam layer. If j = jm, the foam layer consists of a monolayer
bubbles whose thickness is 2r0, wherer0 is the average radiu

of the bubbles. (2) Ifjm < j ≤ jcr , the foam is steady and its
thickness increases as the gas influx increases according to
, AND VISKANTA
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following expression (14),

H∞ = 2r0+ 2r0bh

[
1/jm − 1/jcr

1/j − 1/jcr
− 1

]
, [2]

wherer0 is the average radius of bubbles in the foam andbh is
a constant depending on the gravitational drainage and on
survival time of a critically thin film separating the foam from
the atmosphere. (3) Ifj ≥ jcr , the excess of mass flux overjcr

cannot be released at the top of the foam and has to be st
within the foam. Thus, the foam volume grows continuous
and a steady state is never reached until all available liqui
dispersed in the foam (14). Beyond a certain mass flux, vent h
may start developing within the foam and the foam thickne
stops growing and may even start decreasing (17, 32). Hrma
suggested that Eq. [1] proposed by Bikerman (2) is only va
for evanescent foams for which the liquid lamellae separat
the bubbles in the foam rupture as soon as the critical thickn
of the foam is reached and for very small superficial gas veloc
(i.e., j ¿ jcr ). In that case, Eqs. [1] and [2] are equivalent
long asbh = 1 andÄ ≈ 2r0/jm. Even if Hrma’s model (14)
provides some insight into the mechanism of foam format
and stability by explaining qualitatively reported experimen
data, it cannot be used to predict the steady-state foam thick
due to the lack of either analytical or semi-empirical expressio
for the critical mass flux and the parameterbh as a function of
thermophysical properties of the system.

A series of studies on slag foams in iron- and steel-mak
processes has been carried out to predict the steady-state
thickness (15, 16, 18, 19, 34–36). Little discussion has be
however, reported about the stabilizing mechanisms occurin
foams generated from molten salt at high temperature. It is
lieved that their large dynamic viscosity is a major factor in t
foam formation and stabilization. All the experiments consist
of bubbling argon in a cylindrical tank containing liquid CaO
SiO2–FeO–MgO–Al2O3 slags at high temperatures. First, It
and Fruehan (15) showed that the steady-state foam thick
for CaO–SiO2–FeO slags is independent of the inside diam
ter of the container as long as it is larger than 3 cm. They a
performed a dimensional analysis based on the Buckingham
theorem to relate the unit of foaminessÄ, the liquid viscosityµ,
the liquid densityρ, and the surface tensionσ . Two dimension-
less numbers were identified, and the foaming indexÄwas found
to be proportional to the ratio (µ/

√
σρ) (16). Jiang and Frue-

han (18) confirmed the previous work, but suggested a differ
empirical constant of proportionality betweenÄ andµ/

√
σρ.

However, although the average bubble radius has been ident
as an important parameter for the steady-state foam thickn
(22), it was not considered in Ito and Fruehan’s (15, 16) or
Jiang and Fruehan’s (18) work. This point has been recogni
by Zhang and Fruehan (34), and the dimensional analysis u
Buckingham-Pi theorem has been performed again by add
the
the average bubble diameterD0. Three dimensionless groups
were identified, and a power type of law was assumed to relate
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them. Experimental data suggested the following semi-empi
expression for the unit of foaminessÄ (34):

Ä = 115
µ1.2

σ 0.2ρD0.9
0

. [3]

Equation [3] merits further discussion:

• Comparison between the measured and the experim
foam indicesÄ for slag foams was plotted on a logarithm
scale (Fig. 17 in Ref. (34)), and after careful analysis, sig
icant discrepancies (up to a factor of 3 between predicted
experimental units of foaminess) have been noted.
• Most of the studies (15, 16, 18, 19, 34–36) rely on

validity of Eq. [1] which seems to be appropriate for slag foa
but has been proven erroneous for other foaming solutions
21, 23, 30) (see previous comments about Eq. [1]).
• The semi-empirical Eq. [3] is based on the experimen

data obtained for slag foams of similar solutions containing C
FeO, SiO2, MgO, and Al2O3, for which thermophysical prop
erties (in particular, the density and the surface tension) and
average bubble diameter do not vary significantly (see Tabl
Thus, the effects of density and surface tension on the ste
state foam thickness were not fully investigated. Therefore
general, one should not expect Eq. [3] to be valid for other s
tems having very different thermophysical properties or aver
bubble diameters.
• Ghaget al.(9) studied pneumatic foams formed by bubbli
)

r-
ing
nitrogen in different solutions containing water, glycerinate (78
to 95 vol%), and SDBS as the surfactant. The authors showed

TABLE 1
Summary of Experimental Data for Steady-State Foam Thickness for High-Viscosity Fluids Reported in the Literature

Dimensions Gas flux σ µ ρ T r0

Solution i.d. & H0 Gas Nozzle type (mm/s) (mN/m) (mPa·s) (kg/m3) (◦C) (mm) Ref.

40%CaO–40%SiO2–5% i.d.= 9.2 cm Argon Single & multiple 0 to 463. 398 2743 1500 7.8 to Zhang and
FeO–15%Al2O3 H0 = 4.5 cm 50 13.5 Fruehan (34)

48%CaO–32%SiO2–10% i.d.= 4.1 cm Argon Single 0 to 477.2 381 2733 1600 12 Ozturk and
FeO–10%Al2O3 H0 = 4.2 cm 30. Fruehan (29)

75 SiO2–15 NaO2–10 i.d.= 6.5 cm Air Single 0 to 297.7 to 7450 to 2346.6 to 1425 to 15 to Laimbock (21)
CaO (wt.%) glass H0 = 2.0 cm 2.5 307.7 12100 2358.6 1500 20

Water+ 78% to 95% i.d.= 10.7 cm N2 Pyrex disk 0.83 to 69.5 to 46.5 to 1204 to 20 0.7 to Ghaget al. (9)
glycerinate+ SDBS H0 = 16.7 cm 1.5 72.3 520.8 1251 1.1

30% FeO–42% SiO2–28% i.d.= 3.2/5 cm Argon Single 0 to 477.9 1605 3055 1300 12 Ito and
CaO H0 = N.A. 27.0 Fruehan (15)

3% FeO i.d.= 9.2 cm Argon Single 0 to 477.2 381 2733 1500 12 Jiang and
(CaO/SiO2 = 1.25) H0 = 4.5 cm 30.3 Fruehan (18)

0% FeO i.d.= 9.2 cm Argon Single 0 to 472.8 396 2693 1500 12 Jiang and
(CaO/SiO2= 1.25 H0 = 4.5 cm 40.4 Fruehan (18)

30%CaO–60%SiO2–10% i.d.= 4.1 cm Argon Single 0 to 338 533 [39] 2534 1400 or 13 Zhang and
CaF2 H0 = 4.5 cm He, H2 40. 1500 Fruehan (35, 36

34.78%CaO–33.76%SiO2– i.d.= 4.5 cm Argon Single 0 to 502 270 2958 1600 17 Jung and
22.52%FeO–8.94%MgO H0 = 4 cm 67.3 Fruehan (19)

37.39%CaO–35.57%SiO i.d.= 4.5 cm Argon Single 0 to 493 291 2936 1600 17 Jung and

of a vertical column containing a foaming liquid. For this a
rangement, Bhakta and Ruckenstein (1) proposed the follow
2

20.87%FeO–6.17%MgO H0 = 4 cm
S OF LIQUID–GAS FOAMS 427
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that “there was a poor correlation” between their experime
data and Eq. [3] proposed by Zhang and Fruehan (34). Exp
mental results indicate that the foaming index predicted by
[3] should be more sensitive to changes in surface tension
that the exponent associated with the average bubble diam
D0 was a major cause of the discrepancies.

From these observations, Ghaget al. (8, 10) examined three
models for the unit of foaminess using the Buckingham-Pi t
orem and assuming that Eq. [1] is valid. They performed
same analysis as that by Zhang and Fruehan (34) but repl
the equilibrium surface tension by (1) the surface tension dep
sion, (2) the Marangoni dilational modulus, and (3) the effect
elasticity for solutions following Langmuir behavior. They co
cluded that the best of the three models was the one using
effective elasticity provided that the solution follows Langmu
behavior. Due to the complexity of the models and the fact
effective elasticity is not available to fully validate the model f
a wide range of experimental conditions and solutions, it w
not be discussed further.

Other authors (22, 37) modeled the steady-state foam th
ness based on the mass and momentum conservation equ
with applications to slag foaming in steel manufacturing. T
validation of those models against experimental data appea
be limited and will not be discussed further.

Finally, a detailed model has been proposed to predict
thickness of pneumatic foams (1). Figure 1 shows a schem
of a typical foam layer formed by injection of gas at the botto
67.4 Fruehan (19)
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using the Buckingham-Pi theorem, the governing equations [6]
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FIG. 1. Schematic of a foam layer generated by a bubbling and coordi
system with notations.

expression forz1 andz2, the vertical coordinates of the top an
bottom of the foam, respectively,

dz1

dt
= φ(z1, t)qP B(z1, t)

1− φ(z1, t)
[4]

dz2

dt
= j

φ(z2, t)
− qP B(z2, t), [5]

where j is the superficial gas velocity,φ(z, t) is the volume
fraction of gas (or porosity), andqP B(z, t) is the mass flow rate
of liquid through the Plateau border at locationzand timet . Since
the total foam thickness can be expressed asH∞ = (z2− z1),
one obtains

d H

dt
= d(z2− z1)

dt
= j

φ(z2, t)
−qP B(z2, t)− qP B(z1, t)φ(z1, t)

1− φ(z1, t)
.

[6]

The first term on the right-hand side represents the increas
the foam thickness due to the incoming gas while the last
terms represent the decrease of the foam thickness due t
liquid leaving the foam through the Plateau borders and the
leaving the foam due to bubble rupture at the top of the fo
respectively.

Assuming that (1) the foam bed consists of dodecahed
bubbles of the same size, (2) the Plateau borders are rand
oriented, (3) the drainage through the Plateau borders due to
thinning is negligible compared to that due to gravity (see R
(1, 25) for additional discussion), (4) coalescence of bubbles

Ostwald ripening within the foam are absent, (5) surface tens
is constant, (6) the wall effects are negligible, and (7) the foam
, AND VISKANTA
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under isothermal conditions, an expression for the volumic fl
rate through the Plateau borderqP B(z, t) is given by (26, 27)

qP B(z, t) =
(

3

15

)
Nrnpapu, [7]

wherer is the bubble radius,N is the number of bubbles per un
volume,np is the number of Plateau borders per bubble,ap is
the cross-sectional area of a Plateau border, andu is the velocity
of the fluid through the Plateau border due to gravity drainage
simplified expression for those parameters has been develo
by Narsimhan and co-worker (25, 27) and can be reformula
as follows,

N = 3φ

4πr 3
,

np = 10,

ap = 4πr 3/3

0.816rn p

(
1− φ
φ

)
,

u = cvap

20
√

3µ

[
ρg+ σ d

dz

(
1

αa1/2
p

)]
[8]

whereα is a dimensionless constant3(25), and the velocity coef-
ficientcv (dimensionless) accounts for the mobility of the wa
of a Plateau border channel and has been computed by Desa
Kumar (6). In most of their calculations, Ruckenstein and c
worker usedcv = 1 (1). Combining Eq. [7] with Eq. [8] yields

qP B(z, t) = 3.632× 10−3cv
[1− φ(z, t)]2

φ(z, t)

{
ρgr2

µ

+ 1.3957

α

σ r 2

µ

∂

∂z

[(
φ(z, t)

(1− φ(z, t))r 2

) 1
2

]}
. [9]

Equation [9] can be solved numerically and simultaneously w
the transient equation for the foam porosity at heightzand timet ,
φ(z, t) (1). The porosity at the bottom of the foam layerφ(z2, t)
is assumed to be constant and equal to 0.74. The steady-
foam thickness is then obtained from the limit of the transie
calculations (t →∞). However, this method for calculating th
steady-state foam thickness may be time and resource con
ing and thus does not appear to be satisfactory for practical
plications. Moreover, the solution has been proven to be hig
sensitive to initial conditions (1) that are difficult to obtain eith
experimentally, analytically, or numerically.

In the present work, an attempt is made to develop a gen
correlation capable of predicting the steady-state foam thickn
for a wide variety of systems having widely different therm
ion
is3 αa1/2

p represents the radius of curvature of the Plateau border (25).
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and [9] for the foam thickness are properly scaled to obtain
expression for the steady-state foam thickness.

Dimensional Analysis

In this study, we assume isothermal conditions and that t
mophysical properties are constant across the foam layer
also assume that limitations and assumptions used to dev
Eqs. [6] and [9] are valid. Equations [6] and [9] are nondim
sionalized by using the following independent dimensionl
variables,

z∗ = z

H∞
, r ∗ = r

r0
, j ∗ = j

( j − jm)
, t∗ = t

τ
, [10]

where H∞ is the steady-state foam thickness,r0 is the aver-
age bubble radius,jm is the superficial gas velocity of onset
foaming, andτ is the characteristic time for the foam formatio
Substituting Eqs. [10] in Eqs. [6] and [9] yields

H∞
τ

d H∗

dt∗

= j − jm
φ(z∗2)

j ∗ − 3.632× 10− 3cv
ρgr2

0

µ
r ∗2

×
[

[1−φ(z∗2, t
∗)]2

φ(z∗2, t∗)
+ 1−φ(z∗1, t

∗)
]

− 5.069× 10−3αcv
σ r0

µH∞
r ∗
{

[1−φ(z∗2, t
∗)]2

φ(z∗2, t∗)

× ∂

∂z∗

[(
φ(z∗, t∗)

(1−φ(z∗, t∗))r ∗2

) 1
2

]
z∗2

+ [1−φ(z∗1, t
∗)]

× ∂

∂z∗

[(
φ(z∗, t∗)

(1−φ(z∗, t∗))r ∗2

) 1
2

]
z∗1

}
. [11]

Further simplification can be obtained by choosing the cha
teristic timeτ = H∞/( j − jm); then, Eq. [11] becomes

d H∗

dt∗
= j ∗

φ(z∗2)
− 3.632× 10−3cv51r

∗2

×
[

[1− φ(z∗2, t
∗)]2

φ(z∗2, t∗)
+ 1− φ(z∗1, t

∗)
]

− 5.069× 10−3αcv
52

r ∗
{

[1− φ(z∗2, t
∗)]2

φ(z∗2, t∗)

× ∂

∂z∗

[(
φ(z∗, t∗)

(1− φ(z∗, t∗))r ∗2

) 1
2

]
z∗2

+ [1− φ(z∗1, t
∗)]

∂
[(

φ(z∗, t∗)
) 1

2

] }

×
∂z∗ (1− φ(z∗, t∗))r ∗2

z∗1

, [12]
S OF LIQUID–GAS FOAMS 429
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where the two dimensionless parameters51 and52 can be
identified:

51 = ρgr2
0

µ( j − jm)
and 52 = µH∞( j − jm)

σ r0
. [13]

51 can be interpreted as the ratio of the gravitational force to
viscous force on an average bubble of radiusr0 having a velocity
( j − jm).52 corresponds to the ratio of the viscous force to
surface tension force times the ratio of the steady-state f
characteristic height to the bubble characteristic dimension

51 = ρgr3
0

µ( j − jm)r0
= gravitational force

viscous force
= Re

Fr
[14]

52 = µ( j − jm)r0

σ r0
×
(

H∞
r0

)
= viscous force

surface tension force
×
(

H∞
r0

)
=Ca

(
H∞
r0

)
, [15]

whereRe, Fr , andCa are the Reynolds, Froude, and Capilla
numbers, respectively, defined as

Re= ρc( j − jm)r0

µ
, Fr = ( j − jm)2

gr0
, Ca= µ( j − jm)

σ
.

[16]

The relationship between51 and52 is assumed to follow a
power law, i.e.,

Ca

(
H∞
r0

)
= K

(
Re

Fr

)n

, [17]

where K andn are constant parameters determined from
perimental data. Then, an expression for the steady-state
thicknessH∞ can be deduced. Note that the choice of a po
law to relate the dimensionless numbers51 and52 is arbitrary,
but it presents the advantage of capturing a wide variety of
sible functional relationships between51 and52.

RESULTS AND DISCUSSION

Results

Experimental data reported in the literature were collec
and used to validate the dimensional analysis and to obtain
parametersK andn in Eq. [17]. Table 1 summarizes the e
perimental conditions used in the studies concerned with
steady-state thickness of foams formed by bubbling gas
container filled with high-viscosity foaming solutions. Most
the thermophysical properties of iron slags studied by Frue
and co-workers (15, 16, 18, 19, 34–36) were computed f
available models proposed in the literature and summarize

Ref. (24). Data summarized in Table 1 were used to determine
the parametersK andn. For the experimental data obtained by
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TABLE 2
Summary of Experimental Data for Steady-State Foam Thickness for Low-Viscosity Fluids Reported in the Literature

Dimensions Gas flux σ µ p T r0
Solution i.d. andH0 Gas Nozzle type (mm/s) (mN/m) (mPa s) (kg/m3) (◦C) (mm) Ref.

water+ 10% glycerinate i.d.= 10 cm N2 Frit glass 0.09 to 32.0 to 1.22 1014 20 0.5 to Jeelaniet al.
Marlophen 89 and 812 H0 = 45 cm 0.31 41.1 0.78 (17)

water+ sucrose AR+ i.d.= 6.15 cm N2 Multiple 0.09 to 26 20 1220 30 3.9 Hartland and
glycerol SLR+ aerosol OT H0 = N.A. 0.82 Barber (12)

water+ 10% glycerinate+ i.d.= 10 cm N2, NOx , Frit glass 0.09 to 32.0 to 1.22 1014 20 0.5 to Hartlandet al.

0.3091 41.1 0.78 (13)
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Zhang and Fruehan (36) for a 30% CaO–60%SiO2–10%CaF2
slag bubbled with argon, hydrogen, and helium, the dimens
less numbers51 and52 were computed assuming that the ty
of gas has little effect on the surface tension of the binary
tem gas/slag as observed by Hartlandet al. (13) for 10% glyc-
erinate+ water+ 120 mg/L of Marlophen 89 (see Table 2
The steady-state foam thickness from Fruehan and cowo
(15, 16, 18, 19, 34–36) results has been computed to acc
for the fact that the true foam thicknessH∞ was not measure
but instead the distanceh from the top of the foam to the ini
tial level of liquid at rest. The foam thicknessH∞ was deduced
from the experimental data forh by using the expression (15
h = H∞φ (obtained by writing the mass conservation equat
for the liquid phase) and assumingφ = 0.8. Note that the choice
of φ = 0.8 is based on experimental data for slag foams (22)
on the observation that the porosity “was between 0.7 and
and almost independent of the position in the foam” (15). Mo
over, parametric studies have shown that values ofφ between
0.7 and 0.9 have little influence on the results both qualitativ
and quantitatively. Indeed, the values obtained for the para
ter K are 2932, 2905, and 2881, and−1.79,−1.80, and−1.81
for the parametern, using the values of porositiesφ = 0.7, 0.8,
FIG. 2. Steady-state foam thickness vs superficial argon velocity (19).
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and 0.9, respectively. Thus, considering the experimental
certainties and that of the thermophysical properties, the ch
of φ = 0.8 to treat Fruehan and co-workers’ data seems to
acceptable.

The superficial gas velocity for the onset of foamingjm was
determined assuming a linear relationship between the ste
state foam thicknessH∞ and the gas fluxj such thatH∞ =
a( j − jm) as shown in Fig. 2.

From Table 1 one can see that experimental studies have
ered a wide range of density, viscosity, surface tension,
average bubble radius for more than 120 experimental
points. The dimensionless parameters51[=Re/Fr ] and52[=
Ca(H∞/r0)] cover the range of 80 to 5030 and of 5× 10−4 to
0.76, respectively. Figure 3 shows the relationship between
dimensionless parameters51 and52. Equation [17] appears t
fit experimental data over a wide range of thermophysical p
erties withK = 2905 andn = −1.80 with a correlation coef
ficient R2

corr = 0.95. In other words, the following relationsh
between the two dimensionless numbers has been determ

H∞
r0
= 2905

Ca

(
Fr

Re

)1.80

. [18]
FIG. 3. Correlation of dimensionless numbers52 vs51.
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STEADY-STATE THICKNES

Equation [18] is general and should be preferred but to comp
the present model with experimental findings, it is expresse
dimensional form:

H∞ = 2905
σ

r 2.60
0

[µ( j − jm)]0.80

(ρg)1.80
. [19]

The following is evident from Eq. [19]:

• The steady-state foam thicknessH∞ appears to be pro
portional to (j − jm)0.80, confirming the assumption made
determining the minimum superficial gas velocity for foami
jm, i.e., H∞ ∝ ( j − jm). The velocity jm should be determined
iteratively in general, but this was not judged necessary du
the proximity of the exponent 0.80 to unity and due to the exp
imental uncertainty in both the thermophysical properties
the experimental conditions; therefore,jm in Eqs. [18] and [19]
is obtained by assuming a linear relationship betweenH∞ and
( j − jm).
• The steady-state foam thickness increases with an incr

in the superficial gas velocityj .
• As the viscosity of the liquid phaseµ increases, the drainag

rate is reduced, the lamellae become thicker and more stable
thus the foam thickness increases.
• In contrast, the gravity and/or an increase in the liquid d

sity ρ causes the foam to drain faster and to reduce its ste
state thickness.
• The effect of surface tension appears to be in contradic

to experimental observations: it has been observed that a
crease in the surface tensionσ tends to reduce the steady-sta
foam thickness (11, 15). This can be interpreted based on
fact that a decrease in the surface tension reduces the int
cial energy and, therefore, increases the foam stability and
steady-state foam thickness. The contradiction is evident if
assume that the surface tension and the average bubble r
are independent, but in reality they are not. Indeed, when c
sidering the effect of the surface tension on the foam thickn
as suggested by Eq. [19], one should account for the effect o
bubble radius as well and, therefore, the ratioσ/r 2.60

0 represents
the effect of surface tension. If one assumes that the pres
in the bubble is constant and equal to the pressure of injec
in the bubbles, the Young–Laplace equation indicates that
bubble radius is proportional to the surface tension. This
been confirmed by Ogawaet al. (28) who observed experimen
tally that the bubble radius increases linearly with the surf
tension. Thus, Eq. [19] suggests that if the surface tension
creases, the bubble radius decreases by the same order, a
ratio σ/r 2.60

0 increases. Hence, according to Eq. [18], the fo
thickness increases, as the surface tension decreases in
ment with experimental observations.

Figure 4 compares the steady-state foam thickness obta
experimentally and calculated from Eq. [19]. One can see
most of the experimental data for highly viscous fluids are p

dicted by the present model within±35% error. Note that, for
molten slags, experimental uncertainties are about±2% for den-
S OF LIQUID–GAS FOAMS 431
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FIG. 4. Comparison between experimental data and predictions of
steady-state foam thickness. S.O. stands for single-orifice and M.O. for
tiple orifice nozzle.

sity,±10% for surface tension, and about±25% for viscosity
(24); therefore, models predicting those properties should
be expected to be more accurate. The biggest discrepancie
countered between the experimental steady-state foam th
ness and the predictions of the model correspond to studie
which thermophysical properties were not measured but e
mated from simple relations (15, 16, 18, 19, 34–36) and
which the bubble radius was visually determined (18, 19).
the other hand, studies for which thermophysical propertie
the solutions were measured (9, 21) show better agreement.
also that the discrepancies appear to be higher for small ste
state foam thicknesses, i.e., for superficial gas velocities clo
jm. Consequently, given the uncertainty of the thermophys
properties and of the experimental measurements (in partic
that for the average bubble radius) and given the wide ra
of thermophysical properties and experimental conditions,
agreement appears to be remarkably good.

Discussion

Several parameters have been identified in the literatur
having an influence on the steady-state foam thickness: (i)
thermophysical properties of the solutions (density, viscos
and surface tension), (ii) the bubble radius (9, 34), (iii) the te
perature (5, 29) or the temperature gradient across the foam l
(iv) the dimensions of the container (18), (v) the initial liqu
height or volume at rest (22, 29, 37), (vi) the type of gas injec
(13, 36), (vii) the pressure and composition of the surrou
ing atmosphere (21), and (viii) the solid particules that may
present in the solution (35). The effects of several of these
rameters are discussed in the next few subsections. The pr

study is concerned with two-phase systems, and the effect of a
third phase, like solid particles, will not be considered.
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Effect of the Bubble Radius

A detailed study on foaming (9) reports the size distributio
of bubbles reaching the foam/liquid interface using more th
200 samples. For a solution of water–85 wt% glycerol and s
factants causing a surface tension depression4 of 5 mN/m, the
mean radius of 0.835 mm and a standard deviation of 0.105
were recorded; i.e., in terms of 95% confidence intervals,
bubble radius is 0.835 mm± 24%. Thus, the bubble size dis
tribution has rather wide tails around the mean value, and
should be accounted for to accurately predict the steady-s
foam thickness. However, in this work, only the average b
ble radius was considered and assumed to be independe
the superficial gas velocity, bearing in mind that it is a fir
order approach and based on the conclusion of Narsimhan
Ruckenstein (26) that “the symplifying assumption of equal s
bubbles can be employed for the prediction of the stability of
foam bed when the inlet bubble size distribution is narrow,
pecially at high superficial gas velocity, high viscosities, larg
inlet mean bubbles sizes.”

Experimentally, different average bubble radii can be obtai

tion systems, e.g., multiorifice nozzles pr
bles than single-orifice nozzles (34), and

on depression1σ is defined as the difference between th
solution without surfactantσ0 and that with surfactantsσ ,

tudy
era-
e-
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n the model predictions for glass foams (21).
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injected through porous materials produces even smaller b
bles (see Table 1). It is evident from Eq. [19] that the avera
bubble radius has a significant influence on the foam thickn
due to an associated exponent of 2.60. Figure 5 compares th
perimental steady-state foam thickness obtained for glass fo
(21) with the model predictions using three different radii: t
reported radius and the reported radius with±10% deviation.
One can see that the predictions vary significantly dependin
the average bubble radius used and that, in this particular c
the experimental data lie within the prediction range. These
servations provide further confidence in the model but also
for a more refined model that explicitly accounts for the bub
size distribution rather than using the average bubble radius

Effect of Temperature

Cooper and Kitchener (5) found that foam stability increa
with decreasing temperature. They attributed this effect t
higher viscosity as the temperature decreases. Actually, the
perature has an effect on all the thermophysical propertie
the solution, but its effect on viscosity is by far more signi
cant than that on the density and the surface tension. Our s
uses experimental data taken over a wide range of temp
tures for different fluids with thermophysical properties that b
have distinctly in response to changes in the temperature

Table 1), and predictions appear to be satisfactory. Therefore,
the model developed in this study captures, in a satisfactory



fo

i
o

t
s
a
t

i
e
d
(
i.

h
f

e
fo
g
th
h

u
a
n

e
n
h
c
a
ly
i
n
c

a
i
f

a

ally
n at-
ygen

ater
nt
lass
ace
has
her

the
, the
id
low
ould
ess.
gh
a-
zed

and
has
t the

the
s. In-
ried
es,

of
the

m no
rel-

ean
in-
lace
in-
ntal
bub-
om
ork

by
be-
play
dies
ids.
e
ter-
bub-
the
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manner, the effect of the temperature on the steady-state
thickness. In glass melting and other industrial furnaces,
foam layer may be subject to a large temperature grad
but its effect on the steady-state foam thickness remains t
explored.

Effect of the Container Dimensions and the Initial
Liquid Height

As already mentioned, experimental data indicate that
container inside diameter has no influence on the steady-
foam thickness of iron slags if it is larger the 3 cm with a me
radius of 12 mm (15). In more general terms, one can state
the effects of the container diameter become negligible when
ratio of the container diameter to bubble diameter is sufficien
large. However, experimental data do not permit the definit
of general criteria for the limit of influence of the contain
size on the steady-state foam thickness. The experimental
used in the present work corresponds to such conditions
Table 1 and it is assumed that the wall effect is negligible (
>3 cm). Ozturk and Fruehan (29) found that the foaming ind
increases slightly with the initial slag depth and concluded t
the steady-state foam thickness “is almost independent o
slag volume,” but recognized that more experiments are nee
to fully assess the effect of the initial liquid height. Howev
additional systematic studies showed that the steady-state
thickness increases with the increase in the initial liquid hei
(22, 37). On the other hand, Lin and Guthrie (22) observed
the initial liquid height had no effect for large initial liquid dept
(≥30 cm for water/air systems).

The correlation developed in the present work does not
explicitly the initial liquid height; however, we speculate th
this height has an influence on the steady-state foam thick
through the superficial gas velocity for the onset of foamingjm.
Indeed, if the liquid depth is large enough, bubbles have tim
reach their terminal velocity and the onset of foaming should
depend significantly on the initial liquid height. In contrast, if t
initial liquid depth is small, the velocity at which bubbles rea
the interface will depend on the initial liquid depth. Note th
in the present study,jm has been determined experimental
i.e., if our speculation is correct, the effect of the initial liqu
height, if any, has been accounted for. Although experime
work showed the existence of non-zero superficial gas velo
for the onset of foamingjm (9, 21), to the best of our knowledge
no model for jm has been proposed in the literature.

Effect of the Surrounding Atmosphere

The present study used data for foams generated under
atmospheric pressure. However, two parameters character
the surrouding atmosphere can influence the steady-state
thickness: (i) the total pressure and (ii) the atmosphere chem
composition. An increase in the total pressure imposed at
top of the foam layer limits significantly the steady-state fo

thickness (20). Cableet al. (4) studied the foaming behavior of
binary silicate melts and conclude that the atmosphere com
S OF LIQUID–GAS FOAMS 433
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sition had a significant effect on the foam. They experiment
observed that no glass foam was observed in a pure nitroge
mosphere and that glass foams are more stable in a pure ox
atmosphere, confirming visual observations (21). Kappelet al.
(20) also showed that increasing the partial pressure of w
on top of the glass foam destabilizes it. Injection of differe
gases on the top of the foam is a technique widely used in g
manufacturing to destroy the foam layer formed on the surf
of the glass melt. The effect of the surrounding atmosphere
not been fully evaluated experimentally and should be furt
assessed.

Effect of the Gas Type Contained in the Bubbles

The thermophysical properties of the system affected by
type of gas bubbled in the solution are the surface tension
gas diffusion coefficient, and the gas solubility in the liqu
phase. For viscous liquids, foam lamellae are thick due to s
drainage; therefore, Ostwald ripening and coalescence sh
not have a significant effect on the steady-state foam thickn
This is confirmed by the present work: data for relatively hi
viscosity fluids (µ > 46 mPas) reported in Fig. 3 and summ
rized in Table 1 follow the same trend and are characteri
by the same experimental parametersK and n, even though
obtained for different gases (air, helium, hydrogen, argon,
nitrogen). The effect of the type of gas on viscous fluids
been studied by Zhang and Fruehan (36) who showed tha
steady-state thickness of slag foam was affected neither by
gas pressure nor by the density of the gas inside the bubble
stead, the unit of foaminess obtained for different gases va
linearly with the viscosity of the gas contained in the bubbl
but the authors did not propose any physical interpretation
this effect. They also observed that there was “no change in
appearance as well as the size of the bubble cells in the foa
matter what type of gas was used.” Further, they reported a
atively narrow bubble size distribution centered around a m
value of 13 mm± 11.5%. These experimental observations
dicate that no coalescence or Ostwald ripening was taking p
within the slag foam (viscous fluid). Considering the uncerta
ties for the thermophysical properties and for the experime
data, one can conclude that the type of gas contained in the
bles has little effect on the behavior of foams generated fr
viscous liquids. Then, the model developed in the present w
gives satisfactory results.

For low-viscosity fluids, however, such as those used
Hartland and co-workers (12, 13, 17), the foam lamellae
come thin and coalescence and gas diffusion effects may
a significant role. Table 2 summarizes the conditions of stu
concerned with the steady-state thickness of low-viscosity flu
Hartlandet al.(13) showed that, for low-viscosity solutions, th
foam height was reduced for gases of high solubility due to in
bubble gas diffusion that tend to create bigger and less stable
bles which can coalesce or burst within the foam and cause
po-
foam to collapse. Results reported by Hartland and co-workers
(12, 13, 17) for different gases injected in different low-viscosity
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TABLE 3
Values of Parameters K and n Obtained from Experimental Data and Relevant Properties for Different Gases Injected

in Low-Viscosity Fluids

Gas σ µ ρ

Solution Concentration (mN/m) (mPa s) (kg/m3) (mm) r0 K n Ref.

water+ 10% glycerinate+ Marlophen 89 120 N2 32.1 1.22 1014 0.5 2.94× 106 −2.04 Jeelaniet al. (17)
water+ 10% glycerinate+ Marlophen 89 80 N2 35.4 1.22 1014 0.5 4.13× 108 −2.45
water+ 10% glycerinate+ Marlophen 89 40 N2 41.1 1.22 1014 0.5 4.94× 105 −1.88
water+ 10% glycerinate+ Marlophen 812 80 N2 35.4 1.22 1014 0.5 1.06× 107 −2.08

water+ sucrose AR+ glycerol SLR 120 N2 26 20 1220 3.9 8.37× 105 −1.90 Hartland and
+ aerosol OT Barber (12)

water+ 10% glycerinate+ Marlophen 89 120 N2 32.1 1.22 1014 0.5 1.05× 106 −1.98 Hartlandet al. (13)
water+ 10% glycerinate+ Marlophen 89 120 NOx 31 1.22 1014 0.5 6.85× 104 −2.00
water+ 10% glycerinate+ Marlophen 89 120 Xe 31.52 1.22 1014 0.4 02.19× 105 −2.04
3
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solutions are reproduced in Fig. 6 in terms of the dimension
numbers51 and52. Relevant experimental conditions and th
experimental constantsK andn are summarized in Table 3. Not
that for data reported by Hartlandet al.(13) the size distribution
and the average bubble radius change drastically along the f
height. More precisely, the bubble size distribution has a nar
bell shape at the bottom of the foam and flattens out toward
top as small bubbles become smaller and large bubbles bec
larger due to interbubble gas diffusion and bubble coalesce
Therefore, the discrepancies between the experimental dat
low-viscosity fluids and the present work (Eq. [17]) can be e
plained by the fact that the bubble size distribution within t
foam is described by a single parameter,r0, taken as the averag
bubble radius at the bottom of the foam layer. While this a
proach seems to be sufficient for highly viscous fluids for wh
the porosity and the bubble size distribution are almost unifo
across the foam layer (15, 36), it is not satisfactory for lo
FIG. 6. Correlation of dimensionless numbers51 and52 for different gases
injected into low-viscosity solutions.
3 1.22 1014 0.3 2.82× 10 −1.73
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viscosity fluids where bubble coalescence and Ostwald ripe
are significant.

Moreover, it is worth noting that for the low-viscosity solu
tions summarized in Tables 2 and 3, the parameterK changes
with the type of gas whilen is almost the same for all gases a
is close to the exponent 1.80 found for highly viscous flui
It is also interesting to remark that experimental data obtai
for nitrogen bubbled in different low-viscosity fluids and wi
bubbles of different radii occupy the same region of the52 vs
51 plot (Fig. 6).

Finally, these findings tend to indicate that the deviation fr
the model developed in the present work should depend on
bubble size distribution and on the intrinsic properties of the
phase. In other words, a third dimensionless number shoul
introduced by extending Eq. [6] for the transient foam thickn
to account for Ostwald ripening, bubble coalescence, and o
phenomena involving the gas phase and for a nonuniform bu
size distribution within the foams. Note that these considerat
have been neglected in the development of Eqs. [6] and
proposed by Bhakta and Ruckenstein (1) and by Narsimhan
Ruckenstein (25, 27). The third dimensionless number wo
then, depend on the thermophysical properties of the gas (
solubility in the liquid phase, diffusion coefficient, etc.) an
hopefully enable one to collapse the data on a single line
presented in this paper for high-viscosity fluids.

CONCLUSIONS

This paper presents an approach to predict the thicknes
pneumatic foams under steady-state and isothermal condit
A dimensional analysis has been performed based on the go
ing equation for the transient foam thickness. Two dimensio
numbers have been identified as necessary to describe th
mation and stability of this type of foam:
51 = Re

Fr
and 52 = Ca× H∞

r0
.
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Physical interpretation of the dimensionless numbers has
proposed and the power law type relation has been assume
ween51 and52. Experimental data have been used to find
empirical parameters of the correlation (i.e.,52 = K5n

1). The
resulting semi-empirical model has been validated by com
ing its predictions with available data covering a wide rang
viscosity, density, surface tension, gas superficial velocity,
average bubble radius with the following conclusions:

1. The relationship between the dimensionless param
can be expressed as

H∞
r0
= 2905

Ca

(
Fr

Re

)1.80

.

This equation is valid for foams formed from high-viscos
liquids bubbled with nitrogen, air, and argon injected throu
single-orifice or multiorifice nozzles or a porous medium a
featuring the following thermophysical property and experim
tal condition ranges:

• 46< µ < 12100 mPas,
• 1200< ρ < 3000 kg/m3,
• 69.5< σ < 478 mN/m,
• 0< j < 40 mm/s,
• 0.7< r0 < 20 mm.

2. Comparison between the developed semi-empirical co
lation and the experimental data yields reasonable agreem
(within 35% error) given the broadness of the bubble rad
distribution around the mean value and the uncertainty of
experimental data and of the thermophysical properties.

3. Predictions are very sensitive to the average bubble
dius and a more refined model is still needed which shoul
supported by careful experimental studies.

4. The effects of the initial liquid height and of the surroun
ing atmosphere and that of the type of gases contained i
bubbles remain to be explored.

APPENDIX: NOMENCLATURE

ap Cross-sectional area of a Plateau border
bh Parameter in Eq. [2]
cv Dimensionless parameter, Eq. [8]
D0 Average bubble diameter in the foam (=2r0)
g Specific gravity
H Foam thickness
H0 Initial height of the liquid in the container
H∞ Steady-state foam thickness
j Superficial gas velocity
jcr Critical superficial gas velocity
jm Superficial gas velocity for onset of foaming
K Constant defined experimentally, Eq. [17]

n Constant defined experimentally, Eq. [17]
np Number of Plateau borders per bubble
S OF LIQUID–GAS FOAMS 435
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N Number of bubbles per unit volume
qP B Mass flow rate through the Plateau border
r0 Average bubble radius in the foam
R Universal gas constant= 8.314 J/(mol K)
R2

corr Correlation coefficient
T Temperature
t Time
u Velocity of the fluid through the Plateau border d

to gravity drainage
z Downward vertical elevation (see Fig. 1)

Dimensionless Numbers

Ca Capillary number, defined in Eq. [16]
Fr Froude number, defined in Eq. [16]
Re Reynolds number, defined in Eq. [16]

Greek Symbols

α Dimensionless parameter, Eq. [8]
β Constant
φ Foam porosity (volumetric gas fraction)
µ Dynamic viscosity of the liquid phase
Ä Unit of foaminess, constant defined experimenta

Eq. [1]
51,2 Dimensionless groups
ρ Density
σ Surface tension
τ Characteristic time to reach steady-state conditio

Subscripts

1 Refers to the top of the foam layer
2 Refers to the bottom of the foam layer

Superscript

∗ Refers to dimensionless properties
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